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PREFACE 


This book presents in a systematic way a number of topics in modern 
mathematical logic and the theory of algorithms. It can be used as both a 
textbook on mathematical logic for university students and a text for 
specialist courses. 

The sections corresponding to the obligatory syllabus (Sections 1 to 9 
of Chapter 1, without the small type, Sections 10 and 11 of Chapter 2, 
Sections 15 and 16 of Chapter 3, Sections 18 to 20, 22 and 23 of Chapter 4 
and Section 35 of Chapter 7) are written more thoroughly and in more 
detail than the sections relating to more special questions. 

The exposition of the propositional calculus and the calculus of 
predicates is not a conventional one, beginning as it does with a study of 
sequential variants of the calculi of natural deduction (although the tradi- 
tional calculi, referred to as Hilbertian, also appear here). The reasons for 
this are: 

(1) the possibility of providing a good explanation of the meaning of 
all the rules of inference; 

(2) the possibility of acquiring more rapidly the knack of making for- 
mal proofs; 

(3) a practical opportunity of making all the formal proofs necessary 
in the course for these calculi. 

Many years’ experience of the elder of the authors in reading the 
course of mathematical logic in the Mathematics Department of Novo- 
sibirsk State University, on which Chapters | to 4 are based, shows that 
the above possibilities are fully realizable. This justifies the use of the 
adopted method of presentation along with the traditional ones. 

For more detail the reader is referred to the Contents. 

Despite the headings Set Theory, Model Theory, Proof Theory and 
Algorithms and Recursive Functions, the book, being a manual, naturally 
contains but a small fraction of the contents of these large branches of 
modern mathematical logic. As is customary in textbooks, most of the 
results are given in the book without indicating the authors. 

There is a small number of exercises after virtually each section of 
the book. The number of exercises, however, is obviously not enough for 
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the purposes of teaching. The reader may find more exercises in Problems 
in Set Theory, Mathematical Logic and the Theory of Algorithms by 
I. A. Lavrov and L. L. Maksimova, Moscow: Nauka, 1975. 

To facilitate the use of the book we indicate the interdependence of 
the chapters: : 


1 —>7 
N 2 


Some technical remarks are in order. The theorems are numbered con- 
secutively in each chapter, the propositions and lemmas in each section. 
The phrase ‘‘Proposition 12.2’? (“‘Theorem 12.2’’, ...) means ‘‘Proposi- 
tion 2 (Theorem 2, ...) of Section 12’’. When referring to a proposition or 
lemma within the same section or, often, to a theorem within the same 
chapter, the section is not indicated. The symbol = stands for ‘‘implies’’, 
* stands for ‘‘is equivalent to’’. The symbol signals the end of a 
proof. 

This book would have been impossible without the staff of the 
Department of Algebra and Mathematics of Novosibirsk State Universi- 
ty. Academician A. 1. Maltsev (1909-1967), an outstanding Soviet 
mathematician, the founder of the Department, has exercised a decisive 
influence upon the scientific interests and pedagogical views of the 
authors. At the various stages of our work at the manuscript great help 
and support came from M. I. Kargapolov, N. V. Belyakin, I. A. Lav- 
rov, L. L. Maksimova and many others. We express our sincere and deep 
gratitude to these colleagues and friends of ours. 

While preparing this book we used the notes of the courses of lectures 
given by A. I. Maltsev and Yu. L. Ershov, the books: Mathematical 
Logic by Yu. L. Ershov, E. A. Palyutin and M. A. Taitslin. Novo- 
sibirsk: Novosibirsk State University Press, 1973 (in Russian); Set Theory 
by K. Kuratowski and A. Mostowski. Amsterdam, 1968; Algebraic 
Systems by A. I. Maltsev. Moscow: Nauka, 1970 (in Russian); The 
Theory of Algorithms by A. A. Markov. Tr. Mat. Inst. Steklov., XLII, 
Moscow, 1954 (Translation: Office of Technical Services, U. S. Depart- 
ment of Commerce. Washington, D. C., 1962); Mathematical Logic by 
J. R. Shoenfield. Addison-Wesley, 1967, as well as other monographs 
and papers. 


Yu. L. Ershov 
Akademgorodok, Novosibirsk E. A. Palyutin 


INTRODUCTION 


Mathematical logic as an independent branch of modern 
mathematics took shape comparatively recently, at the turn of the 
century. The advent and rapid development of mathematical logic 
at the beginning of this century was associated with the so-called 
crisis in the foundations of mathematics. Let us consider this in 
some detail. 

Any attempt at a systematic presentation of mathematics (or 
of any other science, for that matter) leads to the problem of 
choosing basic (primitive) notions and principles to base the entire 
presentation on. The problem of choosing and justifying the 
choice of the initial data lies as a rule outside the discipline itself 
and relates to the philosophy and methodology of science. The 
systematization of mathematics in the late nineteenth century 
revealed that very promising is the use of the notion of set as the 
only primary notion for the whole of mathematics. The work of 
B. Bolzano, R. Dedekind and G. Cantor led to the creation of a 
new mathematical discipline, the theory of sets, the beauty and 
force of whose constructions and the prospects of using it in the 
foundations of mathematics attracted the attention of many 
leading mathematicians of that time. Much work was done to give 
a set-theoretic interpretation to mathematical and even logical no- 
tions. Of great interest in this connection are the investigations of 
G. Frege and B. Russell. However, a high degree of abstraction 
and the ‘‘universality’’ of the concept of set could not but lead 
finally to the difficulties that are well and long known in 
philosophy when working with ‘‘universals’’. This manifested 
itself in the appearance of the so-called set-theoretic paradoxes. 

Here is one of the most typical set-theoretic paradoxes, the 
Russell paradox: quite meaningful for an arbitrary set is the ques- 
tion, ‘‘Will that set be an element of itself?’’ An example of a set 
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containing itself as an element could be, for instance, the set of all 
sets. Consider the set My of all sets for which the answer to the 
question is ‘‘no’’. Now ask if the set is its own element. To our 
(naive) surprise we discover that if the answer is ‘‘yes’’, then we 
have M,€ M,, 1. e. the answer must (should) be ‘‘no’’. But if the 
answer is ‘‘no’’, then by virtue of the definition of the set Mj the 
answer must be ‘‘yes’’. This paradox shows that unless we want to 
come to contradictions it is necessary (in particular) to relinquish 
the pleasant idea that any meaningful condition on the elements 
defines some set. Fortunately, paradoxes of this sort may arise on- 
ly for ‘‘large’’ or ‘‘unnatural’’ sets one may well do without in 
mathematics *. 

The appearance of such paradoxes was regarded with ap- 
prehension by many mathematicians and therefore attracted to 
the questions of the foundations of mathematics close attention of 
practically all leading mathematicians of that time (D. Hilbert, 
H. Poincaré, H. Weyl, to name only a few). Several programmes 
of ‘‘saving’’ mathematics from the ‘‘horrors’’ of paradoxes were 
proposed into which we shall not go here. We shall describe in 
brief below just two of the most effective programmes various 
modifications of which are still being discussed at present. We on- 
ly note here that the variety of the approaches to the foundations 
of mathematics has remained up to the present time. However, 
the years past and the undeniable achievements of mathematical 
logic, which are yet to be discussed, made this problem lose its 
edge to such an extent that most of the mathematicians working 
in other areas of mathematics give no particular attention to the 
discussions now taking place among the specialists in the founda- 
tions of mathematics. 

One of the most elaborate programmes of the foundations of 
mathematics is D. Hilbert’s programme of finitary justification 
of mathematics. The programme is essentially an attempt to con- 
struct such a formalization of mathematics that it would be possi- 
ble to prove a system’s own consistency by means of the system. 


* The formalizations of set theory to be mentioned below, axiomatic set 
theories, while retaining all that is useful, do not allow any of the known ‘‘pa- 
radoxical’’ arguments to be conducted. 
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Another fundamental requirement of such a formalization is that 
the primitive and immediately verifiable statements about the 
natural numbers should be true in that formalization. The work at 
that programme done by both Hilbert himself and by his disciples 
and followers turned out to be very fruitful for mathematical 
logic, in particular in the development of the modern axiomatic 
method. Although the programme of ‘‘finitism’’ turned out to be 
impracticable in its original form, as was shown by K. Gédel in 
his famous works, possible modifications of the programme con- 
tinue to be usefully discussed up to the present time. 

Another approach to the foundations of mathematics was due 
to the criticism of a number of positions that were used in 
mathematics without due justification. This relates, in particular, 
to the unlimited use of the law of excluded middle and the axiom 
of choice. The programme of constructing mathematics under 
rigid restrictions on the use of these principles has been given the 
name of intuitionism; its creation and development is due in the 
first place to L. E. J. Brouwer. The constructive approach to the 
foundations of mathematics which is being developed in the 
Soviet Union by A. A. Markov and his school is also due to a 
critical approach to admissible logical means in mathematics and 
uses in a systematic manner the concept of algorithm for construc- 
tive reproduction of mathematical results. 

Although the foundations of mathematics are traditionally 
referred to mathematical logic, it is out of place in the present 
textbook to go into particulars of this area lying on the border of 
mathematics and philosophy. Therefore we restrict the discussion 
of the foundations of mathematics to the above remarks that do 
not pretend to be complete or exhaustively precise but rather serve 
the purposes of illustration. 

The main outcome of the activities in the realm of the founda- 
tions of mathematics is, it seems, the formation of mathematical 
logic as an independent mathematical discipline and the fun- 
damental achievement of mathematical logic is the development 
of the modern axiomatic method which is characterized by the 
following three features: 

1. Explicit formulation of the postulates (axioms) of one 
theory or another. 
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2. Explicit formulation of logical means (rules of inference) 
admitted for a consistent construction (development) of that 
theory. 

3. The use of artificially constructed formal languages for the 
presentation of all the positions (theorems) of the theory under 
consideration. 

The first feature characterizes the classical axiomatic method. 
The next two are further steps in achieving maximum precision 
and clarity in presenting theories. Introduction and use of suitable 
notation was throughout the history of mathematics a very impor- 
tant and productive procedure. But mathematical symbols were 
merely elements of formal languages. In mathematical logic, on 
the other hand, for the first time in history such rich formal 
languages were created that allow practically all basic positions of 
modern mathematics to be formulated. The rich formal languages 
of mathematical logic and the successful experience of working 
with them have created one of the objective prerequisites for the 
creation of universal computing machines employing at present a 
very diverse spectrum of formal programming languages. 

The main object of study in mathematical logic are various 
calculi. The notion of calculus comprises such basic components 
as: (a) the (formal) language of the calculus; (b) the axioms of the 
calculus; (c) the rules of inference. The concept of calculus allows 
us to give a strict mathematical definition of the nétion of proof 
and to obtain precise statements about the impossibility of prov- 
ing one proposition or another of a theory. Another remarkable 
achievement of mathematical logic is the discovery of a 
mathematical definition of the notion of a/gorithm, i. e. effective 
procedure for solving problems of one (infinite) class or another. 
Intuitively the concept of algorithm has been used for a very long 
time. G. W. Leibniz, an outstanding thinker (1646-1716), even 
dreamt of discovering a universal algorithm for solving all 
mathematical problems. The precise definition of the notion of 
algorithm shattered rather quickly this beautiful Utopia; 
A. Church showed in 1936 that no algorithm is possible which 
given an arbitrary statement written in a formal language of 
elementary arithmetic would answer the question, ‘‘Will the state- 
ment be true for the natural numbers?’’ It was later found that 
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even in the system describing ‘‘pure logic’’ (the calculus of 
predicates) the problem of provability was algorithmically un- 
solvable. In the subsequent years a great many algorithmically un- 
solvable problems were discovered in many branches of 
mathematics. A great contribution to the development of the 
theory of algorithms and to the solution of algorithmic problems 
has been made by E. L. Post, A. M. Turing, S. C. Kleene and 
the Soviet mathematicians A. 1. Maltsev, P.S. Novikov and 
A. A. Markov. 

The study of calculi constitutes the syntactical part of 
mathematical logic. The deepest study of the (syntactical) notion 
of proof in calculi makes an independent branch of mathematical 
logic known as proof theory. Along with the syntactical study of 
calculi, there is also a semantic study of the formal languages of 
mathematical logic. The basic concept of semantics is the notion 
of truth for the expressions (formulas, sequents and so on) of a 
formal language. Semantic notions have also received precise 
mathematical definitions, which has made possible a systematic 
and rigorous study of the various concepts of truth. The classical 
semantics of the language of the calculus of predicates has con- 
stituted a very rich branch of mathematical logic, model theory, 
which is being actively developed, and its methods and results are 
used to advantage in other branches of mathematics (algebra, 
analysis). The founders of model theory are A. Tarski and 
A. I. Maltsev. 

Calculi allow many parts of mathematics and of other sciences 
to be formalized. The propositional calculus and the calculus of 
predicates mentioned above are formalizations of logic, the oldest 
science about the laws of correct reasoning. The creation and 
study of these formalizations have been an important stage in the 
development of logic as a science. The early attempts to formalize 
logic are due to Aristotle and G. Boole, but it was not until the ad- 
vent of mathematical logic that an actual (and effective) for- 
malization of logic was brought about. The Italian mathematician 
G. Peano has done much for the development and popularization 
of formal languages of logic. 

It was the possibility of formalizing the theory of sets that 
proved especially important for mathematics. The calculi for- 
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malizing the basic constructions of ‘‘naive’’ set theory turned out 
to be so rich that any set-theoretic argument occurring in actual 
mathematical practice could be reconstructed formally in those 
calculi. The natural ‘‘payment’’ for this richness was Gédel’s 
discovery of the effects of incompleteness and even of non- 
completability of such calculi. 

In constructing the semantics of natural or formal languages 
there are also great difficulties. Thus the simple-minded belief 
that every declarative sentence in English can be assigned in a 
plausible (or at least consistent) way.a truth value is refuted by the 
so-called Liar paradox. A man says, ‘‘What I am saying is false’’. 
Let us try to find out whether the man told the truth or a lie. If we 
suppose that he told the truth, then it follows from the meaning of 
his words that he told a lie. If he told a lie, then from the fact that 
his words are false it follows that he told the truth. This paradox 
underlies a number of remarkable theorems of mathematical logic 
(theorems of incompleteness and indeterminability of truth in a 
system). 

The history of mathematical logic is a subject in its own right 
and it will be given no attention in this book, except for the above, 
clearly incomplete, listing of some names and facts. 

In conclusion it should be noted that modern mathematical 
logic is a large and ramified branch of mathematics whose source 
of problems, along with its intrinsic problems, is constituted by 
both philosophical problems of the foundations of mathematics 
and logic and problems arising in other branches of mathematics 
(algebra, analysis, mathematical cybernetics, programming and 
SO On). 
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THE PROPOSITIONAL CALCULUS 


1. SETS AND WORDS 


By a /etter we mean a sign regarded as a whole, i. e. a sign 
whose parts we are not interested in. A letter will also be called a 
symbol *. Two given (for example, written) letters can be said to 
be the same or distinct. For example, all small letters ‘‘a’’ in this 
book are considered to be the same. So are al] small letters ‘‘a’’ in 
some hand-written text, although the sameness of two letters is 
more difficult to éstablish in this case than in the previous one. It 
will be assumed that it is always possible to establish the sameness 
of or distinction between two concrete letters under consideration. 
If letters a, and a, are the same, then we shall write a, = a. 

The abstraction of identifying the same letters leads to the no- 
tion of abstract letter. In what follows the same two concrete let- 
ters a, and a, will be treated as the same (abstract) letter a. Each of 
these two concrete letters will be called a representative of the 
abstract letter a **. 

A collection X of some objects, to be called elements of X, will 
be called a set ***. 

If a is an element of X, then we write a e X. If any element of 
X is an element of a set Y, then_X is said to be a subset of Y and 
this is designated as: X¥ C Y. If for the sets X and Y we have 
X ¢ Yand Y ¢C X, then we shall say that the sets X and Y are 
equal and write. X = Y. Thus a set is completely determined by its 


* Sometimes the word ‘‘letter’’ will be used in its usual sense, for example 
Latin letter, small letter. 

** One should distinguish between the abstract letter denoted by the symbol a 
and the symbol a itself which is a designation or name of the abstract letter. 

*** As noted in the Introduction, such a definition may in general lead to a 
contradiction. This must not frighten the reader, however, since the existence of all 
the sets considered in this book can be derived within the formal system described 
in Section 11, in which it is impossible to carry out any of the known 
‘paradoxical’? arguments about sets. 
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elements. In particular, there is only one set containing no 
elements. Such a set will be called empty and designated ©. If 
aeéX fails for X, then we shall write a ZX. 

The letters 7, j, kK, /, m,n, p, 7, S, possibly with indices, will 
denote natural numbers. The set of all natural numbers will be 
denoted by w. If a,e€X,...,@,€X, then we shall write 


a,,...,a, EX. lf X is a set, a), ..., a, € X and any element of X 
is equal to one of the a,, ..., a, then we shall say that X is a 
finite set and write X = {a,, ...,@,} *. If g(a) is some condi- 


tion on the object @ and X is a set, then by {ae Xly(a)} or 
{aly(a), a € X } we denote the set containing as its elements those 
and only those elements a € X which satisfy the condition (a). 
For example, {1 € win = 2k for somek € w} is the set of all even 
natural numbers. 

A set of abstract letters is called an alphabet. A letter which is 
an element of an alphabet A will be called a /etter of the alphabet 
A. 

A finite series of concrete letters written one after the other is 
called a concrete word. In particular, each concrete letter is a con- 
crete word. If each letter of a concrete word is a representative of 
some letter of the alphabet A, then we shall say that a is a word in 
the alphabet A. It is also possible that a word a contains no con- 
crete letter. Such a word will be called empty and denoted by A. 
We shall say that two concrete words a, ... a, and b, ... b, of A 
are equal and write a,...a, = b,...b, if nm =k and a, = 
= b,,..., a, = 0,. All empty words are assumed to be equal. If 
a, ... d, is a concrete word consisting of n letters a,, ..., a, of A, 
then n is said to be the /ength of that word. The length of an emp- 
ty word is the number 0. 

Applying the abstraction of identification, two equal concrete 
words a,, a, will be said to be the same (abstract) word a. The 
two concrete words will be called representatives of the word a. It 
follows from the definition of equality of two concrete words that 
the abstract word a may be defined to be a finite series of abstract 
letters such that each representative of a is a series of represen- 


* Note that a pairwise distinction of the elements a,, ... , a, is not assumed, 
In particular, {@} = {@, DO, D}. 
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tatives of. the corresponding abstract letters. The number of 
abstract letters in that series will be called the length of the 
abstract word a. An empty abstract word will be denoted by the 
same letter A as concrete empty words. 

For abstract words a and 6 we define an abstract word aG to 
be such an abstract word all of whose representatives are obtained 
by writing after some representative of ~ some representative of @. 
The abstract word af will be called the union of a, 8; the abstract 
word a will be called the beginning of a8. Similarly defined is the 
union a, ... a, of the abstract words a, ..., a,- 

In what follows, by a word we mean an abstract word. It is ob- 
vious that for any words a and 8 we have Aw = aA = a and 
aAB = af. 

A word 8 of A is said to be a subword of a word a of A if 
a = 786 for some words y, 6. In particular, any beginning of a 
will be a subword of a. It may turn out that a = y66 = 7,86, 
and y # ¥,. In this case we speak of distinct occurrences of the 
subword 6 in a. Thus an occurrence of 6 in a is the word 6 
together with its position in w. An occurrence of the word 8 ina 
can be represented as: y * 8 * 5, where * is asymbol exterior to 
the alphabet A. In particular, if a = y@d = y,@6, and y # y,, 
then we have two distinct occurrences y * 6 * dandy, * 6 * 6, 
of B in a. If for the occurrence of yy * 8 * 6) Of 8 ina the word 
Yo (the word 6,) has the smallest length among all the words ¥ (the 
words 6) for which a = y@6, then yy * 6 * dy is said to be the 
first (last) occurrence of 8 in a. 

An occurrence of a letter a in w is the occurrence in a@ of the 
word consisting of a single letter a. If there is an occurrence of a 
letter a in the word a, then we say that the /etter a occurs in a. 

Let y * 8 * 6 be an occurrence of the word @ ina. Ifa’ = 
= 7@'6 for some word 8’, then we shall say that the word w’ is 
obtained from a@ by replacing the occurrence y * 8 * 6 of the 
subword by the word B’. 

A series X,, ..., X, of some objects X,,i¢€ {1, ..., 2}, will be 
called a sequence or suite, and n is the /ength of the sequence. The 
objects X,,i¢€ {1, ..., 2} will be called terms or elements of the se- 
quence X,, ..., X,,. It is assumed that from the notation of a se- 
quence its terms and their order are uniquely reconstructed. To do 
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this it is necessary for us to separate the terms, for example with a 
comma. Ifn = 0, then X,, ..., X,, will be said to be an empty se- 
quence and designated by the same symbol © as an empty set. 
The sequence X,, ..., X,, will sometimes be denoted by ¢X), ... 
vey X,). IE X,, ..., X, are sets, then the set of all sequences 
{a,, «+, @,), where a, € X,, ..., a, € X,, will be denoted by 
X, xk .. X X,. If X, = X, = ... = X,, then the set X, x 
x X, xX... x X,, will be alternatively denoted by X7. A sequence 
of two (three and so on) terms will be called a pair (triple and so 
on). A sequence of n elements will be called an n-tuple. 

The mapping f of a set X into a set Y is a correspondence 
associating with each element a € X an element f (a) € Y called 
the value of f at a. It is clear that the mapping f of X into Y is uni- 
quely defined by the set {<a, f(a2)) €eX x YlaeX}. This set 
sometimes called the graph of f will be identified with the map- 
ping f. If fis a mapping of X into Y, then we write f: X¥ — Y. UX 
is aset, then any mapping f: X" ~ X will be said to be an n-place 
operation on X and n will be said to be the number of places in the 
operation f. If f: Y — X and Y c X", then f will be called a par- 
tial n-place operation on X with domain of definition Y. 

Let X be a set, X, ¢ X and fi, ..., 4, be operations on X the 
numbers of places in which aren,, ..., 1, respectively. We define 
the set W ¢ X as follows: a € W if and only if there is a sequence 
do, +++) 4, Of elements of X having the following property: 
a, = a and for anyi < m either a; € Xo or a; = fi@jys +++) Gin,) 
for some j € {1, ..., kK} and some /,, ..., in; < i. In this case we 
shall say that the set W is defined by induction using the following 
definition: 

(1) fae Xp, thenae W; 

()if iefl,..,k} and a,,...,a,,EW, then fi(a,,... 
seep Qn,) © W. 

We Shall say that a calculus J is given, if the following four sets 
are givén: 

(a) an alphabet A (J); 

(b) a set E(Z) of words of A(/) called a set of expressions of I; 

(c) a set A x(J) of expressions of J called the set of axioms for I; 

(d) a set (f,, ....f,} of partial operations on E(/) called the 
rules of inference of I. 
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Expressions of the calculi to be considered in this book will be 
called sequents and formulas and the rules of inference f: Y — 
— E(I) will be written thus: 

$o, ..., &, 
FS (Bo, vr On) 


The domain of f is indicated unless it coincides with (E(/))”. The 
expressions ®),..., ®, in the previous notation will be called 
hypotheses and the expression f(®p, ..., ®,,) is the conclusion of a 
rule f. An n-place rule f of the calculus J will also be called an 
n-hypothesis rule. The pair (A(/), E(/)) consisting of the 
alphabet A (/) and the set of expressions E (/) of J will be called the 
language of J and denoted by L(Z). Suppose that two calculi J, and 
I, are given. If A(/,) ¢ A(,) and E(/,) ¢ EU), then we shall 
say that the language L(/,) of the calculus J, is an extension of the 
language L(/,) of the calculus J and write as follows: L(,) ¢ 
c L(U,)*. 

If the calculus / is given, then the set TW) ¢ E(/) of provable 
expressions or theorems of J is defined using the following induc- 
tive definition: 

(1) if S is an axiom of J, then S is a theorem of J; 

(2) if S,, ..., 8, are theorems of J, f is an n-hypothesis rule of 
I and <S,, ..., §,) is in the domain of f, then f(S,, ..., S,) is a 
theorem of J. 

To define a set X it suffices to indicate for what objects a the 
relation a € X is true. Therefore the following expressions will be 
uniquely defined by two sets X and Y new sets X N Y, X U Y, 
and X \ Y called respectively the intersection, union and dif- 
ference of the sets X and Y: 

(djaeXN Ye @eX and ae Y); 

(b)aeX UY (a@exX oraeyY); 

()aEX\ Yo @EX anda€ Y). 

PROPOSITION 1. The operations of intersection and union satisfy 


the following equations for any sets X, Y and Z: 
ee : a fe te # =| (commutativity); 


* This notation does not entirely agree with the already introduced inclusion 
notation for sets, yet it is convenient and causes no confusion. 


9* 
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2a.X NX = X, 

2b.X UX =X 

3a. (XN YNZ=XN (YNZ), 

3b. (X UY) UZ=XU(YUZ) J 

4a. XN(YUZ)=(XN YYU(XNZ), 

4b. XU(YNZ)=(XUYN(XUZ) 

Checking these equations presents no difficulty. We prove 4b, 
for example. Let a be on the left of the equation. Then a € X or 
aée YN Z,thereforeaeX U YandaeX U Z,i.e. ais at the 
right. IfaeX U YandaeX UZ, thenaexX orae YNZ. 
Consequently, @ is on the left of 4b. 0 

If X is a set, then the set of all of its subsets is said to be the 
power set of X and is denoted by P(X). 

Let J be a nonempty set and X,, for ie J, be some sets. The 
union \J X; and intersection ( X;, of the sets X,, i e J, will be 

ies ieJ 
the sets defined as follows: 
aeUX, ¢ @eX, for someie J), 
ieJ 
aéf)\ X, ¢ @eX,; for allie J). 
fed 

If Xo, ..., X,, Y are sets, then the notation X, ..., X, — Y 

will mean that () X,; ¢ Y and X),..., X, — will mean that 


} (idempotency); 
} (associativity); 


} (distributivity). 


ign 
1’) X, = O. If &,...,,, YW are some statements, then the 
ign 


notation 


will mean that either one of the statements ®), ..., ®, is false or ¥ 


is true. 
PROPOSITION 2. Let Xo, ..., X,, Y;, Y,, Z be sets. Then 


Xo, Xn Ni Xo, XM, 
Xo er Xq > XY NNs 
Xos ver Xno Vy Zi Xoy es Xp Vg — Zi XQ ey Xq — YU YE 
Xo, ey Xp Z ; 


(1) 


(2) 


The Language of the Propositional Calculus 21 


PROOF. Let a€ () X;. From the truth of the statements of (1) 
ign 
above the line we havea € Y,.andaeé Y>,i.e.ae€ Y, M Y,. Sup- 
pose now that the statements of (2) above the line are true and 
aé {) X;,. From the third statement above the line it follows that 
ign 
aeéY, UY,,i.e.ae Y, orae Y,. In both cases, from the truth 
of the first two statements above the line we get ae Z. O 


Exercises 


1. How many distinct occurrences has an empty word A in a word of length n? 
2. Show that the number of distinct subwords of a word @ of length n is at 
n(n + 1) 

ost oan ae +1. 
3. For what words a of length n is the number of distinct subwords of a . 
n(n + 1) 
2 _— 
4. Let the sets Xp, ..., X, 4 1 be subsets of some set Y. Denote by X; the set 

Y \ X;. Show that: 


+1? 


(a) U x; = N x): 
ign ign 

) TVX; = UX: 
ign ign 

(c) Xo, oy Xn n+1 7 ; 


Xo, 10 Xn — Xn st, 
Xor es Xn Xn gy 
(e) Xo NX, = Xo \ (X \ Xj). 


(d) 


2. THE LANGUAGE 
OF THE PROPOSITIONAL CALCULUS 


A proposition in the English language is a statement, a 
declarative sentence which can be said to be true or false. For ex- 
ample, the proposition ‘‘water is a product of hydrogen combus- 
tion’’-is true and the proposition ‘‘all odd natural numbers are 
primes”’ is false. From propositions A, B in English we can form 
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more complex propositions, such as ‘‘A and B’’, ‘‘A or B’’, ‘‘it is 
false that A’’, ‘‘if A, then B’’. If we know whether each of the 
propositions A and B is true or false, then we can determine 
whether the above compound propositions are true or false. For 
example, if A is true and B is false, then the proposition ‘‘if A, 
then B’’ is false. However, we can sometimes assert the truth of a 
compound proposition without knowing whether the component 
propositions are true or false. For example, whatever propositions 
A and B may be, “‘it is false that A or if B, then A’’ is always true. 
In this case we say that the scheme ‘“‘it is false that A or if B, then 
A”’ is identically true. One of the main problems of the proposi- 
tional calculus to study which we now proceed is the description 
of identically true schemes. To do this one will have to replace 
English by a formal language that allows no ambiguities. 

The alphabet of the propositional calculus (abbreviated PC) 
consists of three groups of symbols. 

1. Propositional variables: Q), Q,, ---. Q,, +--+, Where n is a 
natural number. 

2. Logical symbols or connectives: —, A, V, 7, - called 
respectively the implication sign, the conjunction sign, the dis- 
junction sign, the negation sign and the turnstile or the yield sign. 

3. Auxiliary symbols: left parenthesis (, right parenthesis ) and 
a comma ,. 

DEFINITION. A formula of PC is a word of the alphabet of PC 
satisfying the following inductive definition. 

1. A propositional variable is a formula (we shall call it 
elementary or atomic). 

2. If @ and W are formulas, then (® A ¥), (® VV), (® —W) 
and —@ are formulas. 

It follows from the definition that (Q) A Q,) V Qp is not a for- 
mula (there are no outer brackets). To abbreviate the notation, 
however, we shall often drop outer brackets. Thus (Q) A Q,) V 
V Q, will be an abbreviation of the formula ((Q) A Q,) V Qo). 

In what follows formulas of the propositional calculus will be 
denoted by the letters ®, ¥, X and propositional variables by P, 
R, with @, WY, X, P, R allowed to have indices. 

A subformula WV of a formula of PC is a subword of ® which 
is a formula of PC. 
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We now prove the statement about the uniqueness of the 
decomposition of a formula of PC. 

PROPOSITON 1. Any nonatomic formula ® of PC is representable 
in one and only one of the following forms: (¥ \ X), (¥ V X), 
(¥ — X) or “WV for uniquely defined formulas ¥ and X. 

To prove the proposition we first need to establish one 
technical fact. 

LEMMA |. If ® and © are formulas of PC and ® is the beginning 
of V, then® = W. 

PROOF. We shall prove the lemma by induction on the length of 
®. If ® is atomic, then so must be W since otherwise W begins with 
parenthesis or ~ and then # cannot be the beginning of ¥. Hence 
e=Y. 

Suppose that ® is nonatomic and has the form —®’, then ¥ 
must have the form — YW’, and, as can be easily seen from the 
definition of a formula, ®’ and ¥’ must be formulas. Moreover, 
®’ is obviously the beginning of ¥’. By the induction hypothesis 
®’ = W’ and hence = 70’ = AW’ =F, 

Let © be of the form (®)7%,), where ®) and ®, are formulas of 
PC, 7 is one of the signs A, Vv, —. Then °y beaing with a paren- 
thesis (and can therefore be represented as (W)7’ V,), where Vy 
and W, are formulas and 7’ is one of the signs A, V, —. Since 
(€)7®,) is the beginning of (W)7’ V,), the word ®) is the beginning 
of the word Vy7’ VW, and W, is also the beginning of that word. Of 
the two beginnings of the same word one is the beginning of the 
other (one must take the beginning of the smaller length). Hence 
@, is the beginning of VW, or VW, is the beginning of ®). In any case 
one can apply the induction hypothesis and hence @, = Wy, 7 = 
= 7’ and 9, is the beginning of V,. Again, applying the induction 
hypothesis we get @, = VW, and ® = (%97%,) = (Wor ¥,) = 
= Vr El 

PROOF OF PROPOSITION |. If the formula & begins with —, there is 
nothing to prove. Let ® be represented as (®)7,), where 7 is one 
of the signs A, V or — and %, ®, are formulas of PC and as 
($57 &/), where 7’ is one of the signs A, V or — and 4, ®, are 
formulas of PC. Then 4, is the beginning of $ or $, is the begin- 
ning of &). By the lemma ® = %, and so7 = 7’ and ®, = 9%. 
Hence the representation @ = (®)7,) is unique. 0 
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COROLLARY 1. Let ® be a formula of PC. Then there is a 1-1 
correspondence between each occurrence of (or — in ® and some 
occurrence of a subformula of ® whose first symbol is the occur- 
rence under consideration of ( or — respectively. 

prooF. By the induction on the construction of a formula we 
can associate with each occurrence of ( or — some such occur- 
rence of a subformula and Lemma | allows us to assert the uni- 
queness of such an occurrence. 0 

PROPOSITION 2. If ® is a formula of PC, n, 0 are occurrences in ® 
of subformulas V, X respectively, then either n and @ have no oc- 
currences of the symbols of the alphabet of PC in common or one 
of them is entirely in the other. 

PROOF. If 7 and @ have any occurrences of symbols in common, 
then the first occurrence of the first symbol n or @ must be in com- 
mon. Let the first occurrence of the first symbol y occur in 0. If 
is an atomic formula, then the statement is obvious. Let ¥ be 
nonatomic, then the first symbol of ¥ is (or 7. By Corollary 1 
this symbol uniquely defines the occurrence of some subformula 
WV’ in X. But this subformula will be a subformula in © too. 
Associated with the occurrence under consideration of (or 7 in ® 
is the occurrence 7 of the subformula WV. By virtue of uniqueness, 
YW must coincide with ¥’ and 7 is entirely in @. O 

If all the occurrences of the subformula W in # are replaced by 
the formula X, then we obtain a new formula which ‘we denote by 
(®)y - Such a definition is correct, since it follows from Proposi- 
tion 2 that two distinct occurrences of the subformula ¥ in © have 
no occurrence of the symbols of the alphabet of PC in common. 

DEFINITION. Sequents of PC are sequences of the following four 
forms: 


$,, 1 BEV; By, ..., BES EW; Fk, 


where ®), ..., &, and W are formulas of PC and 7 is a natural 
number. 

Sequents will often be denoted by Tt W or Tt, where [ 
denotes a sequence, possibly empty, of formulas of PC. 

While formulas of PC may be regarded as ‘‘forms’’ of com- 
pound propositions of our language, sequents are ‘‘forms’’ of 
statements, theorems in which we may clearly distinguish condi- 
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tions (hypotheses) and conclusion. Namely, regarding + as the 
sign of (logical) entailment, the sequent ®), ..., ®, + W may be 
understood to be a statement of the form ‘‘(The truth of) the 
hypotheses ®), ..., &, (logically) entails the proposition W’’. Se- 


quents of the form ®, ..., ®, + may be understood to be a state- 
ment about joint inconsistency of the hypotheses (conditions) 
By, ey O. 

0°? > *n 


The rules of inference of PC to be described in the next section 
reflect (formalize) some simplest standard logical modes of 
reasoning which allow one to pass from some true statements 
(theorems) to other true statements (theorems). 


Exercises 


1. Show that for any word a of the alphabet of PC it is possible to determine 
in a finite number of steps whether a is a formula of PC or not. (Hint. Use 
Proposition 1). 

2. Replace point 2 in the definition of a formula of PC by the following: if 
and W are formulas, then (#) A (%), (©) V (%), (®) —~ (%’) and 7 (@) are for- 
mulas. Show that with such a definition we have statements similar to Propositions 
1 and 2. 


3. AXIOM SYSTEM AND RULES OF INFERENCE 


Below we shall often deal not with concrete formulas and se- 
quents but with the so-called schemata of formulas and sequents. 
The letters @, YW, X (I, A, @), possibly with indices from the set of 
natural numbers, will be called variables for formulas (sequences 
of formulas). Let an alphabet B contain, besides the symbols of 
the alphabet of PC, the variables for formulas and sequences of 
formulas. : 

A schema of sequents (formulas) of PC is a word in B such 
that any substitutions in that word of concrete formulas and se- 
quences of concrete formulas for variables of formulas and 
sequences of formulas, respectively, yield sequents (formu- 
las of PC. The results of such substitutions will be called in- 
stances of the schema. For example, ¥, T+ @VW and & — 
~ (X, A X,) are schemata of sequents and formulas respectively 
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and 
QAA7Q; 7 Qos 7 (Q, ~ Q,) & Q; V (Qo A 7 Q)), 
((Q, se ot Q,) A Q)) - (Q; An (Q, vn Q))) 


are instances of the corresponding schemata *. 
DEFINITION. A schema of sequents 


+ ® 


is called an axiom schema of PC. An instance of an axiom schema 
will be called an axiom. 


The rules of inference of PC are the following: 


preerey 5 Tere 
TRAY ’ “TRée-y¥’ 

a en g FRESE SF 
Tree ’ : rey : 
TR®AY cette 
Trey ’ Tre? 
Tr® i, FE ePE We 

‘TRoévy’ , Te ; 
reY 1 bee EX 

“TRevy’ “T,W,@0,R xX’ 

6 PPE UEXE WE OVX pulrs 

. Tey , “T, WR Y 


As noted at the end of the preceding section, the rules of in- 
ference of PC formalize certain standard logical modes of reason- 
ing. Let us comment at an informal level upon Rules 1 to 12 from 
this point of view. Rules 1 to 3 are simply rules clarifying the 
meaning of the word ‘‘and’’ (conjunction). Rules 4, 5 also refer to 
the clarification of the meaning of the word ‘‘or’’ (disjunction). 
Rule 6 formalizes the mode of reasoning by ‘‘analysis of (two) 
possible cases’’, When hypotheses I hold, either @ or X is true. ¥ 
is true either when conditions I and @ are true or when conditions 


* When the values of variables for the formulas and sequences of formulas in 
a schema C of sequents (formulas) are fixed in the text the schema C is called sim- 
ply a sequent (a formula). 
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I and X, are true, thus W is always true when hypotheses I’ are 
satisfied. This is established by considering two possible cases 
(one of them necessarily holding): (1) conditions I and the condi- 
tion hold; (2) conditions I and the condition X hold. Rule 7 for- 
malizes a device of equivalent restatement of a theorem allowing 
one of the hypothesis of the theorem to be placed into its conclu- 
sion in the form of a hypothesis. Rule 8 is one of the logical rules 
(the rule of modus ponens or detachment) noted already by 
Aristotle; it shows how to get rid of a hypothesis in the conclu- 
sion. Rule 9 formalizes the rule of ‘‘arguing by reductio ad absur- 
dum’’. Suppose that conditions ! and —¢@ can hold simultaneous- 
ly; coming to a contradiction we conclude that ® always holds if 
the conditions I hold. Rule 10 is the rule of ‘‘discovering (deriv- 
ing) a contradiction’’ for a sequence of hypotheses I’. Rule 11 is of 
a purely technical formal character: interchange of premises does 
not affect the truth of the conclusion. Rule 12, sometimes called a 
‘“‘refinement’’ or the rule of an extra hypothesis, reflects a trivial 
fact that adding to the hypotheses of a theorem a superfluous 
hypothesis does not violate the truth of the conclusion of the 
theorem. 

If in the rules of inference we take concrete sequences of for- 
mulas of PC as I’ and I, and concrete formulas as ®, ¥, X, then 
we obtain instances (or applications) of the rules of inference. 
Rules 1 to 10 are called basic and Rules 11 and 12 are structural. If 
0 is an application of a rule of inference k, then we shall say that 
the sequent under the line in O is obtained from the sequents 
above the line with the aid of the rule k. 

DEFINITION. A linear proof in PC is a finite sequence Sp, ..., S, 
of sequents of PC satisfying the following condition: each sequent 
S,, i <n, is either an axiom or obtained from some S,,/j < i, us- 
ing one of the Rules of inference 1 to 12. A sequent S is said to be 
PC-provable or a theorem of PC if there is a proof Sp, ..., S, in 
PC such that S, = S. A formula ® of PC is said to be PC- 
provable if so is the sequent + ®. 

Notice that if S,, ..., 5, is a proof in PC and Sp, ..., Sg is a 
proof in PC, then S), ..., S,, Sj, --., Sg is also a proof in PC. 

We define inductively the notion of tree: 

(1) Any sequent is a tree. 
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(2) If Dy, ..., D, are trees and S is a sequent, then 


Dieicee Di 
Ss 
is also a tree. 

The same sequent may occur in a tree several times. A sequent 
together with its position in a tree D will be called an occurrence 
of the sequent in the tree D. An occurrence of a sequent in D 
which has no horizontal line above it will be called an initial oc- 
currence in D. An occurrence of a sequent in D which has no 
horizontal line below it will be called final sequent in D. We shall 
often use the word ‘‘sequent’’ instead of ‘‘an occurrence of a se- 
quent”’ if it is clear from the context what occurrence is meant. It 
is clear that a tree may have many initial sequents, but there is 
only one final sequent. The part of a tree consisting of the se- 
quents immediately above the line, below the line and of the line 
itself is called a passage. 

DEFINITION. A tree D is said to be a tree form proof in PC if all 
its initial sequents are axioms of PC and its passages are applica- 
tions of Rules of inference 1 to 12. If S is the final sequent of a 
tree form proof in D, then Dis said to be tree form proof of Sora 
derivation tree of S in PC. 

Let # be a function defined on the sequents (more precisely, on 
the occurrences of the sequents) of D and taking as its values 
natural numbers having the following properties: 

(1) A(S) = O if S is the final sequent of the tree D. 

(2) If 


is a passage in D, then h(S)) = ... = A(S,) = A(S) + 1. 

It is obvious that conditions (1) and (2) uniquely define the 
function h. The number A(S) is called the height (of the occur- 
rence) of a sequent S in the tree D. The maximum height of the se- 
quents occurring in D is called the height of the tree D. 

PROPOSITION 1..A sequent S has a tree form proof in PC if and 
only if S is a theorem of PC. 

PROOF. Let S, ..., § S be a linear proof in PC. If S is an 


n—- 1? 
axiom, then S will be a tree form proof of the sequent S. Let 
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Dy, ».-, D, _ , be tree form proofs of the sequents S, ..., S,_ ,. 
Ney ae ; é os 3 
as 1), «+, i <n, is the application of some rule, then 
the tree 
Diy; taey Diz 
Ss 


will be a tree form proof of the sequent S. 

Suppose now that a proof of the sequent Sin the form of a tree 
D is given. We construct a linear proof of S by induction on the 
height of the sequents in the tree D. The initial sequents in D will 
be linear proofs. If for all the sequents S,, ..., S,, of height k + 1 
linear proofs L,, ..., L,, are already constructed, then it is clear 
that the sequence 


| ee SES 


will be a linear proof of a sequent S of height k. UO 

A sequent schema H is said to be PC-provable if adding it to 
PC as an axiom schema does not extend the set of provable se- 
quents. It is clear that this is equivalent to the fact that all in- 
stances of the schema H are PC-provable. 


Example 1. The following tree shows the provability of the schema ®, 
VREOAYV*: 


ee Say (Rule 12) 
ao Rule). <2 e (Rille 11) 
Vr 6 &VrV 

(Rule 1) 
@VEGAYV 


A rule of inference is said to be PC-admissible if adding it to PC does not ex- 
tend the set of provable sequents. In particular, Rules 1 to 12 of PC are admissible. 


PROPOSITION 2. The following rules are PC-admissible: 


Vio, @ 

(ay nS where (Wy, ...,¥_) & (xts ++ Xad> 
Xie ey Xm FP 

(b) Vio WE 
Xie ceer Xm 


* Instead of ‘“‘application of Rule 12”, etc. we shall write ‘‘Rule 12’’.— 
Editor’s note. 
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TRYT,¥r T,dbt 
()- 2X, (g) ———_ 
Try TrrR«aA@ 
T,,@, 4,0 + The 
(db 2X (h) _—__—_, 
T,,@A¥,%+ x r,a@r 
Trea . T,OrY 
(ec) —__——_, (i) aaa 
rr r,ra¥r ae 
Tr .P,aGr AY 
a a OTeee ” 


prooF. Before proving that rule (a) is admissible we establish 
the admissibility of an instance of it: 


T,,%, 6,4 ¥ 


a’ Woon 
ed r,O T+ ¥ 


Applying Rule 11 several times changes the sequent I’,, , ®, 


lr, + Vintol,, $,1,,@ + ¥. Using Rule 12 we can obtain from 
the axiom @ + @a sequent l’,, 6, F, + &. The tree 


T,,%,T,,¢+ ¥ 
T,%,%Fe—-¥T,,%,,+ 6 
T,,@,P+¥ 


establishes (a’). It is clear that the admissibility of (a) follows 
from that of (a’) and Rules 11 and 12. 

The admissibility of (b) follows from that of rules (a), (e) and 
(f). The admissibility of (c) is demonstrated by the following tree 


Tr,W¥rx 
TeEY—-yxTPry 
Try : 


In addition we show the admissibility of (f) and (g), leaving the 
other rules as an exercise to the reader. 

It is clear that the sequent [+ can be obtained only by 
Rule 10. Therefore, if ! + is provable, then so are the sequents 
r+ & andl + 7 &, for some formula 4). To prove the ad- 
missibility of a rule of the form 


re 


s 
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it suffices to construct a tree whose initial sequents are either 
provable schemata of f + $) andl + 7 %, whose final sequent 
is the sequent S and whose passages are Rules | to 12. 


TH TH 7% | 
Tr, 7 VR rar 7% 
Tr,aWe . 
TreY 


(f) 


(g) We use the provability of the schema IT, — W, and Wb 
and leave it to the reader as an exercise. 


T,d+ & Tot A 
r,é,7 78+ & T,¢,7 7+ AG 
r,77¢,6+@ P,17n6,nbb T,774,6+ 7% T,7 76,76 
P,176F$-&; Tr 56+ T,1.56F6-58% T,.76r6 


T,ran+ 4b TP, 7 3G 78% 
Paaée —_ 
TRaA® 
A finite sequence of sequents S), ..., S, is said to be the quasi- 


derivation of the sequent S, in PC if each sequent occurring in it is 
PC-provable or can be obtained from the preceding sequents by a 
PC-admissible rule of inference. A tree D is said to be a tree form 
quasi-derivation of a sequent S in PC if any initial sequent of D is 
PC-provable, the final sequence is S and the passages are PC- 
admissible rules of inference. 

It is obvious that any sequent for which there is a quasi-deri- 
vation or a tree form quasi-derivation is provable. 

EXAMPLE 2. We prove the sequent F Q) V 7 Qp. 


7 Qt 7 Qo 
1 Q QV 7 Qi 7 (QV 7 Q) 7 (Q V 7 Q) 
7 (Qo V 7 Qo), 7 Qot 
- 7 (QV 7 Q) & D 
7 (Qo V-7 Qo) QD V 7 Qo; 7 (Qo V = Qo) F 7 (Qo V 7 QD) 
7 (Qo V 7 Qo) + 
t QV 7 Qo 


Notice that the above tree is not a PC proof, since the second 
passage is not an application of any of the rules. It is clear, 
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however, that we can obtain a proof by adding to this tree applica- 
tion of Rules 11 and 12. In what follows, unless otherwise 
specified, we shall use admissible rules that can be obtained from 
the basic rules by combining them with structural rules, as the 
following: 


B15 BEV Wy Vn XE WS Xp, XE OVX 


Dreier Pog pV 
where: (8 j5 vag @ Was os Wp Migs Reh SAS gp ae: 
ae maele 
Exercises 


1. Establish PC-provability of the following schemata: 
(a) T,, ®, TP, + 8; (b) T, 7 &,@+; 
C)PBAVE VAG dbV¥EYVV®, 

2. Prove the PC-admissibility of rules: 


T,@eY T,@reaAY 


k : 1 ‘ 
VT Bae Oe ae 


4. THE EQUIVALENCE OF FORMULAS 


Denote by F the set of all formulas of PC. Lets: F — Fbea 
mapping of F into F satisfying the conditions: ' 


(1) s@ — ¥) = (S(@) — s(¥)), 

(2) (PAW) = ((&) A s(¥)), 

(3) s(@V ¥) = (s(#) V s(¥)), 

(4) s(7®) = 15(®). 

Any such mapping will be called a substitution. The reader 
may see for himself that any substitution is uniquely defined by its 
values of atomic formulas, i.e. if P), ..., P, are all atomic subfor- 
mulas of a formula ® and sy and s, are substitutions such that 
So(P,) = s,(P,) for i < n, then s)(@) = s,(#). For the result of a 
substitution s(®), we introduce the notation s(®) = (B57 Pn ey 
which agrees with the notation (®)% introduced in Section 2. 
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We extend the mapping s to include sequents: 

(5) s(®, ..., ® F VW) = s(®), -.., (@,) & SCH); s(®,, «.. 
wy BE) = 5(®), ..., S(@,) 3 SCF) = F5($); S(F) =F. 

It is possible to define by induction the extension of s to trees: 


Ss s(S) 


THEOREM ! (Substitution). Let a mapping s: F — F satisfy con- 
ditions (1) to (6) and let S be a PC-provable sequent. Then the se- 
quent s(S) is PC-provable. 

PROOF. We shall prove by induction of the height of a tree that 
if D is a tree form proof of the sequent S in PC, then s(D) is a 
proof of the sequent s(S) in PC. If Sis an axiom, then s(S) is also 
an axiom. Let 


0. »~ 70 k. » Hk 
Dee kD) Spe wape 


oe % a 3 


then 


5(D§); +3 $j) $(DF)s 5 SDH) 
5(So) ____ 5) 


s(S) : 


s(D) = 


By virtue of the induction hypothesis it suffices to prove that 
in the tree s(D) the last passage is an application of the same rule 
as in the last passage of the tree D. But this is obvious, since prop- 
erties (1) to (5) ensure that the passages are preserved. For exam- 
ple, if 


$, Pr ¥;h,Xb ¥; Er OVX 
Pr ¥ 


is the last passage in the tree D, then 


S(€o), S(@) F S(¥); $(Bo), SCX) + SCH); S(@o) F S(®) V 5(X) 
S(®o) F s(¥) 


is an application of Rule 4 and the last passage in the tree s(D). O 
In other words, the substitution theorem states that if in a pro- 

vable sequent we substitute arbitrary formulas for the proposi- 

tional variables, then the resulting sequent will be provable. 
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DEFINITION. Two formulas ® and W are said to be equivalent 
(designated @ = W) if two sequents @+ W and W + ® are 
PC-provable. 

Notice that ‘‘=’’ is the symbol of the language in which we 
prove statements about the calculus but not the symbol of the 
propositional calculus. This language is sometimes called meta- 
language. The concepts of schema and proof are also meta- 
language concepts. 

LEMMA |. The relation ® = W is an equivalence relation, i. e. 
for any formulas ®, V, X of PC the following statements are true: 

(a) 6 = 9; 

(b) if ® = V, then ¥ = 9; 

(c) if’ = Vand Vv = X, then ® = X. 

ProoF. (a) follows from the fact that ® + ® is an axiom. 
(b) follows from the symmetry of ® and ¥ in the definition of the 
relation @ = WV. If @ + W and WF X are provable, then by 
Proposition 3.2 (c)® # X is provable. Similarly, if X + ¥, Wr 
t+ ® are provable, then X + ® is provable. CJ 

LEMMA 2. (a) If 6 = W, then ® is PC-provable if and only if ¥ 
is PC-provable. 

(b) If ®, = ¥,, and &, = W,, then (®, A®,) = (¥, AY), 
(®,V%,) = (YVY¥,), @, -— &) = (%, - V2) and 4%, = 
= 4Y,. 

prooF. If } ® and ® + W are provable, then the tree 

@ry 
rFdo- WV; +o 
EW 


will be a quasi-derivation of + ¥. Similarly from the provability 
of KW and ¥ + ® we obtain the provability of + &. Statement 
(a) is thus proved. 

By virtue of the symmetry of ®, and ¥, in (b) it suffices to 
prove the sequents 7% + 7V¥,, 8 A+ VW AW, 6 VO 
+ W, V@, and ®, ~ 6+ WV, — ¥,. The following four quasi- 
derivations complete the proof: 

Vr 8, 7G, + 74, 
Wy, Aer 
a@ br AY, 


(1) 
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BAHE RO EV, 2 At 5 E+ VY 
PAREYV, ARE W 
PARQ EVWAK 


(2) 


Ory, bt WY 
BEVVY HEV VY 
BV_EVVY 


@V%+ V2 


(3) 


YW O59 - OO -& FY, 
@ - &,¥,  & Ke — 
@-&,Y, KWH Oo 
-r YY, - 


(4) 


THEOREM 2 (Replacement). Let ® be a formula of PC and let ¥ 
be its subformula. Suppose ®’ is obtained from ® by Maney 
some occurrence of ¥ by a formula ¥’. In this case, if ¥ = 
then @ = ®’. 

pRooF. If W = ©, then the theorem is trivial. Further we pro- 
ceed by induction on the length of &. If 6 = Q,, then ¥ = 

Four cases are possible for the induction step: 

(a) = 6 A®,; (b)$= 8 V4; 


()$=%—-6; (d)b= 74. 

By Proposition 2.2 any occurrence of ¥ # ® is contained 
either in ®, or in ®,, therefore the equivalence 6 = ®&’ follows 
from the induction hypothesis and Lemma 2(b). 


Exercises 


1. Suppose formulas @ and W of PC contain only one propositional variable, 
P, and for some substitutions s, and s) we have s;(@) = VW ands,(¥) = ®. Show 
that@ = ¥. 

2. Suppose ® = W and there is a propositional variable P occurring in both @ 
and ¥. Show that there is a formula X equivalent to the formulas @ and ¥, all 
propositional variables of which are contained in both @ and W. (Hint. Use 
Theorem 1.) 


5. NORMAL FORMS 


The notion of the equivalence of formulas of PC will be of 
great importance to us, since the basic properties under study of 
the formulas of PC are preserved when we pass to equivalent for- 


3* 
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mulas. It is very important therefore to be able to find for each 
formula of PC its equivalent but constructed as simple as possi- 
ble. In this section we shall define such ‘‘canonical’’ represen- 
tatives for the formulas of PC. 

LEMMA |. Let ® and W be formulas of PC. Then we have the 
following equivalences: 

(a) (@ — ¥) = (“@V ¥); 

(b) a4 = §; 

(c) AAV) = (“BV AY); 

(d) A(@V WV) = (APA AY); 

(ec) ? = @v ); 

(f) @ = (PA &). 

PROOF. We give quasi-derivations for statement (a): 


@+-O46—-V+E-—V 
@-—-W,d+rv A+ Ad 
@-W, P+ 7GVY; Abt ASV; FEV AE, 
@-wWt Aévy , 


@+ 6 Ad+ AS 
@,57 GF 
@506F VY; VE VW; WOVE WOVE 
A@VV,EEY 
n@VVEO- 


Notice that the provability of HK ® V “© follows from Example 
3.2 and the substitution theorem. 

The proof of the remaining statements of Lemma 1 is left to 
the reader. 0 

LEMMA 2. Any formula ® of the propositional calculus is 
equivalent to a formula ¥ containing no implication sign. 

proor. We define the mapping a: F — F by induction on the 
length of a formula: 

(1) a(Q;) = Q;; 

(2) a(@ A ¥) = al(®) A a(¥), 

(3) a(@ V ¥) = a(®) V a(®), 

(4) a(-%) = >a(%), 

(5) a(@ — VW) = ra(®) V a(¥). 
Then a(@) contains no implication sign and a(@) = ® follows by 
induction from Lemma 4.2(b) and Lemma I(a). 0 
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LEMMA 3. Any formula ® of PC is equivalent to a formula ¥ 
without the implication sign such that there are negation signs 
only in front of atomic subformulas. 

proor. Let F~ be a set of formulas containing no implication 
sign. We define the mapping 8: F~ — F- by induction: 

(1) B(Q,;) = Q; 

(2) B(7Q;) = 70, 

(3) B® A ¥) = B®) A BY), 

(4) B® V ¥) = B(®) V B(Y), 

(5) B(7(@ A ¥)) = B(78) V B(-“¥), 

(6) B(7>@ V ¥)) = B(78) A B(7¥), 

(7) B(7 7%) = B®). 

Let X = a(®), where a@ is the mapping of Lemma 2. The 
equivalence X = 8(X) is easy to obtain by induction on the length 
of X using Lemma 1 and Lemma 4.2(b). It is obvious that ¥ = 

= B(X) satisfies the requirements of Lemma 3. 0 

LEMMA 4, Let ®, VY, and X be formulas of PC. Then 

(a) @AYV) = (WA); 

(a‘)(@vVv¥) = (¥ Vv $); 

(b) (@ AV) A X) = (®A(W AX)); 

(b’/) (@V WW) V X) = (@V (WV X)); 

(c) (PA (¥ V X)) = (SAV) V (®AX)); 

(c') (PV (WA X)) = (PV WV) A (@VX)). 

PROOF. To avoid overloading the presentation we prove only 
(c). The remaining equivalences the reader will easily prove 
himself using the experience acquired while analyzing the proofs 
given earlier. 

PA(YVX)F OEY PA(K¥ VX) OXF X 

®A(¥VX), ¥R OAY @A(¥VX),X FAX 
PAYVX), VE (PAWV (EARN PAHVX) XE PAWV PAN EAH VX), HPV), 
®A(¥AX)H (®A¥)V(@AX) 


PAVEY PAXEX 

AVE VVX; AYE PAX+ 4; AXE VVX 

AYE OA(¥VX); BAX OAYVX) (BAY; (@AX)E (@AW)V @AX) 
NT @AWV(QDAXDEOAYVX) 


Now we define the important notions of disjunctive and con- 
junctive terms of a formula. For any formula © we denote the 
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set of all disjunctive terms of $ by D(@) and the set of all conjunc- 
tive terms of ® by K(®), which we define by induction on the 
length of ®. 

(a) If @ is not representable as a disjunction, i.e. as ® = 
= ($,V %,), then D(®) = {}, i.e. & is its only disjunctive 
term. 

(b) If 6 = (4, V #,), then D(®) = D(¥,) U D(,). 

The set K (®) is defined dually. (a) If @ does not have the form 
@,A®,, then K(®) = (%}; (b) if 6 = ,A4,, then K(@) = 
= K(®)) U K(@,). 

PROPOSITION 1. Let ® and VW be formulas of PC. If D(®) ¢ 
¢ D(®), then the sequent @ + W is PC-provable. 

PROOF. By induction on the number of disjunctive terms in ®, 
i. e. on the number |D(®)| of elements in the set D(®). 

Let |D(#)| = 1, i. e. D(@) = ()]}. We establish by induc- 
tion on the length of # that in this case 6 = ©). Indeed, if @ = 
= ®), then this is obvious. If 6 = 6’ v®”, then D(®’) = 
= D(®") = D(®) = {%,} and by the induction hypothesis 
&’ = &, b” = $. By Lemma 4.2(b) 6’ Vv” = &, v $ and 
by Lemma I(e) $) V &, = ®, hence 6 = (6’ V6") = &. 

We now show by induction on the length of W that if 
, € D(¥), then the sequent @, + W is provable. If ¥ has no form 
WV ¥,, then D(W) = {WJ}, hence, = VW and + VW is an ax- 
iom. Let ¥ = WV ¥,, then D(W) = D(¥)) U D(¥,) and ) is 
in D(W)) or D(¥,). Let &,€ D(¥;), i < 1. By the induction 
hypothesis ®, + W, is provable, hence 


Gr, 
Pork VYoV ¥; 


is a quasi-derivation of the sequent ®) + WY. Together with the 
equivalence @ = ®), this shows that in the case |D(®)!| = 1 the 
sequent ® + W is provable. 

Now suppose that |D(#)| = n > 1 and for any formulas $’, 
W’ such that |D(®’)| < 1 and D(®’) ¢ D(¥’) the sequent 
®’ + W’ is provable. The statement will be proved by induction 
on the length of &. If @ is of minimal length among formulas ’ 
such that D(®’) = D(®), then @ = (@,V 4,), |D(#))l < 7, 
|D(®,)| <n and by the induction hypothesis it follows from 
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D(@;) © D(®) C D(¥) that the sequents @,+ VW, + W are 
provable. Then 
SEV, SV; G+ GV, 
er : 
is a quasi-derivation of the required sequent. The same reasoning 
completes the proof. If = , v #,, then for ®,, / < 1, either 
|D(®,)| < nor |D(#,)| = n and the length of %, is smaller than 
that of ®; in any case the sequents 6 + Wand ®, + W are prov- 
able by the induction hypotheses and hence so is the sequent 
@+rv.0 
COROLLARY 1. 1f D(®) = D(¥), then ® = ¥. 0 
The corollary obtained shows that up to the equivalence of 
n 


formulas it is pobsible to use the notation Y %, or ®, V... V &, 
f=] 
for formulas ® such that D(®) = [@,, ..., ®,}. 
For conjunctive terms the situation is quite similar. The proof 
of the following proposition is left to the reader. 
PROPOSITION 2. Let & and W be formulas of PC. If K(¥) ¢ 
C K(@), then the sequent ® + ¥W is provable. U 
COROLLARY 2. If K(®) = K(¥), then @ = ¥. 0 


This allows us to use generalized notation of the form A ®, 
i=] 
or ®,A... A@, for all formulas ® such that K(#) = {%,, ... 
weg OY 

LEMMA 5. For any finite sequence T and any formula ® the se- 
quentT + ® is provable if and only if sequentsT + ®’ are prov- 
able for all ®’ &€ K(®). 

PROOF. In one direction the lemma follows from Proposition 2. 
Suppose that for any ®’ e K(®) the sequent I! + ®’ is provable. 
We show by induction on the length of @ that’ + @ is provable. 
If is not representable as 6, A ®,, then there is nothing to prove. 
If 6 = $,A9%,, then by the induction hypothesis ! + %, and 
I + ®, are provable (since K(®,) ¢ K(®)). Hence 


Treo; 0b 9%, 
Tr jo, 


n 


is a quasi-derivation of the sequent + ®. 0 
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DEFINITION. We shall say that ® is an elementary disjunction 
if each disjunctive term of ® is either an atomic formula or the 
negation of an atomic formula. We shall say that @ is in con- 
junctive normal form (cnf) if each conjunctive term of ® is an 
elementary disjunction. A formula ®@ in conjunctive normal form 
can be written up to equivalence as A (® V... V &,,.) where 

i=0 
formulas $! are atomic formulas or the negations of atomic for- 
mulas and @) Vv... V Pi, are generalized symbols for conjunctive 
terms of ®, 

Defined dually (i. e. by replacing A by V and v by A) are the 
notions of elementary conjunction and disjunctive normal form 
(dnf). 

THEOREM 3. For any formula ® of PC there is an equivalent 
formula W in cnf. 

prooF. Let ¥, be a formula equivalent to @, containing no im- 
plication sign and with all of its negation signs preceding 
atomic subformulas. We shall prove the theorem by induction on 
the length of ¥,. If W, is an atomic formula or its negation, then 
W, is already in cnf. If ¥, = @, A ®, and X, and X, are the for- 
mulas which are equivalent to , , and ®,, in cnf respectively, then 
it is obvious that the formula X, A X, is equivalent to , and is in 
cenf. { 

Let ¥, = 6, V %,. Let X, and X, be in cnf, X, = ®, and 
X, = ®,. By the replacement theorem ¥, = X, V X3. We shall 
prove the fact that X, V X, is equivalent to some ¥ in cnf by in- 
duction on n = m, + m , where m, is the number of signs A in 
X;,i = 1,2. If m, = m, = 0, then X, V X, being an elementary 
disjunction is in cnf. Suppose, for example, that 77, is nonzero. 
Then X, = X,A X,. By Lemma 4(c’) we get 


X,V X, = X, V(X; A X,) & (X, V X3) A (X, V X,). 


By the induction hypothesis X, V X, and X, V X, are equivalent to 
W, and, respectively, to ¥,, which are in cnf. It is clear that 
WV = V,A ¥, satisfies the requirements of the theorem. UJ 

The proof of the next theorem is similar to that of Theorem 3 
and is left to the reader. 
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THEOREM 4. For any formula ® of PC there is a formula V that 
is equivalent to it and is in dnf. 

DEFINITION. We shall say that a formula ® of PC is in principal 
cnf (dnf) if the following conditions hold: 

(1) @ is in enf (dnf); 

(2) any propositional variable P occurring in ® has in any con- 
junctive (disjunctive) term of & exactly one occurrence; 

(3) any two distinct occurrences of conjunctive (disjunctive) 
terms of ® have distinct sets of disjunctive (conjunctive) terms. 

For example, of the formulas 


(Q,VQ3)V 7Qo, (Q,A Q4)V (Q4AQ), (Q1A 7Q,)V (Q,A 7Q)) 


in dnf the first is in principal cnf and the third is in principal dnf; 
the first and second formulas are not in principal dnf. (Why?) 
THEOREM 5. If a formula ® of PC is not PC-provable, then there 
is an equivalent formula ¥ which is in principal cnf. 
We first prove three auxiliary statements. 
LEMMA 6. If for some formula ® of PC there is a formula ¥ 
such that ¥, 1¥ € D(®), then ® is provable. 
PROOF. Indeed, the formula ¥ V —¥ is provable and D(¥ v 
V 1¥) ¢ D(®). By Proposition 1 ¥ V 7 + #4 is a provable se- 
quent, but then @ is a provable formula. 0 
LEMMA 7. If ® is a PC-provable formula, then’ AW = W for 
any formula ¥ of PC. 
prooF. The following trees are quasi-derivations of the re- 
quired sequents: 
PAVE GAY Fe; VrY 
PAVE WY — YER EAY 
LEMMA 8. For any formulas ® and ¥ of PC we have the 
equivalence? = ®V (WA AY). 
prooF. The following quasi-derivations establish the provabili- 
ty of the required sequents 


O 


@+- oO 
PEOeV(VA AY)’ 
VA7AVRE YW; VATAWEH AY 
YATWE 
PEO VAAVE SS OV(VAAWIF OVA AY) 
ie “OVWAAWES 


O 
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PROOF OF THEOREM 5. Let X be a formula which is equivalent to 
® and is in cnf. There is such a formula by Theorem 3. Let Xs oe 
«++, X, be all conjunctive terms of X for which there are no pro- 
positional variables P such that P, — P € D(X;). There are such 
terms, since otherwise by Lemma 6 and Lemma 5 the formula X, 
and consequently , would be provable. 

Let D(X;) = {X9,..., X#J, where X! # X§ for r # s. By 
Corollary 1 an elementary disjunction X; is equivalent to an 
elementary disjunction Xj = (... (X?v X}) v ...) v X# in which 
each propositional variable occurs at most once. By Lemmas 6, 7 
and the replacement theorem the formula X is equivalent to the 
formula X’ = (... (Xj A Xj) A...) A Xj. Let Po, ..., P, be all 
atomic subformulas of the formula X’. Unless some xj contains 
some P, as a subformula, by virtue of 

Xj = Xj/V (PA TP) = (Xj V Pi) A (XV AP.) 
the formula ; 
oa Sid XV py nox AP) 

is equivalent to X, is in cnf, any propositional variable has at most 
one occurrence in any of its conjunctive terms and the number of 
its conjunctive terms containing no P, is smaller than in X’. On 
carrying out a finite number of such transformations we can ob- 
tain a formula X* equivalent to ® and satisfying (1) and (2) of the 
definition of a formula in principal cnf. We choose the maximal 
set {Wo,..., ¥, } of mutually nonequivalent conjunctive terms of 
X*. Corollary 1 yields D(¥; # D(¥;) for # /. From the replace- 
ment theorem and Corollary 2 it follows that X* is equivalent to 
the formula ¥ = (... (WA ¥,) A...) A ¥, and hence ¥ satisfies 
the requirements of the theorem. 

The proof of the next theorem is similar and we leave it to the 
reader as an exercise. 

THEOREM 5’. If a formula 4® of PC is not PC-provable, then 
there is a formula ¥ which is equivalent to ® and is in principal 
dnf. 0 

Exercises 


1. Prove statements (b) to (f) of Lemma | and statements (a), (a’), (b), (b’), 
(c’) of Lemma 4. 
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2. Prove Proposition 2, Theorem 4 and Theorem 5’. 

3. Show that in Theorems 4 and 5 it is possible to require that @ and ¥ should 
contain the same variables. 

4. Show that the sequent T, @ + W is PC-provable if and only if for any 
X € D(®) the sequent lr, X + W is PC-provable. 


6. SEMANTICS 
OF THE PROPOSITIONAL CALCULUS 


A calculus is said to be consistent if not all formulas of that 
calculus are provable in it. 

Let X be some set and let f, be some mapping of elementary 
formulas of PC into the set P(X) of all subsets of X. Such Fy will 
be called an interpretation of PC in X. We extend f, to a mapping 
of the formulas of PC into P(X) (we denote it also by f,) by in- 
duction: 

(iB AY) = fy) 1 fy, 

2) fy(@ VY) = fy) UA), 

(3) fy(72%) = X\ fy), 

(4) fy(® = ¥) = fy(98) U fy). 

To each sequent S of PC we assign a statement f,(S) about the 
subsets of X in the following way: 


(a) fy (Bo, ..., 8, HB) e 
sd (Fy (®o); wo ty (®,) — fy (®)); 
(b) fx(F 2) & fy (®) = X; 
(c) Fy (Bo, BE) & (Fy (Go), 5 Fy (Pn) —)5 
d)fy(-) eX —. 
We recall (Section 1) the definition of the relation — on sets: 


Xo, X, -~ Yo (n X,¢ v); 
ign 

Cnete aes ee (Nx = @). 
ign 

THEOREM 6. For any interpretation fy of PC in X and any 
PC-provable sequent S the statement f,(S) is true. 

PRooF. Let D be a derivation tree in PC of the sequent S. It is 
obvious that if S’ is an axiom, then f,(S’) is true. Therefore it 
suffices to prove that if f, of the sequents above the line in D is 
true, then f, of the sequents beneath the same line is also true. For 
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example, let 


Bo, 4, B,, Vo HX; By, .., O,, Vy Xj Bo, OE VV 
$y, 0, BEX 


be a passage in the tree D and suppose that f,(®, ..., ®,, 

Wt XX) Ay (Py, 1 By Vy FX) Ay (®, BF VV Y,) hold. 

Letxe f) fy (&). Since 1) A, (®) CA %) U ALY), we have 
tiga ign 

x € fy(¥,) for some j < 1. Since 11 fy (®) NAY) SAX), 


we have x € f, (X). Consequently, f, (@p, ..-, ®, + X) holds. 


Verification for the other passages of D is also simple and is 
left to the reader. C1) 

COROLLARY 1. PC is consistent. 

prooF. Let X be a nonempty set and let f, be some interpreta- 
tion of PC in X. By the definition of an interpretation f,(Q) A 
A 1Qo) = fxy(Qo) N (X N fy (Qo)) = PG. It is obvious that the 
statement f(t Qy) A 7Q)) is false. By Theorem 6 the sequent 
+Q,A 71Q,) is not provable. Consequently, the formula 
Q,) A 1Qy is not PC-provable. 0 

We have considered an interpretation of PC in which proposi- 
tional variables were interpreted as subsets of some set X and 
logical connectives were interpreted as operations on those 
subsets. This made it possible to prove the consistency of PC. 
Also of interest is the parallelism itself of set-theoretic operations 
and logical connectives *. 

Of course, the notion of interpretation exceeds the limits of 
the calculus itself. It relates to the so-called semantics of the 
calculus, in contrast to the notions of formula, rules of inference, 
proof, which relate to the syntax of the calculus. 

We now consider another interpretation of PC which is very 
closely related to this interpretation and will be called the prin- 
cipal interpretation of PC. On the set {0, 1} we define the opera- 
tions A, V, ~-, 7 by means of the following table: 


* A useful generalization of this interpretation is given in Exercise 2 of 
Sec. 11. 
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x y xAy xVy x—-y Ax 

0 0 0 0 1 1 

0 1 0 1 1 1 (1) 
1 0 0 1 0 0 

1 1 1 1 1 0 


This table corresponds to rules (1) to (4) of the definition of an 
interpretation f,g, when0 = ©, 1 = {©}. Sometimes instead 
of 0, 1 the words ‘‘false’’ and ‘‘true’’ are used. Then the table will 
indicate rules of assigning truth values to the connectives A, V, —, 
-, which agree rather well with the use of the corresponding con- 
nectives in the English language. 

Fix propositional variables Py, ..., P,. Given a mapping f of 
the set of elementary formulas { Pp, ..., P,} in (0, 1}, by table (1) 

fis uniquely extended to the set of formulas of PC whose proposi- 
tional variables are among P), ..., P,. If, besides, f(@) = 1 
(f(®) = 0), then we shall say that on the set (f(P)), ..., SP)? 
the truth value of the formula © is 1 (0) or simply that © is true 
(false) on this set. 

Thus, for any formula @ with propositional variables among 
Po, -»-, Py we have a (k + 1)-place function on the set {0, 1} 
which assigns to given truth values of the variables Py, ..., P, the 
truth value of the formula ®. This function will be called the truth 
function of the formula ® (and denoted by 7; (Pp, ..., P,)). A 
formula ® with variables among P,,i < k, is said to be identically 
true (identically false) if T, (Py, ..., P,) takes on the value of truth 
(falsehood) on all sets of values of the variables Pp, ..., P,. It is 
clear that this concept does not depend on the choice of Po, ... 
.., P,. A sequent I + @ is said to be true on the set (to, ..-, ty) 
of truth values of the variables P), ..., P, which contain all the 
variables of the sequentl + ® if on the set (tf), ..., ¢,) either one 
of the formulas of I is false or @ is true. The sequent 'r is said to 
be true on the set (to, ..., ¢,) of truth values of the variables 
Po, «-., P, among which there are all the variables of the elements 
of I if one of the formulas of I is false on <fo, ..., t, >. The se- 
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quent + is false on any set by definition and the truth of the se- 
quent + ® coincides with that of ®. 

A sequent S is said to be identically true if it is true on any set 
(to, --+) 4) Of truth values of the variables P,, ..., P, which con- 
tain all the variables occurring in S. It is obvious that these con- 
cepts are also independent of the choice of Po, ..., P,. 

THEOREM 7. If a sequent S of PC is PC-provable, then S is 
identically true. 

PROOF. Let D be a tree form proof in PC of the sequent S. We 
proceed by induction on the height of the proof D. If S is an 
axiom, then the statement of the theorem is trivial. To complete 
the proof it is necessary to verify that Rules 1 to 12 remain iden- 
tically true. For example, let 


Treo +o@-v¥ 
Tey 


be an application of Rule 8. If on some set of truth values of the 
propositional variables all the formulas of I’ are true, then by the 
induction hypothesis and @ — W are true on that set. Hence by 
the definition of the operation — the formula ¥ is also true. 

The verification of the other rules is also simple and we leave it 
to the reader. 

Theorem 7 yields another proof of Corollary 1. Indeed, it is 
clear that Qy A ~Q, is an identically false formula. By virtue of 
Theorem 7 therefore the sequent F Qy) A >Q,is not PC-provable. 

COROLLARY 2. If © = W and the propositional variables of ® 
and ¥ are contained among Pp, ..., P,, then Ts(Po, «++» Py) = 
= Ty (Po, «++, Py): _ a 

PROOF. Suppose that on a set t we have T,(¢) = 1. Under the 
hypothesis @ + W is provable. By Theorem 7 we get T, (ft) = 1. 
Similarly 7, (¢) = 1 yields T(t) = 1.0 

We introduce the notation P° = P, P!' = AP. Let t= 
= (th, -.-, t,) be a set of zeros and unities. 

LEMMA 1. An elementary disjunction ® of the form Pi? V ... 
... V Pn takes on the value ‘‘0’’ on a unique set t = ty, ..., t,) 
of truth values of the variables Py, ..., P,,. 

PROOF. The formula © is constructed from formulas Pfi by 
means of the operation V. It follows from the truth table that if 
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one of the formulas P/i assumed a value of 1, then ® would also 
assume a value of 1. Hence P; must assume a value ¢,. LO 

THEOREM 8 (Functional Completeness of PC). Let f be a func- 
tion defined on the sets (to, ..., t,) af zeros and unities and tak- 
ing on zero or unit as its value. Then there is a formula of PC 
such that its variables are contained among Qo, ..., Q, and 
Ts(Opu 0.) OF. 

prooF. If f is identically one, then we can take the formula 
Q)V 7Qy)as ®. 

We denote a suit (f,, ..., 4,) of elements of the set (0, 1} by 
and by f(f) the value of f(t, ..., ¢,). Let the set X = os = 


= 0} be RODEHEDLY- Take as®a formul of the form A (PiiV. 
tex 

V Pin), We prove that T, (t) = 0 is equivalent to tf eX. Let 
ie (t) = 0. Since & is constructed from conjunctive terms using 
the operation A, there is a conjunctive term W which is false on the 
set ¢. VW has the form Pil View. V Pia, where rex. By virtue of 
the preceding lemma ft’ = ¢ and hence t eX. Now let ¢ eX. By 
Lemma 1 a conjunctive term ¥ of the form P}! V ... V Pir is false 
on ¢. Again using the fact that @ is constricted from conjunctive 
terms (with ¥ among them) with the aid of the operation A we 
conclude that 7,(¢) = 0. 0 


Exercises 


1, Suppose that your computational capabilities consist only in the follow- 
ing: given a pair of numbers ¢,, f, € {0,1} you can compute the maximum 
max (t,, f2) of those numbers and given ¢ € {0, 1} you can name ¢f € {0, 1} which 
is not equal to ¢. Show that in this case you are capable of computing any function 

J assigning to suites (fp, ..., ¢,) of zeros and unities, zero or unity. Namely, 
for any such function f there is a sequence So, ..., 5; such that for anyi < k 5; is 
either a pair ¢(j, m) of numbers smaller than i or a single number smaller than i. 
Moreover, if by the given suite (fp, ..., ¢,) of zeros and unities you write a se- 
quence qo, ..., g% of zeros and unities according to the following rule: 

(a) if i <n, then gq; = ¢;; 

(b) ifn < ig kands; = <j, m), then qj = max (qj; dm)3 

(c)ifn < ig kands, < i, theng; = Gs; , then q, will be the value of f on 
Xto, «+5 ty)» (Hint. Use Theorem 8. Corollary 2 and the equivalence 6 A y = 
= 4 es ® Vv a¥).) 
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2. Show that if formulas @ = W are in principal cnf (principal dnf) and con- 
tain the same variables, then {D(X)|X e€ K(#)} = {D(X)|XeK(¥)} ({K(X)|Xe 
e D(®)} = {K(X)IX € D(¥)}). 


7. CHARACTERIZATION 
OF PROVABLE FORMULAS 


THEOREM 9. Let ® be a formula of PC. The following three 
conditions are equivalent: 

(1) ® is PC-provable. 

(2) For any ®’ = ® which is in cnf and any of its conjunctive 
terms WV there is an atomic formula P such that P, ~P € D(¥). 

(3) There is ®’ = & which is in cnf and is such that for any of 
its conjunctive terms W there is an atomic P such that P, 
aPeD(¥). 

PROOF. (2) = (3) is trivial, (3) = (1) follows from Lemmas 5.5, 
5.6 and 4.2(a). 

We prove (1) = (2). Let ® be provable. Then any conjunctive 
term ¥ of the formula ®’ is provable by virtue of Lemma 5.5. Let 
D(¥) contain no atomic formula P together with its negation 7 P. 
Consider two sets of atomic formulas, X = {P|P € D(¥)} and 
Y = {P| 3PeD(¥)}. Under the hypothesis XN Y= ©. Let ¥, 
be obtained from ¥ by replacing all subformulas P € X by Q, and 
all Pe Y by 4Q). By the substitution theorem ¥, is provable. Let 
WY, be obtained from W, be replacing 47Q) by Q). By 
Lemma 5.1(b) and the replacement theorem ¥, = W,. Hence ¥, is 
provable. It is obvious that D(¥,) = {Q)}. By Corollary 5.1 
Q) = ¥,. Hence Qj is provable. From the substitution theorem 
we conclude that any formula of X is provable. This is impossible 
by virtue of the consistency of PC. O 

Theorem 9 gives a characterization of PC-provable formulas 
based on the structure of formulas which are equivalent to them 
and are in cenf. Such a characterization will be called deductive. 
Now we obtain a semantic characterization of PC-provable for- 
mulas based on the notion of truth. 
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LEMMA 1. The sequent T’, ® + W is provable if and only if so is 
the sequentT KH ®— ¥. 

PROOF follows immediately from Rules 7 and 8. 1 

LEMMA 2. The sequent I't+- is provable if and only if so is the 
sequentl + Q) A 7Qp. 

PROOF follows from Proposition 3.2(c) and (g). 0 

THEOREM 10 (Completeness of PC). (a) For a formula ® of PC 
to be PC-provable it is necessary and sufficient that ® is iden- 
tically true. 

(b) For a sequent S of PC to be PC-provable it is necessary 
and sufficient that S is identically true. 

PROOF. Necessity is asserted by Theorem 7. Statement (b) 
follows from (a), since by virtue of Lemmas 1, 2 and the defini- 
tion of the identical truth of sequents and formulas the provability 
and identical truth of the sequents $,,...,@,  W and %,,... 
..., ®, F are equivalent to the provability and identical truth of 
the formulas $, ~ (@, — ... ~ (®, — W)...) and @, — (@, — ... = 
— (®, — Qo A 1Q,p)...) respectively. 

Let © be an identically true formula and let 6’ = ® be in cnf. 
Suppose that ® is not provable. Then ®’ is not provable either. By 
Lemmas 5.5 and 5.6 there is a conjunctive term W of the formula 
®’ such that D(¥) contains no atomic formula P together with its 
negation —P. Let X = {P|PeD(¥)} and Y = (P| > PeD(¥)}. 
Then X M Y = ©. If the variables of X take on a value 0 and the 
variables of Y take on a value 1, then by Lemma 6.1 WV takes ona 
value 0. Since ®’ is constructed from conjunctive terms (¥ among . 
them) using one connective A, ®’ takes on a value 0 when the 
variables of X take on a value 0 and those of Y take on a value 1. 
Hence ©’ is not an identically true formula. By Corollary 6.2 © is 
not an identically true formula either. A contradiction. 0 

If a calculus is given and the concept of truth (semantics) of 
the formulas of that calculus is defined, then the calculus is said to 
be consistent with respect to the semantics if only true formulas 
are provable in the calculus. If all true formulas are provable, 
then the calculus is said to be complete for the semantics. Of great 
importance besides the problem of consistency and completeness 
is the problem of solvability of calculus. A calculus is said to be 
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solvable if there is an effective procedure (algorithm) allowing one 
to determine for any formula ® in a finite number of steps 
whether or not © is provable. If there is no such procedure, then 
the calculus is said to be unsolvable or undecidable. 

If the truth of the formulas of PC is defined as identical truth, 
then the previous theorem shows that PC is complete and consis- 
tent for this semantics. It is obvious that it is possible to find out 
in a finite number of steps whether or not a given formula © of PC 
is identically true. Since the identical truth and the provability of 
® are equivalent, PC is solvable. 

When a calculus is given using axiom schemata and rules of in- 
ference the question naturally arises as to whether the axiom 
schemata and rules of inference are independent. An axiom 
schema is said to be independent in a calculus if at least one of its 
special instances is not provable in the calculus without that 
schema. A rule of inference is said to be independent in a calculus 
if it is not admissible in the calculus without that rule. A calculus 
is said to be independent if all of its axiom schematas and rules of 
inference are independent. 

When constructing a calculus one often aims at obtaining an 
independent calculus. (Of no small importance here are aesthetic 
considerations.) In the remainder of this section we use PC as an 
example to present an important method of proving the in- 
dependence of calculi *. 

PROPOSITION 1. PC is independent. 

PROOF. Since there is only one axiom schema in PC, this 
schema is independent. To prove the independence of the rules of 
inference it is sufficient to find for every rule a a characteristic 
property A which is peculiar to all sequents provable using rules 
distinct from @ and which some of the PC-provable sequents fail 
to possess. We restrict ourselves only to formulations of 
characteristic properties for Rules 1 to 12, leaving the necessary 
verification of the reader. 

A characteristic property of Rules 1 to 8 is the identical truth 
(Sec. 6) of sequents when a new definition is given to each rule of 
one of the logical operations A, V, ~, — on the set {0, 1}. The 


* See also Exercise 8.1. 
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other operations are defined using the table of Sec. 6. Here are the 
new definitions of logical operations corresponding to Rules 1 
to 8. 

Rule 1. The conjunction is defined to be an identically false 
function. 

Rule 2. The value of the conjunction x A y is equal to the 
value of the second term, y. 

Rule 3. The value of the conjunction x A y is equal to the 
value of the first term, x. 

Rule 4. The value of the disjunction x V y is equal to that of 
the second term, y. 

Rule 5. The value of the disjunction x V y is equal to that of 
the first term, x 

Rule 6. The disjunction is defined to be an identically true 
function. 

Rule 7. The implication is defined to be an identically false 
function. 

Rule 8. The implication is defined to be an identically true 
function. 

Consider a set A = {0, 1, 2,}. A conjunction on the set A is 
defined to be a minimum of two numbers and a disjunction is 
defined to be a maximum of two numbers. Negation is defined as 
follows: 4(2) = 0, 3(1) = 0, 7(0) = 2. Implication is defined 
thus: 


m—n={e m<n; 


n, mo>n. 


Rule 9, A characteristic property for sequentsl + ®@(f +) is 
the following: for the values from the set A of the propositional 
variables the minimum of the values of the formulas of I is less 
than or equal to the value of the formula ® (is equal to zero, 
respectively). The minimum of an empty set of values is assumed 
equal to two. 

Rule 10, A characteristic property of sequents for this rule is 
the presence of a formula on the right-hand side. 

Rule 11. A characteristic property of sequents + (1 +) is 
that: if P = (&,..., &,) # O, then the sequent &) + & (®, +) 
is PC-provable. 


4* 
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Rule 12. A characteristic property of the sequents [+ 9%, 
I + is that I has one element or is empty. 1 


Exercises 


1. Let a formula @ of PC be in dnf. For @ to be PC-provable, it is necessary 
and sufficient that for any sets X and Y of propositional variables containing no 
elements in common there is a formula ¥ € D(®) and sets X, and Y, of proposi- 
tional variables such that (X U X,)N (YU Y;) = O and K(¥) ¢ {[PI|Pe(X U 
UX) U {7PIPe(Y U Y,)}. (Aint. Use the PC completeness theorem.) 

2. Make the necessary verification of the characteristic properties in the proof 
of Proposition 1. 


8. HILBERTIAN PROPOSITIONAL CALCULUS 


In this section we shall treat an alternative, the so-called 
Hilbertian, axiomatization of propositional calculus, PC,. 

DEFINITION. The notion of formula in PC, is the same as in PC; 
there are no sequents in PC,. The axioms of PC, are obtained 
from the following ten schematas by substituting concrete for- 
mulas of PC, for the variables @, ¥, X. 


1.6 — (v — ), 
2.(@ — ¥) —- (@ — (Y — X) - @ — X), 
3. (BA WV) — 9, 
4,@AWV)-¥, ; 
5.(@ — ¥) — (@ — X) — (@ — (YA X))), 
6.6 — (PV ¥), 
7.8 — (WV), 
BO = XK) (CY =X) SONY) = B)), 
9. (@ = ¥) = (@ — a4) = 98), 
10. >4@ = &, 
There is only one rule of inference in PC,: 
$,o6-¥ 
mgt 


DEFINITION. A proof in PC, of a formula @, is a sequence of 
formulas ®o, ..., &, of PC, such that each ®;,, i < n is either an 
axiom or is obtained from some ®,, ®,, j,k < i, by the rule of in- 
ference. If there is a proof in PC, of a formula %, then is said to 
be PC,-provable and this is designated > ®. A derivation in PC, 
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of a formula ®, from a set H of formulas of PC, is a sequence 
®,, ..., &, of formulas of PC, such that each ®,, i < 2, is either 
an axiom or is in H, or is obtained from some ©,, %,, j, kK < i, by 
the rule of inference. If there is a derivation of a formula ® from 
H, then @ is said to be PC,-derivable from H and we write 
H ~ 9, with H called a set of hypotheses. 

It is obvious that the PC, -provability of ® is equivalent to the 
PC, -derivability of @ from an empty set of hypotheses. Note that 
H need not be a finite set of hypotheses, but if H > ®, then by 
virtue of the finiteness of the derivation of @ from # there is a 
finite set H, ¢ H such that H, > ®. It is also obvious that if 
H C H' andHe @,thenH’ p @. 

The main purpose of this section is to prove the following 
theorem which shows in a certain sense the equivalence of PC and 
PC,. 

THEOREM 11. (a) A sequent V,,..., ¥,, + ® is PC-provable if 
and only if ® is PC,-derivable from {¥,, ..., ¥,,}. Jn particular, 
the sets of PC- and PC, -provable formulas coincide. 

(b) A sequent ¥,, ..., ¥, & is PC-provable if and only if the 
formula Q, \ 1Q, is PC,-derivable from (¥,, ..., ¥,)}. 

Before proving Theorem 11 we develop some theory of PC, - 
derivability. 

EXAMPLE I. Let @ be a formula of PC,. A sequence of the 
following five formulas will be a proof of the formula @ — © in 
PC;: 
(1) @ — (@ — &) is an axiom, 

(2) @ — ((@ — 6) — &) is an axiom, 

(3) (& = @ = &)) = (@ — ((@ = &) = )) — (@ = &)) is an 
axiom, 

(4) (8 — ((@ — &) — &)) — (@ — &) by the rule of inference 
for (1) and (3). 

(5) & — ® by the rule of inference for (2) and (4). 

A rule of inference 


is said to be PC, -admissible if its addition to PC, does not enlarge 
the family of formulas derivable from H for any set of hypotheses 
H. 
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A quasi-derivation in PC, of a formula ®, from a set of 
hypotheses H is a sequence of formulas @,, ..., ®, such that each 
®,, i <n, is either PC,-derivable from H or is obtained from 
some preceding formulas by a PC, -admissible rule of inference. It 
is obvious that if there is a quasi-derivation in PC, of a formula ® 
from the set H, then ® is PC,-derivable from H. 

THEOREM 12 (Deduction). JfH U {@j) o> ¥,thnHpep @-— Vv. 

PROOF. By ifduction on the minimal for which there is a 
derivation Vy, ..., ¥, of a formula ¥ from H U {6}. Ifn = 0, 
then either (1) ¥ = @ or (2) ¥ is an axiom or occurs in H. In the 
former case, by virtue of Example 1 the formula @ — W is 
derivable from H. In the latter case the sequence 


¥,¥-(@-¥),o-¥ 
is a derivation in PC, from H. Letn > 0. From the minimality of 
n we conclude that W is obtained from W; and that ¥; = (¥; — ¥) 


for i, j <n by the rule of inference. Then by the induction 
hypothesis the sequence 


b-V,,6—(¥,—V), 
(@-V¥) -(€-(¥,- ¥) - @- ¥)), 
(@-(¥,-V)-@-W,e-v 


is a quasi-derivation of 6 — ¥ from H. U1 

For many formulas of PC, the deduction theorem facilitates 
substantially the establishment of their PC, provability. Thus, in 
the following example but for the deduction theorem it would be 
necessary to give a much more lengthy proof. 

EXAMPLE 2. Let ® and W be formulas of PC,. We show that the 
formula ® — (¥Y — (®,A W)) is PC,-provable. By the deduction 
theorem it suffices to show that {@, ¥} > ® A W. The following 
sequence is the required derivation: 

(1) @ — (@ — &) is an axiom, 

(2) ¥ — (®@ — W) is an axiom, 

(3) (® — 6) — ((@ — ¥) — (@ — GA ¥V))) is an axiom, 

(4) ® is a hypothesis, 

(5) @ — ® by the rule for (1) and (4), 

(6) ¥ is a hypothesis, 
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(7) ® — W by the rule for (2) and (6), 

(8) (6 — VW) — (@ — (@ A V)) by the rule for (3) and (5), 

(9) & — (@ A W) by the rule for (7) and (8), 

(10) ® A W by the rule for (4) and (9). 

Before proving Theorem 11 we establish one more technical 
fact. 

COROLLARY}. {®, ..., ®,} & ©® is equivalent to >®, — 
— (8, — ... (@, — ®)...) which is in turn equivalent to >(®), A 
A(®, A... (@, 1 A®,)..-)) — &. 

PROOF. In one direction we apply the deduction theorem n + 1 
times. Now let >#, — (@, — ... (@, — ®)...). Then {4 , ... 
wy B,J B By — (@, — ... (@, — &)...) and applying the rule of in- 
ference several times we get {®),...,®,} > &. Using several times 
Example 2 and the rule of inference we get {@),...,2,} > yA 
A(®,A...(@, _ pA ®,)...) and applying several times Axioms 3, 4, 
and the rule of inference we get {@)A (@, A... (®,_ ,A®,)--) J & 
> ® for anyi < n. Hence (®p, ..., &, } > ® is equivalent to the 
derivability of () A (®, A... (®, _ , A &,).-.)} & &, which has 
already been shown above to be equivalent to > (®, A (®, A... 
ve (By pA) ) 2.0 

PROOF OF THEOREM 11. By virtue of Corollary 1 and Lemmas 7.1, 
7.2 it suffices to show that the PC provability of ® is equivalent to 
the PC, provability of ®. It is easy to verify that all the axioms of 
PC, are identically true and that the rule of inference of PC, re- 
mains identically true. By the PC completeness theorem therefore 
> ® implies the PC provability of ®. 

We shall say that a rule of inference of PC remains derivable 
in PC, if after replacing in it the sequents V,, ..., ¥, - ® and 
Vi,.05¥, - by (Y,,...,¥,) > Band (¥,,...,¥,}) > QA 
A 1Qo respectively, the truth of the statements above the line will 
imply the truth of the statement below the line. It is clear that to 
prove that the PC provability of implies > ® it suffices to show 
that Rules 1 to 12 remain derivable in PC,. That Rules 1 to 5 re- 
main derivable is easy to show using Example 2 and Axioms 3 to 
Te Let (Wy, as Uys P) BOS, es Bee AP WS Oe, 
VJ PR OVX, 

By the deduction theorem 

{¥,,.,4JeG-W and (¥,,..,¥,J>X-YV. 
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Applying the rule of inference of PC, to Axiom 8 three times 
we get {W¥,,..., ¥,} & YW. Hence Rule 6 remains derivable. 
Rule 7 corresponds to the deduction theorem, Rule 8 corresponds 
to the rule of inference of PC,. We prove that Rule 9 remains 
derivable. Let {¥,, .... ¥,, 1®} > Q) A 7Q). From Axioms 3 
and 4 we get {V,,..., ¥,, 7®@} > Q,and (W,,..., ¥,, 1G} > 
> 1Qp>. By the deduction theorem we get 


[V5 V,) > We — Q,and [¥,,...,¥,) > Ab = 3Q). 


Then Axioms9 and 10 yield {¥,,..., ¥,} > ®. Consider 
Rule 10. Let (¥,,..., ¥,}] > @and (V,,..., ¥,} > a. From 
Axiom | we get 


{¥,,..,5¥,} & A(QA7Q,)- 
and 
{¥,,...,¥,} > 7A(QA 7Q,) — 74. 


Axioms 9 and 10 then yield {¥,,..., ¥,} > Q)A 7Qj. That 
Rules 11 and 12 remain derivable follows immediately from the 
definition of derivation in PC,. O 


Exercise 


1. Prove that PC, is independent. (Hint. Use the same method as for PC. To 
prove that Schemata 1 and 2 are independent the logical connect{ves are defined 
on the set {0, 1, 2} and to prove that schemata 3 to 10 are independent the logical 
connectives are defined on the set {0, 1}. For Schema 1 the connectives are de- 
fined like this: (2 Am) = min (nm, m), n Vm = max (n,m), 70 = 71 = 2, 
312 = 0,(n — m) = 2ifn < mand (n — m) = Oifn > m. For Schema 2 we 
have: (0A m) = (mAO)=1, OVO)=1, 7A2=1, O-0)=(2-—0)= 
= (2 — 1) = 1, (1 — 0) = 2 and the other values of the connectives are as for 
Schema 1. The characteristic property of formulas in proving the independence of 
Schemata | and 2 is that of being identically two. 


9. CONSERVATIVE EXTENSION OF CALCULI 


Given two languages Ly ¢ L, and two calculi, J, of Ly and /, 


of L,. J, is said to be a conservative extension of I, (designated 
I, < J,) if an expression ® of Ly is J>-provable if and only if is 
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I,-provable. It is obvious that the relation < is reflexive, tran- 
sitive and we have 

PROPOSITION 1. If I, < J, and I, is consistent, then I, is consis- 
tent. C1 

Let PC) be the calculus obtained from PC by removing from 
the alphabet the symbol — and dropping Rules 7 and 8. 

PROPOSITION 2. PC‘~) < PC. 

PROOF. Let a: F — F be the mapping defined in the proof of 
Lemma 5.2. We extend a to sequences of formulas and sequents: 


a((®,, ..., B)) = (ad, ..., a®,), 
aT + &) = af) a), aft) = af)r. 


Since a(®) = ® for a formula ® without implication, it suffices to 
show that if a sequent S is PC-provable, then the sequent a(S) is 
PC‘)-provable. If D is a tree form proof of the sequent S in PC, 
then by induction on the height of D we shall construct a quasi- 
derivation D* of the sequent a(S) in PC‘~), If D is an axiom for 
PC, then it is obvious that D* = a(D) is an axiom for PC‘), Let 


Dy; «+3 Dn 


If the last passage in D is effected by rules different from Rules 7 
and 8, then obviously 

_ Df; ...5Ds 

~~ a(S) 


* 


will be a quasi-derivation in PC‘~) in which the last passage is ef- 
fected by the same rule as in D. If 
_ Dy Dy 


D= ’ 
Troe 


where D,, D, are proofs in PC of sequents't ¥,T rH ¥-—® 
respectively, then as D* we take the following tree: 


7aa(%), a(%), 77a(¥) br 
ra(¥) bk aa(¥);  7a(%), a) Fk 7a(¥); Dt 
D} a), na(’) + ral) 
al), 7 a(@) & 
aT) F a(®) 
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If _ D, 
Prey’ 
where D, is a proof in PC of the sequentsT’, ¥ + ®, then as D* 
we take the following tree: 
Di 
af), a(¥) F ma(¥) V a(€); 7aa(¥) F 7a(¥) V a(®); Fa(¥) V ma(¥) 
a(T) F 7a(¥) Vv a() , 


Let PC‘: ) be the calculus obtained from PC by removing 
from the alphabet the symbols —, V and dropping Rules 4 to 8. 

PROPOSITION 3. PC‘"> Y) < PC. 

PROOF. We denote the set of formulas of PC without the sym- 
bol — by F(-), We define a mapping 6: F'-) — F‘) as follows: 

(a) if contains no sign V, then 8(¢) = ®; 

(b) if 6 = (¥ v X), then B(@) = 4(4B(¥Y) A 7B(X)); 

(c)if @ = (¥ AX), @ = >, then B(%) = (B(¥) A B(X)), 
B(®) = ABM). 

We extend 6 to sequences of formulas and sequents: 

B(<®,, ..., >) = (B®), ..., B®), 
Bir &)= 60) 6), BC) =6bT)-. 


By virtue of (a) of the definition of 6 and Proposition 2 it suffices 
to show that if the sequent S is PC‘—)-provable, then B(S) is 
PC‘~: Y)-provable. 

For any tree form proof D of the sequent S in PC‘) we shall 
construct by induction on height a quasi-derivation D* of a se- 
quent @(S) in PC’->), If D is an axiom of PC‘), then it is ob- 
vious that D*= B(D) is an axiom of PC‘ Y), Let 


Do; +5 Dr 


If the last passage in D is effected by rules different from Rules 4 
to 6 for PC, then it is obvious that 


D§; ...; Df 
B(S) 


will be a quasi-derivation in PC‘ ¥), 


*— 
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Let 


dD, 


D= ———!_ _ 
TrevyY 


and let the last passage in D be effected by Rule 4 for PC. Then 
D* will be a quasi-derivation of the sequent 6(T) + 6(®) and we 
may take the following tree as D*: 


Di BM), ~B@) A ABM) F ABE) 
BY), 7B@) A ABM) + 
BT) F 7(4B@) A WB)" 


Similarly treated is the case where the last passage in D is an ap- 
plication of Rule 5. 

Before treating the case where Rule 6 is applied we prove the 
PC‘: Y) admissibility of the following rules: 


T,d+Yv T,@e 
a) ———_____; b) ———_—__; 
ae rr re ae ee ae 
T,@b T,d+e wv 
(c) —-———_ ; (d) —_-—_____., 
TrR-aA® T,naW+r-3® 


The PC‘->’) admissibility of rules (a) and (b) will be 
demonstrated simultaneously by induction on the height of the 
proof D in PC(->”) of the sequentsl, @ + ¥ (I, @t-). If Dis the 
axiom X + X, then the quasi-derivation in PC‘~-Y) of the se- 
quent — ~>X + X will be the following tree: 


aXr aK; a4 KF AX 
a4 X,4 Kr 
a3 XEX - 


If D is not an axiom, then the provability of the sequent I, 
i175@+F+ ¥ (the sequent lf, « ~@t+) is immediate from the in- 
duction hypothesis. Let a sequent f, @+ be PC‘: Y)-provable. 
Then rule (b) yields the provability of f, 1 >®t and Rule 9 yields 
the PC‘—: Y) provability of f + =. We now show that rule (d) is 
PC: )-admissible. From the PC‘->’)-provable sequent I, 
® + WV and the axiom “WW + “VW we obtain the sequentl, “¥, 
$+ using Rules 10 to 12. From the PC: Y) admissibility of rule 
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(c) we obtain the PC‘>’) provability of the sequent I, 
AVF 7A@, 
Now let 


D= D,; D2; D3; 
Tey 


be a proof in PC‘) the last passage in which is effected by Rule 6. 
By the induction hypothesis there are quasi-derivations D*, D¥ 
and D¥ in PC: Y) of the sequents 


BT), B(@) F BM); 
BY), B(X) BY) and BM) 7(7B(%) A 7B(X) 


respectively. By the PC‘~: Y) admissibility of rule (d) the following 
tree will be a quasi-derivation in PC‘->Y) of the sequent 


BY) F BY): 


Dt D3 
BC), 7B(Y) F 76) BO), 7B) F 76(X) 
BY), 7B(Y) F 7B(S) A 7B(X);DF 
80), 7BOD)r 
Br) & BY) 


So far we have treated extensions of the languages of calculi resulting only 
from extending their alphabets. We now discuss an extension LG of the language 
of PC(-. Y) whose alphabet and formulas are the same as in PC(~> ) but the se- 
quents are defined like this: if f and © are sequences of formulas of PC(-: VY), then 
I’ + 6 is a sequent of the language LG. 

Now we define the calculus Gy of the language LG. The axioms of Gy will be 
sequents of the form P, I! + 90, P, where P is an atomic formula and I, 0 are se- 
quences of atomic formulas. The rules of inference for Gg will be the following: 


(jj EP Os Gp ene es 8 
TROPA ? rrA,¥, 4,0’ 
@¥,rroe Tr,¢,¥,Ar 90 

(2) ———-___, (6) 
@AV,TKFO T,¥,¢,Ar 90 
@,r+ro T+ 0,4, ¢ 

(3) ———__—_, (7) ——_.-—— 

Tr O, 7A@ Tr 0, 
TrO,® @,6,r+roa 
(4) ’ (8) ———__—_, 


n6,Tr+ oO @,T+90 
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where ®, © are variables for the formulas of Gg andT, 0, A are variables for the 
sequences of formulas of Go. 

In the remainder of this section, formulas and sequents, unless otherwise 
stated, are formulas and sequents of Go. 

LEMMA |. Let the sequent Tl + © be Go-provable and let sequences T, and ®, 
contain among their terms all the terms of the sequences T and © respectively. 
Then the sequent T, + ©, is Gg-provable. 

PROOF. We show by induction on the length of $ that for any sequences of for- 
mulas IP and © the Gg provability of the sequent f + © implies the Go provability 
of the sequents $, I + @ andr + 0, ®. The statement of the lemma is obtained 
from Rules (5) to (8). 

If ® is an atomic formula and D is a proof in Gg of the sequent [+ 9, 
then it is obvious that by replacing in D each sequent’ + 9’ byl’, + O’ (by 
T’’ + &, 0’) we obtain a proof in Gy of the sequent’, @ + O (the sequentl’ + 9, 
Q). Applying rules (5), (6) we obtain the provability of the sequents @, ! + © and 
rr oe, ®. 

Let @ = ¥ A X and let the sequents X, T+ 0; P+ 0, ¥; P+ O, X be 
Go-provable. From the induction hypothesis we obtain the provability of ¥, X, 
I + @ and using rule (1) we obtain the provability of f + ©, ®. By means of rule 
(2) we also obtain #, r+ @. 

If 6 = —W and the sequents ¥,’ + O;T + O, ¥ are Gy-provable, then the 
Go provability of the sequents @, "+ © andI + 8, & is obtained using rules (3) 
and (4). O : 

LEMMA 2. (a) If the sequentT + ©, ® A ¥ is Go-provable, then so are the se- 
quentsT + OandT + 0, ¥. 

(b) If the sequent ? A¥,T + @ is Go-provable, then so is the sequent ®, ¥, 
ree. 

(c) If the sequent T + ©, 7 is Go-provable, then so is the sequent ®, 
reo. 

(d) If the sequent —®,T + 0 is Go-provable, then so is the sequent! + 0, ®. 

PROOF. We prove statement (b). The proof of the other statements is similar 
and it is left as an exercise to the reader. 

A passage in a proof D is said to be essential if it is effected by rules different 
from interchange rules (5), (6). If D is a tree form proof in Go, then by D* we 
denote the tree obtained from D by removing all the sequents beneath the sequent 
which is the conclusion for the last essential passage in D. 

By induction on the number of essential passages in the tree D we shall prove 
the following statement: if D is a proof in Gg of the sequentl,, @A Y,T, + 8, 
then there is a proof D, of the sequent ',, @, ¥, FP, + ©, the number of essential 
passages in D, being less than that of essential passages in D. : 

Let D* be of the following form: 


D' 
@,V,T’ + 8’ 
6AV,Pr’ FO’ 


62 The Propositional Calculus 


Then as the required D, it is possible to take some tree D, for which 


D' * 
Df = Sesh ie eRe . 
@,V,Tr’+ 8’ 


Let D* be of the following form: 
D’ 
PAV, PAYV,T’ + OB’ 
@AV, FO © 


Denote by np the number of essential passages in D. By the induction hypothesis 
there is a proof D, of the sequent ®, ¥, 6 A ¥, I’ + O’ with the number of essen- 
tial passages < ny — 1. Again by the induction hypothesis there is a proof D, of 
the sequent ¢, ¥, , ¥, Il’ + ©’ with the number of essential passages < ng — 2. 
As D, one may then take a proof of the sequent’, ®, ¥, 2 + © such that D# is 
D; 
®,6,V,¥,r’ + 9’ 

®,V,V,T’ roe’ 

V,6,¥,T’-+ 0’ 

v,v,6,r’+ oO’ 


¥,6,r' + 8’ 
It is clear that the number of essential passages in D, is less than mg — 2 + 
+2= Np. 
Let D* be of the following form: 


D’ D* 
Ty, @AV,T3+ 0',X, T,6AV,TZ+ 0’, xX, 
Ty, @AV,T3F 0. X, AX, ¢ 


By the induction hypothesis there are proofs Dj and D/’ of the sequentsT;, ®, V, 
Ty + 0’, X, andTj, #, ¥, 3 + O’, X, respectively and the number of essential 
passages in D/’, D,” is less than that in the trees: 
D’ D" 
Ty,@AV,T3+ O',X,’ TM, ea¥,T+ 0’, X, 


respectively. As the required D, we then take a proof of the sequent I’), , ¥, 
3 + © such that 
“, Dy,Dy 

Ti, %,¥,T3r @’,X,;AX2_ 


Df 


The other forms of the last essential passage in D are treated similarly. 0 
LEMMA 3. /f the sequents T + ©, $, and ®, TT’ + 9’ are Go-provable, then 


the sequent, T’ + 0, 9' is Gg-provable. 
PROOF. An essential passage in a tree form proof D is a passage by rules dif- 


ferent from interchange rules (5) and (6). 
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Let @ be an atomic formula. In this case we shall prove the lemma by induc- 
tion on the number of essential passages in the proof D of the sequent + 0, ®. If 
D has no essential passages, then’ + ©, & differs from the axioms only in the in- 
terchange of formulas. Hence either ef or ¥ ET, ¥ e€ O for some atomic ¥. In 
the former case the provability of f, P’ + ©, 8’ follows from that of 6,’ + 0’ 
and Lemma 1. In the latter case the provability off,’ + ©, 9’ follows from the 
axiom VW + W with the aid of Lemma 1. Let a proof D of the sequent! + 9, ® 
have n > O essential passages. Let the last essential passage in D be an application 
of rule (1): 


T, + 0), &, 0, ¥;T, + O;, 6, O, X 
T, + @;,%, 0,,¥AX , 


where the sequences I’; and (0,, ®, 3, ¥ A X) are interchanges of the sequences 
lr and (0, #). Using the interchange rules we obtain from the induction 
hypothesis the provabillty of the sequentsl’, Il’ + 0,,@,,0’, Vandr, Ir’ + ©), 
@,, 0’, X. Applying rule (1) and the interchange rules we obtain the provability of 
the sequent,’ + ©, O’. The cases of applying the other rules in the last essen- 
tial passage for an atomic formula @ are treated similarly. 

We continue the proof of the lemma by applying induction on the length of ®. 
Let? + 0, @ and,’ + © be Go-provable. 

If 6 = W A X, then by Lemma 2 the sequents + 6, ¥; + ©, X and ¥, 
X,I’ + ©’ are provable. From the induction hypothesis we first obtain the prov- 
ability of the sequents T, X, [’ + ©, ©’ and then that of the sequent I, I, 
T’ + ©, 0, @’. The provability of the sequent’, I’ + ©, @’ can now be obtain- 
ed using structural rules (5) to (8). 

If 6 = 3¥W, then by Lemma 2 the sequents ¥, T+ 6 andl’ + O’, V are 
provable. By the induction hypothesis we get the provability of f’, + 0’, @ and 
hence that of f, T'’ + 0, 8’, too. O 


If © is a sequence %,, ..., ®, of formulas of the calculus Gg , then by 7@ we 
shall denote a sequence —@), ..., ®,. 

LEMMA 4. If the sequent T + © is Go-provable, then the sequent 70,Tr is 
PC-provable. 


PROOF. By induction on the height of the proof D of the sequent’ + O in Go. 
It is suggested that the reader should use his experience with the proofs in PC ac- 
quired in the preceding sections. 

PROPOSITION 4, PC(-+ Y) < Go. 

PROOF. If the sequent [ + ©, where © contains at most one term, is 
Go-provable, then it follows from Lemma 4 and Proposition 3 that ! + @ is 
PC(-; Y)-provable. 

Consider a PC(-: Y)-provable sequent S. By induction on the height of the 
proof D of the sequent S in PC(—: Y) we show that S is Gg-provable. 

Let D be the axiom @ + @ for PC(-:Y), If ® is an atomic formula, then 
@ + @ is an axiom for Go. If @ = WA XandW + W, X + X are Go-provable, 
then it follows from Lemma | and rules (1), (2) that ® + ® is Go-provable. If 
@ = Wand VY + YW is G-provable, then it follows from rules (3), (4) and (6) that 
the sequent ® + # is Go-provable. 
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Suppose that the height of D isn > 0 and for all sequents S’ with a proof in 
PC(-: Y) of height < n the Gg provability of S’ is established. If the last passage in 
Dis effected by Rule 1 or 11 for PC, then the Gy provability of S follows from the 
induction hypothesis and rules (1) and (6) for Go. 

If D has one of the following forms: 


D D’ D’ 
TREOAYW TRKOEAY Tr,a@e 
ree ’ TeY ’ ree ’ 


then the Go provability of S follows from the induction hypothesis and Lemma 2. 
If the last passage in D is effected by Rule 12 for PC, then the Gg provability 
of S follows from the induction hypothesis and Lemma 1. 
Consider the'last of the possible cases, where D has the form 


D' D” 
Treo®; Tr 7A 
Tre . 


By the induction hypothesis and Lemma 2 we obtain the Gg provability of the se- 
quents + @ and @, fF +. Applying Lemma 3 and rules (6) and (8) yields the Gy 
provability of the sequent +. 0 

The calculus Go is part of the calculus G proposed by Gentzen. In comparison 
with the calculi we have studied Gentzen calculi are more convenient in analysing 
and searching for formal proofs. This is accounted for by the main feature of these 
calculi which, roughly speaking, is that the complexity of formulas may only in- 
crease when the rules are applied. The calculus G will be treated at length in 
Chapter 6. Here we shall only use the above property of the calculus Gp to obtain 
the consistency of PC without resorting to the notion of interpretation of a 
calculus. Indeed, consider the sequent + Qo. It is easy to rhotice by induction on 
height that if D is a proof of a sequent S in the calculus Go and there is an occur- 
rence of a formula in D containing the logical connective A or 7, then that logical 
connective must occur in S. Therefore, if the sequent + Qo is Gp-provable, then it 
can be obtained from an axiom by means of rules (5) to (8) alone, which is ob- 
viously impossible. Hence the calculus Gy is consistent. Applying Propositions 1 to 
4 yields the consistency of PC. 


Exercises 


1. Show that PC(--%) < PC, where PC(-:%) is obtained from PC'~) by 
removing from the alphabet the symbol A and the corresponding rules. 

2. Show that PC(--. ¥. 7) < PC, where PC(-: Y» 7) is obtained from PC(~: V) 
by removing from the alphabet the symbol — and the corresponding rules. (Hint. 
Use the PC completeness theorem.) 


Chapter 2 


SET THEORY 


10. PREDICATES AND MAPPINGS 


All the objects this book studies are sets, although they are 
named differently: words, symbols, collections, numbers, func- 
tions, formulas and so on. 

From an intuitive point of view, not all mathematical objects 
are sets, of course; it is difficult, for example, to think of a paren- 
thesis or a propositional variable as sets. They can be identified 
with sets, however, by means of suitable conventions (coding). In 
particular, the parenthesis can be identified with the set {{@}}. 
This method is fruitful, and such a convention * is adopted in this 
book. As the axiom for set theory we admit the axiom of exten- 
sionality which states that two sets with equal elements are equal; 
in other words, any set is determined by its elements. 

If a,, ..., a, are all elements of a set A, then by virtue of the 
axiom of extensionality the set A can be denoted by {a,,..., a, }. 
[t is not assumed that aj, ..., a, are pairwise distinct. It is clear 
that the same set A may have many such designations, for exam- 


ple, 
{a,b,a} = {a,b, b} = {a,b} = (b,a}. 


The sets @, {2 },{O,{@}} and so on (each subsequent set con- 
sisting of all the previous ones) are called natural numbers and 
designated respectively 0, 1, 2 and so on. The set of all natural 
numbers is denoted by w. Words a, a, ... a, and finite sequences 
Q,,Q2, ++, a, will be identified with ordered collections (a, 
+, @,) of elements a, ..., @, which we shall now define by induc- 
tion on 7. 


* For some objects, which are not sets from an intuitive point of view, we fix 
their coding in terms of sets (as for the natural numbers), for others we do not 
specify their coding since they are not involved in our arguments, the only impor- 
tant thing being separating these objects out among other sets occurring in this 


book. 
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DEFINITION. An ordered collection < ) of an empty set of 
elements is equal to @. An ordered co'lection (a) of one element 
ais equal toa. An ordered collection <a, b) of two elements a and 
b is called an ordered pair and is {{@}, {a, b}}.Ifm > 2,thenan 
ordered collection (a,,...,@,) of elements a,,...,@, is an 
ordered pair ((@,, ...,@, _ >, @,)- 

An ordered collection (a,, ..., a) will sometimes be called a 
suite and n will be the length of the suite, (a,,..., @,), the length 
of an empty suite ¢ ) being zero. A suite of length m > 2 will be 
called an ordered n-tuple or simply an n-tuple (a triple, a quadru- 
ple and so on). The identification of words and sequences with 
ordered collections is possible due to the following proposition. 

PROPOSITION 1. If (@,, ...54,) = (DB, ..,50,), then a, = 
= 5b, ..,a, = 0,. 

ProoF. It follows from the definition of an ordered collection 
that it suffices to prove the proposition for nm = 2. From the con- 
dition (a,, a,) = «b,, b,) and the definition of an ordered pair 
we have {a,} € (b,, b,). Since (b,, by) = {{5,}, [b,, 5,3}, we 


n 


have {a,} = (b,} or {a,} = (b,, 6,) and so b, € {a}, ie. 
b, = a,. It is easy to notice that if (x, y} = {x,z}, theny = z. 
Hence from the obtained equation {{a,}, (@,, a,}} = [({a,}, 


{a,, b,}} we first get {a@,,@,} = {a,, b,} and thena, = b,. U 
DEFINITION. (a) A Set { (a, ..., @,) |@) € Ag, --., a, €A,,} is called 


a Cartesian product of sets A,, ..., A, and denoted by Ay X ... 
. xX A,. If X © Ay X ... X A,, then the set of all a € A; for 
which there are dy, ..., @ _ 45 @ 4 4 +» @, Such that (a, ... 
wey Gy A, Gg yy @,) EX is Said to be a projection of X and 
denoted by a7 X. 
(b) If A, =... = A, = A, then A, x ... x A, is said to be 


the Cartesian n-power of a set A and denoted by A”. If n = 0, 
then by definition we set A° = {O}. 

(c) Subsets B ¢C A” will be called n-place relations or 
predicates on A. We shall say that B is an n-place relation or 
predicate if B is an n-place relation on A for some set A. 

(d) If B is a two-place relation, then the two-place relation 
{<a, b)1<b, a) € B} is said to be the inverse of B and denoted by 
Bo," 
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(e) If B, C are two two-place relations, then the two-pl:.ce rela- 
tion 
{<a,c)l{a,b) eB and (b,c) eC for some bd} 


is said to be a composition or product of two-place relations B, C 
and denoted by (BC) or B-C. 

Since (a) = a, we have A! = A and so the subsets of A are 
one-place predicates on A. 

Notice that there are only two 0-place predicates, © and {@}. 
It is immediate from the definition of B~' that B = (B~')~!. 

PROPOSITION 2. Jf B, C and D are two-place predicates, then 


) ((BC)D) = (B(CD)). 


PRooF. Let <x, y)€ ((BC)D). Then for some u and v we have 
(x, u) € B, (u, v) € Cand (uv, y) € D. Thus (u, y) € (CD) and 
(x, y) € (B(CD)). The inclusion (B(CD)) ¢ ((BC)D) is proved 
similarly. C] 3 

The associativity of a composition, proved in Proposition 2, 
allows the composition ((BC)D) = (B(CD)) to be denoted by 
(BCD). For the same reason, uniquely defined is a composition of 


n predicates (B,, ..., B,). Note that the commutativity 
(BC) = (CB) does not hold for a product of predicates (give an 
example). 


DEFINITION. A two-place relation U on a set A is said to be 

(a) a diagonal A? and denoted by id, if U = {{a,a)lae A}; 

(b) reflexive on A if id, ¢ U; 

(c) symmetric if U = U7; 

(d) transitive if (UU) C U; 

(e) an equivalence on A if U is reflexive, symmetric and tran- 
sitive; 

(f) antisymmetric if UN U-' © id,. 

For example, the predicate {<m,n)|m and n are mutually 
prime natural numbers} is symmetric but not reflexive and not 
transitive on w and the predicate {{m,n)l(n — m) > 0, 
n,m €w} is transitive on w but not symmetric and not reflexive 
On w. 

If Uis an n-place relation on A and B C A, then the relation U 
M B" on the set B is said to be a restriction of the relation U to the 
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set B. It is obvious that restrictions of relations of types (a) to (f) 
in the preceding definition to any B C A will also be the relations 
of the corresponding types (a) to (f). 
EXAMPLE 1. We say that R = {A,lie/} isa partition of aset A 
if U A; = A and for any i, je J either A; = A;or A; A; = ©. 
rel 
Let R = {A,lie J} bea partition of the set A. We define the 
following two-place relation on A: 


Ep = {{a,b)la,be€A; forsome ieT}. 


It is obvious that Ep is an equivalence on A. 

If E is an equivalence on the set A, then the sets E, = 
= {al<a,x) € E} for x €A will be called classes of equivalence 
with respect to E. 

It is easy to show that any equivalence on the set A can be ob- 
tained by the method of Example 1. Indeed, let E be an 
equivalence on A and let R, = {E,|x € A}. It follows from the 


reflexivity of EF that x € £., and hence (J E, = A. It follows 
xeA 

from the symmetry and transitivity of E that if (x, y) e E, then 

E, = E,and if (x, y) €E, then E, N E, = @. Thus the set R; of 

equivalence classes with respect to E is a partition of A and 

Ere = E. 

DEFINITION. (a) A two-place relation f is said to be a mapping or 
function if for any a, b, c in (a, b) € f and (a, c) € f we have 
b = cc. If fis a mapping, then the set 17 is said to be the domain 
of f and denoted by dom f and the set we f is said to be the range of 
f and denoted by rang f. 

(b) A mapping f is said to be distinct-valued if f~' is also a 
mapping. 

(c) A mapping f is said to be a mapping of A into Bif dom f = 
= Aandrangfc B. 

(d) A mapping f is said to be a mapping of A onto B if dom 
f = A and rang f = B. 

(e) A mapping f of a set A” into A is said to be an n-place 
operation on A. 

It is obvious that the diagonal id, of the set A? will be a 
distinct-valued one-place operation on A. The diagonal id, of the 
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set A* will also be called an identity operation on A in what 
follows. 

The notation f: A — B will designate in the sequel that fis a 
mapping of A into B and the notation f: A -» B will designate 
that f is a mapping of A onto B. 

PROPOSITION 3. (a) If f: A — Band g: B — C, then (fg): 
A-—C. 

(b) If f: A - Band g: B » C, then (fg): A ~ C. 

(c) If f is a distinct-valued mapping of A onto B, then f~' isa 
distinct-valued mapping of B onto A, f-f~' = id,anduf~'-f = 
= id,. 

(d) If f and g are distinct-valued mappings, then f-g is also 
distinct-valued and (fg)~! = (g~'f7'). 

The proof of this proposition is left as an exercise to the 
reader. (] 

If fis a mapping and (a, b) ef, then b is said to be the value 
of f at the element a and denoted by f(a) or fa. 

If fis a mapping and A ¢c dom, then the set { falae A } is 
said to be the image of a set A under the mapping f and denoted 
by f[A] and the mapping f M (A x rang f) is said to be the 
restriction of f to A and denoted by f t A. 

It is clear that an n-place operation is an (n + 1)-place relation 
and the 0-place operation f: A° — A is {(@, a)} forsomeaeA. 
The 0-place operation {{@, a@)} on A will often be called a con- 
stant on A and identified with the element a. 

If f is an n-place operation on A, then the condition (a,, .. 
w+, 4,,0) €f will be written as: f(@,,...,@,) = b. Forn = 0 this 
will be f() = b, i. e. f = b, which agrees with the adopted iden- 
tification of a constant with its value. 

If f is an n-place operation on A and B ¢ A, then the set B is 
said to be closed under the operation f when a,, ..., a, € B implies 
S(@,,...,@,)€B. 


Exercises 


1. Suppose U is a transitive two-place relation on a set A, (a, a) ¢ U for anya 
and for any a € A there is b such that <a, b) e€ U. Show that A is finite. 

2. Prove Proposition 3. 

3. 1f f: A ~- B, g: B » A and (gf) = idg, then f is distinct-valued and 


g=fo. 
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11. PARTIALLY ORDERED SETS 


Among the various types of relations some are of fundamental 
importance not only for mathematical logic but also for the whole 
of mathematics. In the preceding section we have already treated 
one of such relations, that of equivalence. Now we define another 
two very important types of relations. 

DEFINITION. (a) A relation U on a set A is said to be a partial 
ordering on A if it is reflexive, transitive and antisymmetric. 

(b) A partial ordering U on A is said to be a linear ordering on 
A if at least one of the following conditions: (a, b) € U, (b,a)eé 
e Uora = b holds for anya, be A. 

It is obvious that restriction of a partial (linear) ordering on A 
to any subset B C A is a partial (linear) ordering on B. 

An important example of a partial ordering on the set A is the 
relation {<a, b)la, b € A, a C b} and an example of a linear 
ordering is the relation {(a, b)la, be X, a < b}, where X is 
some subset of the real numbers. 

DEFINITION. (a) If U is a partial ordering on A, then the pair 
2% = <A, U) is said to be a partially ordered set (abbreviated 
poset). 

(b) If U is a linear ordering on A, then the pair Y= (A, U) is 
said to be a linearly ordered set. 

Let Y = <A, U) bea partially ordered set. The element a,€ A 
is said to be the upper (lower) bound in U of a subset Ay C A if 
{b, ay) € U (Kay b> € UV) for all b € Ay. The upper (lower) bound 
in & of A is the greatest (least) element in %. An element a € A is 
said to be maximal (minimal) in U if <a, x) € U (respectively 
<x, a) € U) implies x = a. It is clear that the greatest (least) ele- 
ment is maximal (minimal), and if U is a linear ordering, then the 
element maximal (minimal) in is also the greatest (least) in Y. It 
is obvious that if the greatest (least) element in YY exists, then all 
the maximal (minimal) elements are equal. 

If B is a set of upper bounds in& = (A, U) ofasetA, C A, 
then the least element in <B, UM B?) is said to be the /east upper 
bound (abbreviated lub) in & of the set A, and denoted 
sup (A,, &). Replacing in the preceding definition ‘‘upper’’ and 
“‘least’’ respectively by ‘‘lower’’ and ‘‘greatest’? we obtain the 
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definition of the greatest lower bound (abbreviated glb) of A, in 
which will be denoted by inf (A,, %). It is clear that sup (A,, 2%) 
and inf (A,, %) are uniquely determined by A, and if they exist. 

DEFINITION. A partially ordered set 2 = <A, U) is said to bea 
lattice if for any a, b € A in & there are sup ({a, 5}, M1), and 
inf ({a, b}, 2) which will be denoted bya U% banda Nb. A 
lattice UW = <A, U) is said to be distributive if for anya, b,c EA 
the operations U* and M® satisfy the following conditions: 


(D) aU" ®N* c) = @U" b)NX@U"%c); 
(D') aN" (bU"* c)= an" b) UX a@N"c); 


The lattice 4% = <A, U) is said to be a Boolean lattice if U is 
distributive, has/the greatest element 1™ and the least element 0", 
o* # 1% and for any a € A there is an element a € A such that 
a U"%a@ = 1% anda M%a@ = 0%. An element a satisfying in the lat- 
tice 9 with the greatest element 1% and the least element 0” the 
above conditions is called a complement of the element a in Y. 

PROPOSITION |. (a) If @ complement a of an element a in a 
distributive lattice U with the greatest and the least element exists, 
then it is unique. 

(b) JfM = <A, U) isa Boolean lattice, then for any a, b,cé 
e€ A the operations U", NM" and ~ defined above satisfy the 
following conditions (with the superscript U in U% and N* omitt- 
ed for simplicity): 


(c) If on a Set A we are given three operations, U, {\\ and ~, 
satisfying for any a, b,c € A conditions (1) to (10) of statement (b) 
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(where U (a, b), N (@, b) and ~ (a) are written asa U b,a NM 
and a), then the pair -—M% = (A, U) forU = {<a, bylanb 
= a} isa Boolean lattice, witha U b = sup ({a, b},W,aNb 
= inf ({a,b),%),aUa=Mana=O. 

PROOF. (a) The superscript 2% in U%, M%, 1%, and 0* will be 
omitted for simplicity. If@ Ua, = 1 anda a, = 0, then 


a,=a,U0=a,U(@Na,)=(@, Ua)N (a, Ua)= 
=1N(@,Ua)=a, Ua). 


Similarly, froma M a, = Oanda U a, = 1 wegeta, =a, Ua, 
hence a, = a. 

(b) Properties (1) and (2) are obvious. Since a MN a@ = 0” and 
a U a = 1%, properties (9) and (10) hold. Since 9% is distributive, 
(7) and (8) hold. In what follows the condition (a, b>) € U is 
denoted bya < b. It follows from the definition of the operations 
U* and N™ that for any d, m,,m,€A 

(I)d<gm,Nm,e (d<m,andd<m)), 

(2)m,U m,< de (m,< dandm, < a), 

(3) m,,m,<m,Um, 

(4)m, MN m, < m,, Mm). 
Using these facts it is easy to establish properties (3) to (6). We 
check, for example, property (6), leaving the rest to the reader. 
From (4) we get (@ U b) NM b < band from (3) and (1) we get b < 
< (a Ub) | b, hence from the antisymmetry of U,we get (6). 

(c) From conditions (5), (6), (1) and (2) we get 


aNnb=aeaUbe=b. (*) 


b, 


We first show that U = { <a, b) la b = a} isa partial ordering. 
Substituting in (7) an element a@ for b and an element a for c and 
using conditions (2), (1), (6) and (9) we geta = a M a, hence U is 
reflexive. Leta N b = aandb Mc = b. From (*), (7), (5), (1) 
and (2) we get 

aNne=aNn(bUch)=(aN dbdVU(Nc=aVU(aNnec)=a. 


Hence U is transitive. Leta NM b = aandb a = b. Then from 
(2) we get a = b,i. e. Vis antisymmetric. To complete the proof it 
is necessary to show that a U b = sup ({a, b}, MW) andaNn b= 
= inf ({a, b}, XM). We prove the first of the equations, leaving 
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the second for the reader to check. From 
aNn@a@Ub=aNaUadnNnb=aaU(anby=a 


anda U b = b U ait follows that a U b is the upper bound of the 
set {a, b}. Let c be the upper bound of {a, b}),i.e.aNc=a 
and b Mc = b. Then 


@aUbNc=HzacNaVUbd=HcCNaU(cNb=avubs, 


i.e. (aU b,cdo Ee UL. 

Conditions (1) to (10) of Proposition 1 are called axioms of 
Boolean algebras and the set A, together with the operations N, 
U, and ~ defined on it and satisfying axioms (1) to (10) is a 
Boolean algebra. lf & = (A, U, NM, ~ > isa Boolean algebra, then 
< will denote a partial ordering on A defined by the condition 


agbeanNb=a. 


From Proposition | it follows that the Boolean algebra is uniquely 
determined by the relation <. 

EXAMPLES. (1) If A ¢ P(B) and the set A is closed under the 
operations of union and intersection, then it is easy to verify that 
% = <A, ¢), where C is the inclusion relation on A, is a 
distributive lattice, with U™ and Q ® being the union and intersec- 
tion operations on A. 

(2) If in example (1) the set A is closed under the complement 
operation in B, i. e. the operationa = B \ a, thenY = <A, C) is 
a Boolean lattice and (A, U, M,°~ ) is a Boolean algebra, where 
U, M, ~ are the union, intersection and complement operations 
in B. In particular, if A = P(B), then <P(B), U, N, ~ ) is said to 
be the Boolean algebra of all subsets of B and for simplicity it will 
be denoted by the same symbol P(B) as the set of all subsets of B. 

DEFINITION. A partially ordered set & = <A, U) is said to be 
well-founded if for any nonempty subset A, ¢ A the poset Y%, = 
= (A,, UN A?) has a minimal element. 

If <A, U) is a well-founded partially ordered set, then ob- 
viously (B, U N B*) is also a well-founded partially ordered set 
foranyB CA. 

It is possible to extend the method of mathematical induction 
to a well-founded partially ordered set. 
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PROPOSITION 2 (Principle of Transfinite Induction). Let A = 
= (A, U) be a well-founded partially ordered set and B ¢ A. If 
for anyaeéA, from (be Al(b,a)eU,b #a} C Bwehaveae 
€B,thnB=A. 

PROOF. Suppose that B # A and let a, be the minimal element 
of a poset (A \ B, UN (A \ B)?). Then {b € Al (b, ay) € U, 
b # a,} ¢ Band under the hypothesis we have ay € B, which is 
impossible. 0 

DEFINITION. Let Y% = (A, U) bea linearly ordered set. The set 
X C A is said to be 

(a) the initial segment of Wif for anya, be A, fromae X and 
(b, a) € Uwe have be X; 

(b) a closed initial segment if for some a, € A X is the set 
O [ay, XU] = (bl<b, ag) EU}; 

(c) an open initial segment if X is equal to the set O (a), U) = 
= (O [ay, U) \ {a9}) for some age A. 

We shall often write O [a] and O (a) instead of O [a@o, Uf] and 
O (ao, U), respectively, when it is clear what YU is meant. Notice 
that the empty set © is the initial segment of any linearly ordered 
set. It is obvious that the element a, in (b) and (c) of the preceding 
definition is uniquely defined by X. 

EXAMPLES. Let G be the ‘‘less than or equal to’’ relation on real 
numbers (i.e. (a,b) € Geac b). 

1. In the linearly ordered set (w, G M w?) any initial segment 
other than w is at once open and closed. 

2. In <R, G) where R is the set of all real numbers, any initial 
segment other than R is open or closed, but none of the initial 
segments of (R, G) is at once open and closed. 

3. In <Q, GN Q?), where Q is the set of all rational numbers, 
the initial segment {rlr < V2} is neither open nor closed. 

DEFINITION. If 9 = <A, U) is a well-founded linearly ordered 
set, then & is said to be a well-ordered set. If UY = 
= (A, U) isaposet, X ¢ A and UN X?isa linear ordering on 
X, then _X is said to be a chain in XY. In particular, the empty set is 
a chain in any poset. 

In Section 10 we formulated one axiom of the set theory which 
we have already used, the axiom of extensionality. Henceforth we 
shall also use the axiom of choice which says that for any nonemp- 
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ty set A there is a mapping (a function of choice) h: (P(A) \ 
\ {@)} — A such that h(B) € B for any nonempty set B Cc A. 
This axiom yields the following two important principles. 

THEOREM | (Maximum Principle). Jf in a partially ordered set 
M& = <A, U) eachchain X C A has an upper bound, then there is 
an element maximal in X. 

PROOF. Consider the set Y = {X ¢ AIX is a chain in YM} and 
for X € Y the set B(X) = {ae Ala isthe upper bound of X in Y }. 
Suppose that 2% has no maximal elements. Then the family 
S = {B(X) \ X|X € Y} consists of nonempty subsets of A. It 
follows from the axiom of choice that there is a mapping A of the 
set Y into A such that A(X) € (B(X) \_ X) for all X € Y. In what 
follows the initial ‘Segment of a linearly ordered set (X, UN 
1 X*) will be called the initial segment of X. Consider the set 
Z C Yofall nonempty chains X in Y satisfying the following con- 
dition: A(X,) = inf (XX \ X,, (X, UM X*)) for any initial seg- 
ment X, ¢ X, X, # X. It is obvious that {h(@) e€ Z. Let X, 
X,€ Z, Since h(©) is the least element in (X,, UN Xx?) and (X,, 
U 1 Xz), X, and X, have nonempty initial segments in common. 
Let C be the union of common initial segments of X, and X,. It is 
clear that C is the initial segment of X, and X,. Then C = X, or 
C = X), since otherwise C U {h(C)} # C would be a common 
initial segment of X, and X,, which contradicts the definition of 
C. Thus for any X,, X, € Z either X, € X, or X, ¢ X,. Hence 


C*= VU Xisachainin Y and C* U {h(C*)} eZ, which con- 


XeEZ 
tradicts the definition of C* and the condition A(C*) e€ 
e B(C*)\ C*.0 


THEOREM 2 (Principle of Well Ordering). Every set A may be 
well-ordered, i. e. for every set A there is U ¢ A? for which 
AXA, U) is a well-ordered set. 

proof. Consider a set W = ((X, UYI<X, U) is a well- 
ordered set, X ¢€ A}. 

We define on the set W an ordering <: 


(X,, U,) < (X, U,) # U;, ¢ U,and X, is the 
initial segment of (X,, U,). 
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Let {<X,, U,) lie} beachainin (W, < ). It is obvious that % = 

= (UX;, UY, ) is a linearly ordered set. Let Y ¢ (J X; and 
fel fel fel 

Y # ©. Then YN X;, # © for some & € J. Since (X;,, Uj.) isa 

well-ordered set, (Y M Xj), Uj) M Y?) has a minimal element y,. 

Since X;, is an initial segment of %, yp is a minimal element of 

(¥ UuU,)n : Thus & € W. It is clear that Y& is an upper 


tel 
bound for the chain {(X;, U;) lie 7} in (W, < >. Therefore, by 
Theorem 1 (W, < > has a maximal element (A), U,). If there is 
a,€ A \ Ag, then (Ay U {a)}, U,) € W, where U, = U, U 
U {Xa, ay>la€ Ag} U (<a, @9>}, which contradicts the maxi- 
mality of <A), Uy) in (W, < >. Thus (A, Up) is a well-ordered 
set. O 
DEFINITION. Let & = (A, U) and = ¢<B, V) be two linearly 
ordered sets. A mapping f: A — B is said to be a similarity of U 

onto 8 if 


(a, b,EU & Cfa, fod EV. (1) 


We shall say that 2{ and % are similar if there is a similarity of one 
of them onto the other. 

Notice that the similarity f: A -» B is distinct-valued. Indeed, 
if fa = fb, then from the reflexivity of V and (1) we get <a, b) € 
e Uand <b, a) € Uand hence from the antisymmetry of U we get 
a = b. If fisa similarity of & onto B, then it is obvious that f~! is 
a similarity of 8 onto Y. 

PROPOSITION 3. If fis a similarity of a linearly ordered set X onto 
a linearly ordered set 8 and X is an (open, closed) initial segment 
of U, then f(X) is an (open, closed) initial segment of 8. 

The proof is left as an easy exercise to the reader. (J 

In the remainder of this section we shall prove important 
properties of well-ordered sets. 

PROPOSITION 4. Any initial segment X of a well-ordered set U = 
= (A, U) other than A is open. 

PROOF. It is obvious that X¥ = O(a), %), where a, is the 
minimal element of the set A \ X. 0 

If X and Y are the initial segments of the linearly ordered sets 
Y= (A, U) and B = <B, V) respectively and (X, UN X?) is 
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similar to (Y, VM Y?), then in what follows we shall simply say 
that X is similar to Y. 

PROPOSITION 5. If f: A — Band g:A — Bare two similarities of 
a well-ordered set % = «A, U) onto some initial segments of a 
linearly ordered set B = (B, V), then f = g. 

proor. Consider aset Q = {aE Alfa = ga). If O(b, A) c Q, 
then fb = inf (B\ g[O(b, YJ, B), hence fb = gb. By Proposi- 
tion 2 we have Q = A, and Proposition 5 is thus proved. OJ 

PROPOSITION 6. No two distinct initial segments of a well- 
ordered set X are similar to each other. 

PROOF. Let f be a similarity of an initial segment XY onto an ini- 
tial segment Y. Since id, is a similarity of X onto X, by Proposi- 
tion Sf = idy, hence X¥ = Y. 

THEOREM 3. [f Y = <A, U) and B = (B, V) are well-ordered 
sets, then either X is similar to the initial segment of B or & is 
similar to the initial segment of XU. 

PROOF. Consider a set P =, {fl fis a similarity of some initial 
segment of 9 onto the initial segment of 8}. 

By Propositions 3 and 5, for any f, ge Peitherf Cc gorg cf. 


Therefore, F = (J fisa similarity of the initial segment X of the 
SEP 

set 2 onto the initial segment Y of the set B. If X = Aor Y= B, 
then everything is proved. Suppose that this is not the case. Then 
by Proposition 4X = O(a), U) and Y = O(d, %). It is obvious 
that F U {{a,, b)>} is then a similarity of the initial segment 
O[a,, %] onto the initial segment O[b, 8], hence F U 
U {<a , bg>} ¢ F, which is impossible. 


Exercises 


1. Show that if & = (A, U) is a poset with a least element A is finite and for 
any a, b€ A there is sup ({a, b}, &), then Y is a lattice. 

2. Let & = <A, U, NM, — ) bea Boolean algebra and let A contain more than 
one element. The mapping y of the set F of the formulas of PC in A having the 
properties: 

(1) y@ Vv ¥) = y(@) U ¥(¥), 

2) 1G AV) = 1G) 1), 

G3) 7 = ¥) = 7) U 1, 

(4) y(7 ®) = y@) 
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is called an interpretation of PC in &. Show that PC-provable formulas are 
precisely ® such that y(#) = 1% for any interpretation y of PC in Y. (Hint. In one 
direction, establish y(#) = 1% for the axioms of PC, and verify that the rule for 
PC, preserves this property; in the other direction, use the fact that on the set 
{ 1%, 0%} the operations U, M and ~— are defined in the same way as the opera- 
tions, V, A and 7 are on the set {1, 0} in Sec. 6.) 

3. Show that a poset (A, U) is not well-founded if and only if there is a se- 
quence dp, ..., d,, -.. of pairwise distinct elements of A for which (a, 4 ;@,)€U, 
néw. 


12. FILTERS OF BOOLEAN ALGEBRA 


Let 8 = ¢(B, N, U, ~ > bea Boolean algebra throughout this 
section. As shown in Proposition 11.1, 8* = (B, <), where the 
relation a < bis defined by the equation a MN b = a, is a Boolean 
lattice and for any a, b € B the following conditions hold: 

(1) a U b = sup ({a, 6}, B*),a Nb = inf ({a, b}, B*); 

(2) a U a = 1 is the greatest element of 8*; 

(3) aM a = Ois the least element of B*; 

(4) @ is the only element of B for which: a U a = 1 anda n 
Na=0. 

Note some other properties of Boolean operations. 

LEMMA 1. (a) 0 = 1, 1 = 0; 

(b)ONa=0,0Ua=a4; 

1Ua=1; 


(cc) 1 Na=a, 

(d) a = @; = 
(dDaNb=avUb; 
(ha Ub=anb; 


ganb=avaUub= 
PROOF. Property (a) follows immediately from (1) to (4). Prop- 


erties (b), (c) follow from (1) to (3) and property (d) follows from 
(4)sinceea Ua =aUa=landaNa=an a= 0. Property (g) 
follows from (1), sincea 1 b=ae¢a< b. To prove (e) it suf- 
fices by virtue of (4) to show that 


(@Nb)U(aUb)=1 and @NJN(aUd)= 
These equations follow from axioms (1) to (6) for Boolean 
algebras, for example, 


a@NbAN(aVUblb=(ANbNa)U(aNb)Nb) = 
=(0N b)U (Na) = 
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The verification of the other equation, as well as the proof of 
property (f), is similar. (J 

We shall often identify 8* with 8 for notational simplicity. 

DEFINITION. A set D ¢€ B is said to be a filter of a Boolean 
algebra % if the following conditions hold: 

(l)0¢€D, 

(2) ifa, be D, thena 1 be D; 

(3) ifa@e Danda < b, thendbeD. 

Aset D ¢ P(X) is said to bea filter on a set X if Disa filter of the 
Boolean algebra (P(X), U, N, 7) 

EXAMPLES. 1. The set {1} is a filter of the Boolean algebra 8. 
On the other hand, it follows from condition (3) that 1 € D for any 
nonempty filter D in the Boolean algebra 8. 

2. Ifa ye B, ay # 0, then the set {(blb EB, ay < 5} isa filter of 
the algebra 8. 

3. The set {Y ¢ XI(X \ Y) is a finite set} is a filter on _X, 
sometimes called a Fréchet filter on X. 

Since the operations U and M of the Boolean algebra & satisfy 
the axioms of commutativity (1), (2) and the axioms of associativi- 
ty (3), (4), one may speak of the union and intersection in 8 of a 
finite set of elements a,, ..., a, € B and designate it as: a, U ... 
.. Ua, (aN... Na,). It is easy to establish by induction on n 
the following generalized distributive laws: 


bU (aN... Na) = (bU a)... UVa,), 
bN@U..Ua)=6Na)U..U NM a,) 


and generalized properties (e), (f) of Lemma 1: 
Gy (i) a, Soy Us Ua, 
a es OU ay 6) Ae (VG, 


DEFINITION. (a) A set Y C B is said to be a family of sets with 
finite intersection property in the Boolean algebra & if the in- 
tersection in % of any finite set of elements of Y is not 0. A family 
of sets with finite intersection property in (P(X), U, NM, ~)(i.e.. 
a set Y € P(X) in which any finite subset has a nonempty in- 
tersection) will be called simply a family of sets with finite in- 
tersection property. 
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(b) A filter of the Boolean algebra 6 contained in no filter of 
the algebra 8 other than itself is called an ultrafilter. 

It is clear that any filter of the Boolean algebra % is a family of 
sets with finite intersection property in 8. 

PROPOSITION 1. Every family Y of sets with finite intersection 
property in the Boolean algebra & is contained in some ultrafilter 
of the algebra &. 

PROOF. Consider a set U = {X |X is a family of sets with finite 
intersection property in 8 and Y ¢ X}. Since Y € U, we have 
U # ©. It is obvious that in the poset (U, ¢ ) the union of any 
chain is an element of U. By Theorem 1 there is a maximal ele- 
ment X, in (U, C >. It suffices to show that X9 is a filter. Condi- 
tion (1) holds trivially for X 9. By virtue of the maximality of X), 
to verify conditions (2) and (3) it suffices to show that ifa, b € X5 
anda < c, then X) U {aM bj and X, U {c} are families of sets 
with finite intersection property in 8. That X, U {aM b} isa 
family of sets with finite intersection property is obvious. Suppose 
thata, N... Ma, Mc = 0 for some qd, ..., a, € Xo. Then the 
equation c M a = a yields 


0=O0Na=4,N..NaNce)Na=a,N.. NaN 
N(cNa=a,n.. Na, Na, 


which contradicts the fact that X, is a family of sets with finite in- 
tersection property. 0 

PROPOSITION 2. For a filter D of the Boolean aleebid B to bean 
ultrafilter it is necessary and sufficient that for any b € B either be 
eDorbeD. 

PROOF. By virtue of Proposition 1, to prove necessity we must 
show that for any be BeitherD U {b} orD U {b} isa family of 
sets with finite intersection property in B. ie that this is not 
the case. Thenb,N...1 6,6 = Oandb, ,,N...b, 

N b = 0 for some b,, we b, + m€D. By property (2) of a filter D 
it may be assumed that n = m = |. From the properties of the 
operations U, M, ~ in the Boolean algebra 8 we get 


Bb, Nb, =b,NbB,N (Ub) =, NB, ND)U}ONBNS)= 
= (0N b,)U(,N0)=0U0=0, 
which contradicts properties (1), (2) of a filter D. 
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Sufficiency. If there is a filter D* 2 D and an element b € 
e D* \. D, then b ¢ Dsince otherwise 0 = b N b € D*, which is 
impossible. C 

DEFINITION. A filter D of the Boolean algebra % is said to be 
principal if there is a, € D such that 


D = {be Bla <b}. 


An element a € B is said to be an atom of the Boolean algebra ® if 
a # O and 


b<axr(b=a or b=0). 


It is clear that if a is an atom of 8, then b N a is equal toa or 0 for 
anybeB. 

LEMMA 2. If D is a principal ultrafilter of the algebra 8, then 
D= {be Blay < b} for some atom a, of B. 

PROOF. Let D = {be Blb, < b} for some by # 0. Suppose 
that by is not an atom. Then there is b; < bo, b; # by, b, # 0. 
Since b, ¢ D, by Proposition 2 b,¢ D, whence by < ,, i. e. by N 
1M b, = bo. Hence 


b, = by N by = b, N (HN By) = bo N (, N B,) = 0, 


a contradiction. OJ 

PROPOSITION 3. The following conditions for the Boolean 
algebra 8 are equivalent: 

(1) B is a finite set; 

(2) all nonempty filters of B are principal; 

(3) all ultrafilters of 8 are principal. 

PROOF. (1) = (2). If B is a finite set and D = {b,,..., b,} are 
filters of 8, then the intersection a) = b, MN... N b, isin D and 
a < 6, fori = 1,..., nm. The statement (2) = (3) is trivial. We 
prove (3) = (1). Let (3) hold. Let Ay ¢ B be the set of all atoms of 
%. Consider a set A, = {ala € Aj}. We show that A, is not a 
family of sets with finite intersection property. Indeed, if A, is a 
family of sets with finite intersection property, by Proposition 1 
A, ¢ D for some ultrafilter D. From condition (3) and Lemma 2 
it follows that there is a, € Ay such that a) < 6 for all be D. In 
particular, a < ao, i. €. dy = a) M ay = O, which contradicts the 
condition a, # 0 for atoms a € A). Since A, is not a family of sets 


6—191 
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with finite intersection property, a, N ... N a, = 0 for some 
@,, «..,@, € Ay. From Lemma | we then get 


P2040, 04.087 = 0) Uae UG Sa Uhew Wa 
Let b be an arbitrary element of B. Then 


b=bN1=bNG@,U...Ua,)= 
=(bNa,)U...U(Na,). 


Since b M a; is equal to a; or 0, b is equal to 0 or to the union of 
some elements of the set {@,, ..., a, }. Hence B is a finite set. 0 
PROPOSITION 4. [f D is a principal ultrafilter on a set I, then D = 
= (X C Iline X} for some i, € I. 
prooF. Follows from Lemma 2 since it is obvious that one- 
element sets are the atoms in P(/). CJ 


Exercises 


1. Let D be a nonempty filter of the Boolean algebra B = (B, U,M, ~). We 
define on the set B a relation D as follows: 


aDbe(@anb)UbNa)eD, 


where D is equal to {dd D}. Show that D is an equivalence on B and D is an 
ultrafilter if and only if B is divided by the relation D into two equivalence classes. 
2. A filter D on the set J is said to be countably complete if for any a;e D,ieé 


€ w, the set Nr a; is in D. It is clear that any principal filter D on J is countably 


complete. Show that there is no nonprincipal countably complete ultrafilter on the 
set w. 

3. Let D be an equivalence relation on Brof Exercise 1. Let B(D) = { D, lbe 
€ B} (the set Dy is defined in Sec. 10 and is equal to ({alaDb, ae B}). We define 
on B(D) the operations U, M, 7 as follows: 

(a) m, U mz = Day u a2) 

(b) m, Am, = Doan a2)» 

(c)m, = Dj, 
where a;€ m;,i = 1, 2. Show that such a definition is independent of the choice of 
elements a; € m; and (<B(D), U, , ~ > is a Boolean algebra. 


13, THE POWER OF A SET 


For infinite sets the notion of power may serve as a generaliza- 
tion of the concept of the number of elements. 

DEFINITION. We shall say that the power of a set A is less than or 
equal to the power of a set B (and write |A| < |Bl)if thereisa 
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distinct-valued mapping f: A — B. We say that the powers of the 
sets A and B are equal or that A and B are equipotent (and write 
[Al = IBlI) if there is a distinct-valued mapping of A onto B. 

Notice that we have not as yet defined what the power of a set 
A is and have only defined two two-place relations on sets. It is 
these relations that are the basic notions of this section, the con- 
cept of power introduced below appearing merely for convenience 
of presentation. 

Note the properties of the introduced relations that are im- 
mediate from the definition: 

(a) |Al < IAI; 

(b) (AI < Bl and IBI < ICI) = IAl < ICI; 

(c) |Al = [BI = (IAI < [BI and IBI < IAI). 
The following theorem shows that in property (c) = may be 
replaced by ¢. 

THEOREM 4. (Cantor-Bernstein). If for sets A and B we have 
|Al < |Bl and |B! < IAI, then |Al = IBI, 

prooF. Let f: A — B, g: B ~ A bea distinct-valued mappings, 
A, = A, A, = g [Bland A, , , = (fg) [A,]. By induction on n it 
is easily established that A, , , C A,,n€w. LetD = f) A, and 


kew 
M, = A, \ A, , ;- It is obvious that ( U M)) U D = A, and 
k<giew 
M,1 M, = © fori # j. Since f-g maps in a distinct-valued man- 
ner M, onto M, , , for anyie€ w, a mapping h: A - A defined as 
follows: 
a ifae (UM, ,)UD 
ha = ié€w 
(fea) ifae UM, 
iéw 
is a distinct-valued mapping of A onto 
( U M1) UD=A,. 


l<ie€w 


Since |B| = 1A,1, we get 1B] = IAI. 0 


THEOREM 5 (Cantor). The condition |P(A)| < |Al does not 
hold for any set A. 


6* 
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PROOF. Suppose that there is a distinct-valued mapping /: 
P(A) — A. Consider a set X = {a € f[P(A)]la € f-'@)}. 
If f(X) e X, then from the definition of X we get f(X) ¢ 
é€f-'(X)) = X. If F(X) € X, then f(X) ¢ f-'(f(X)), hence 
S(X) € X. The obtained contradiction shows that there can be no 
such f. 

THEOREM 6. For any sets A and B either |Al|l < |BlorIBl < 
< IAI. 

proor. By Theorem 2 there are U C A* and V ¢ B? such that 
HN = <A, U) and 8 = (B, V) are well-ordered sets. The state- 
ment of this theorem now follows from Theorem 3. C 

For a set X we define a two-place relation €(X) consisting of 
pairs <a, b) € X* such that a € b ora = b. The set X is said to be 
transitive if b e X implies b C X. 

DEFINITION. A set a is said to be an ordinal if it is transitive and 
(a, €(x)) is a well-ordered set. 

PROPOSITION 1. The elements of an ordinal a are ordinals. 

PROOF. Since 8 C a for any 8 € a the relation e(@) = e(a) N 6? 
is a well-founded linear ordering on 8 € a. If the element @ of the 
ordinal w were not transitive, then for some y, and y, we should 
have y, € y, € 6 and y, ¢ @. Since a is transitive, y,, 7, € a. This 
contradicts the transitivity of the relation e(a). CJ 

It is obvious that the natural numbers 


OB, {OG}, {O, {P}}, (SP, (PJ, (SP, (O}}}, «.. 


(each succeeding number containing all the preceding ones) are or- 
dinals. The set w of all natural numbers is also an ordinal. Or- 
dinals are the sets w U {w}, w U {w} U {w, {w}} and so on. In 
general, if a is an ordinal, then it is clear that the set w U {a} is 
also an ordinal, which by analogy with the natural numbers is 
sometimes denoted by a + 1. 

PROPOSITION 2. If a,, a, are two distinct ordinals, then either 
Q, E Ay OF Ay EQ. 

PROOF. We first show that either a, C a, ora, € q,. If this is 
not the case, then by virtue of the transitivity of a,, a, and the 
well ordering of (a,, €(a,)), <a, E(@2)) there are y, € a, ¥2 € a 
such that y, © Ya. ¥2 © 1,7; ¢ 2, ¥2¢ @,. Letdey,. Thendea,, 
and if 6 ¢ y,, then by the linear ordering of (a5, €(a@,)) either 6 = 
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= y, or y, € 6. In both cases the transitivity of a, yields y, € a, 
which is impossible. Thus y, € 7. Similarly, it is shown that y, C 
¢ y,, hence by the axiom of extensionality y, = y,, which con- 
tradicts the conditions y, € a, and 7, @q,. 

So it is shown that a, € a or a C a,. Leta, € a,, for exam- 
ple. Since a, # a, by the well ordering of (a,, &(a,)) there is 6 € 
€ a, such that @ C a, and B # a). Letde€a,, thendea,andé ¢ 
C a,. By the well ordering of <a,, é(a,)) we have one of the 
following conditions: 8 € 6, 8 = 6or6é6eé. The first two are im- 
possible by the transitivity of a, and 6 # a,. Thus a, C 8, which 
together with 8 C a, yields a, = Bea. 0 

For a set X we define a set 


UX = {alaex forsome xeEXx} 


called the union or sum of the set_X. 

An ordinal other than zero and not of the form @ + | is called 
a limit ordinal. It is clear that ordinal 6 # 0 is a limit ordinal if 
and only if Ué = 6. The set of the natural numbers w may be 
defined to be such an ordinal all of whose elements are not limit 
elements. 

PROPOSITION 3. If X is a set of ordinals, then UX is an ordinal. 

PROOF. The transitivity of U_X follows from the transitivity of 
the elements of X. The linear ordering of «UX, €(U_X)) follows 
from Proposition 2. If Y ¢ UX, (Y, e(Y)) has no minimal ele- 
ment and Y is not empty, then for any ae Y the set a is not empty 
and (a M Y, e(a N Y)) has no minimal element. Since by Pro- 
position 1 a is an ordinal, this is impossible, hence « U_X, e(U_X)) 
is a well-ordered set. 

PROPOSITION 4. If X is a set of ordinals, then (X, €(X)) is a 
well-ordered set. 

PROOF. If a eX, then by Proposition 2 either a € b for some be 
e X ora = UX. Hence X ¢ ((UX) + 1) and the statement 
follows from Proposition 3. O 

PROPOSITION 5. For any well-ordered set % = (A, U) there isa 
unique ordinal a(X) such that (aQ), €(a(A))> is similar to U. We 
call this ordinal a type of a well-ordered set U. 
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PROOF. Uniqueness follows from Proposition 11.5, since by 
Proposition 2 one of any two distinct ordinals a, @ is the initial 
segment of the other. 

Consider the set X ¢ A of all ae A such that there is an or- 
dinal a(@) and a similarity f, of a well-ordered set (a(a), e(a(a))) 
onto (O [a], U MN (O[a])?), where O [a] = O [a, UX]. By Proposi- 
tion 11.5 the similarity f, is uniquely defined by a e X. Let ce X 
and <b, c) € U. It is obvious that ay = { f-'!alae O[b]} is an or- 
dinal. Since f.} a, is a similarity of (a9, €(a9)) onto (O[b], UN 
MN (O[b])*>, we have be X and f, = f,t a, hence f, ¢ f,. Thus 
the mapping fp = U{ f, tae X } is asimilarity of (8), €(8))} onto 
(X, UN X*), where By is an ordinal equal to U {a(a)laeX }. If 
X = A, then everything is proved. Suppose that Y # A. Since X 
is the initial segment of 1 and since Y is a well-ordered set, there is 
a,€Aq such that X = O(@)). It is obvious that fy U {¢ 85, ao} is 
a similarity of the ordinal By U {8,} onto X U {a,} = O[ap], 
therefore a) € X, which contradicts the choice of ay. () 

We shall say that the ordinal 8 is less than the ordinal a (and 
write B < a)ifBea. If 8 < aor = a, weshall write GB < a. By 
Proposition 4 any set of ordinals is well-ordered by the relation 
<.Ifa,,..., a, are ordinals, then the element of the set {a,, ... 
..-, a, } which is the greatest in the relation < will be denoted by 
max {q,,..., a, }. 

DEFINITION. An ordinal x is said to be a cardinal if it is not 
equivalent to any smaller ordinal. 

PROPOSITION 6. The natural numbers OD, {GO}, {O, {PD}}, ... 
and the set w of all natural numbers are cardinals. 

PROOF. To show that all natural numbers are cardinals it suf- 
fices to show by induction on 7 € w that no natural number z is 
equivalent to any of its subsets w # 1. For n = 0 this holds since 
@ has no subsets other than ©. Let f:n + 1— n+ 1 bea 
distinct-valued mapping and rang f # n + 1. If n ¢ rang f or 
S(n) = n, then ft maps x7 ontoa subset w C n, w # 17, which is 
impossible by the induction hypothesis. (Recall that n + 1 = 
= {0,1,...,n}J) 1ff(k) = 7, k < rn, then we define a mapping g: 
n — n for which g(i) = f(i) fori < n,i # k, and g(k) = f(n). 
Since rang g = rang f\ {n} andn # rangf\ {n}, g mapsz on- 
to w C n, w # n, which again contradicts the induction 
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hypothesis. If w were not a cardinal, then lw! < n for some 
natural number n. We should then have In + 11 < lw! < Ini, 
i.e. + 1 is not a cardinal, which contradicts the foregoing. 0 

The following theorem makes it possible to select among 
equipotent sets a canonical representative, the cardinal. 

THEOREM 7. For any set X there is a unique cardinal |X| 
equipotent to X. 

PROOF. The uniqueness of |X| follows from the definition of a 
cardinal and Proposition 5. 

By Theorem 2 there is U ¢ X? such that (X, U) is a well- 
ordered set. By Proposition 5 there is an ordinal ag equipotent to 
X. As |X| we take an ordinal 6 < a,, equipotent to ap, all of 
whose elements are not equipotent to ag. Such a cardinal exists by 
the well ordering of (a, €(a))). O 

DEFINITION. Hor a set X the cardinal |X| of Theorem 7 is called 
the power of the set X. 

It is obvious that lal < a for an ordinal @ and that a is a car- 
dinal if and only if la! = a. Notice that the relation LX! < IYI 
on sets X and Y, defined at the beginning of this section, cor- 
responds to the relation < on the cardinals |X| and | YI in- 
troduced above as follows: x, < x, @ (x, € x) OF x, = x,). Now 
we give a precise definition of the property of being a finite set 
which we previously used intuitively. 

DEFINITION. A set X is said to be finite if |X| € w and countable 
(denumerable or enumerable) if LX| = w. 

If X is not a finite set, then we say that X is infinite. Notice 
that there are infinite nonenumerable sets; moreover, by 
Theorem 5 the power of any set X is less than the power of a set 
P(X). Since w is the least infinite cardinal, countable sets have the 
least power among the infinite sets. It is obvious that a finite or 
countable set X can be represented as X = {a,|n € w}, the se- 
quence 

As Ayy ery Any very NEW 


being called the numbering of the set X. It is clear that if Y ¢ X, 
then |Y! < |X|. Notice that the infinite cardinal x cannot be of 
the forma + 1 = a U {a}. Indeed, since a is an infinite ordinal, 
by Proposition 2 w C a, therefore the mapping f: a + 1 -» a for 


which 
B if BéwWDV {a} 
J (8) = O if B=wa 
B+1 if BEew 
is distinct-valued, hence la + 11 = lal < a. We prove the 
following important theorem. 
THEOREM 8. If a set A is infinite, then |A| = |A?\. 


proor. A mapping f: A — A? for which f(a) = (a, a) is 
distinct-valued, hence |Al < !A?1. Suppose that |4?1 < IA] 
does not hold. Then the set X = {ala is an infinite cardinal, a < 
< |Al anda < la*!} is not empty and let Qo be the least element 
of X. We define on the set a? the relation < as follows: 

max {6,, 6,} < max {y,, y.} or 
g CY Y2) ? max {6,,8,} = max (7), 72},8,< or 
max {6,, 8,} = max {y,, 72}, 8; = 1. 82 < Y2- 
It is obvious that < is a linear ordering on oe, Besides (a3, < Dis 
a well-ordered set, since for any nonempty subset Y ¢ 02 there 
are nonempty subsets 
{ 
= (<6, 7) € YI max (6, y} < max (8; y’} 
for any (8, y’) € Y}, 
Y, = {(B,y)€ Y,!8 < 6’ for any (6B; y’)e Y,} 
{<B, y> € Y,ly < y’ for any (B/ y’) € Y,} 
and it is obvious that Y, contains exactly one element and that ele- 
ment is the least element of Y in the relation < . Since ay < ladl, 
by Theorem 3 (ag, €(a)) is similar to the initial segment Z = 
= O((Bo, Yo) of a well-ordered set (a2, < ). 

Let 6) = max {8, Yo}. Then it is obvious that Z ¢ (5, + 1). 
Since a is infinite, Z and 6, are also infinite and 16) + 11 = 491 < 
< a). Then by the choice of cardinal aj we have 

ay = IZI < 1) + 171 < 18, + II < ay, 


a contradiction. 0 


aac 
| 


ux 
I 
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COROLLARY |. Let A, B be sets and let at least one of them be 
infinite. Then 

(alifA # OandB+# ©, then|A x Bl = max {IAl, IBI}; 

(b) |A U Bl = max {IAl, IBI}. 

ProoF. Let |Al = max {{Al, IBI}. 

(a) Let b) € B. Then a mapping f: A — A x B for which 
JS (a) = (a, bo) is distinct-valued, therefore |4| < IA x Bl. 
From |B| < |!A1 and the preceding theorem we get 


|A x BI < |A*] = IAI. 


(b) It is obvious that |Al < 1A U Bl. Let f: B — A bea 
distinct-valued mapping. Then a mapping g: A U B — A x 
x {0, 1} for which 

{a, 0) if aéA, 
g(a) = 
«fa, 1) if aeBNaA 


is distinct-valued, therefore from statement (a) we get 
IA UBI < 1A x {0,1}! = IAI. 0 


COROLLARY 2. (a) If A is infinite, then \A*‘\ = \A\ for any 
natural k > 0. 

(b) If A is infinite and A* = U {A*\|k € w}, then |A*| = 
= |Al. 

(c) If W is a set of words of an alphabet A # ©, then|W| = 
= max (IAI, w}. 

PROOF (a) follows from Corollary 1(a) by induction on k. 

(b) Let f,: AX ~ A, 0 < k < w, be distinct-valued mappings 
existing by virtue of statement (a). Then a mapping f: A* — w x 
x A for which 


fa= | a) if a= @eA° 
fait we A CA Ui DAT), k>0 


is distinct-valued, by Corollary 1(a) therefore we get |A*l < 
< lw x Al = IAI. The inverse inequality |4!1 < |A*! is ob- 
vious. 
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(c) Since for a € A the words a, aa, aaa, ... are pairwise 
distinct, w < |WI. If A is infinite, then statement (c) follows 
from statement (b). If |Al = 2 ew, then obviously |WI < |w*! 
and again from (b) we get IWI < w. O 


Exercises 


1. Show that the sets of integers, rationals and algebraic numbers are 
countable. 

2. Show that the sets of reals and complex numbers are equipotent and that 
the sets of reals and natural numbers are not equivalent. (Hint. Notice that the 
power of the set of reals is |P(w)| and use Cantor’s theorem.) 


14. THE AXIOM OF CHOICE 


Let us define the sets V,, where a is an ordinal, as follows: 

(a) Vo = ©; 

(b) V, = P(V,)ifoa = 6 + 1; 

(c)V, = U V, if @ is a limit ordinal. 

B<a 

The axiom stating that for any set X there is an ordinal a for 
which X € V, is called the axiom of regularity. Thus by the axiom 
of regularity every set is obtained at some step of a ‘‘regular pro- 
cess’’ in which, starting from an empty set, at each step all sets are 
obtained whose elements have already been obtained at the 
previous steps. This fully agrees with our intuitive ideas of how 
sets are formed. 

The axiom of regularity allows every set X to be assigned an 
ordinal p(X) which is called the rank of X and defined as the least 
ordinal for which X¥ € V,,y). It is obvious that if X e€ Y, then 
p(X) < p(Y), by virtue of Proposition 13.4 the axiom of regulari- 
ty yields the following two statements: 

(1) there is no sequence X), X,, ..., X,, .-. for which XY, , ,€ 
EX, NEw; 

(2) any set X has an element a e X for whichaN X = ©. 

The axiom of regularity is in fact equivalent to each of the 
statements (1) and (2). Indeed, if X, , , € X,, for n € w, then the 
set {X,,|n € w} contradicts condition (2), hence (2) = (1). Notice 
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that if for any element a of a set X there is an ordinal 6(a) such 
that a € V,,), then X € V,, where y = (U[B@)lae X} + 1). 
Therefore if ay is in V, for no ordinal a, then a, € ay which is in V, 
for no q@ either. Thus if the regularity axiom fails to hold, then 
there is a sequence a,,n € w such thata, , ;€a,,n Ew, i. e. (1) 
also fails. 

The axioms of extensionality and regularity impose certain 
conditions on the relation of € (membership) and that of = 
(equality), i. e. in a sense they restrict the ‘‘Universe’’ consisting 
of sets. The axiom of choice, on the contrary, states that there 
must be certain sets in this ‘‘Universe’’ if there are already some. 
In our proofs, however, we freely used other conditions for the 
existence of sets as well, for example, we formed a union A U B 
of two sets A and B, discussed a power set P(A), assumed that 
natural numbers 7 € w ‘‘are available’. All the conditions of the 
existence of sets we have used (except the axiom of choice) are ob- 
tained from the following axioms of ‘‘existence’’: 

(1) There is an empty set ©. 

(2) If there are sets a and b, then there is a set (a, b}. 

(3) If there is a set X, then there is a set UX = {tlt ex for 
some element x € X}. 

(4) There is a set w = {0, 1, ..., n, ...}, where 0 # © and 
n+il= nu {[n}. 

(5) If there is a set. A, then there is a set P(A) = (BIB Cc A}. 

(6) If (x, y) is some condition on sets x, y such that for any 
set x there is at most one set y satisfying the condition ®(, y), 
then for any set a there is a set 


{b|®(c, b) for some element c € a}. 


EXAMPLE !. We show that axioms (5) and (6) imply the existence 
of aset A? = {{a, b) la, be A} for any set A. 

Since (a, b) = {{a}, {a, b}}, we have A? C P(P(A)). Let 
@)(x, y) @ (there are a, b € A such that 


x = {{a}, {a,b}} and y = x). 


Then the set A? is equal to {b|&,(c, b), c € P(P(A))} and by 
axiom (6) it exists. 
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The system of axioms (1) to (6) together with the axioms of ex- 
tensionality and regularity is called the Zermelo-Fraenkel axiom 
system (abbreviated ZF). The system ZF together with the axiom 
of choice is denoted by ZFC *. 

Within ZFC it is possible to develop all modes of reasoning 
generally accepted in mathematics today. One may even say that 
at the present stage of mathematical development _ this 
“‘translatability’’ into ZFC is a measure of mathematical rigour. 
(True, this is questioned by intuitionists and constructivists, but 
we are not concerned with their views in this book.) Thus a formal 
derivation from the axioms of ZFC may be taken as a reasonable 
refinement of the concept of mathematical proof **. A precise for- 
mulation of this notion is of great significance. It is one of the 
central problems of mathematical logic. Only with appropriate 
precise definitions at one’s disposal can one establish the un- 
provability and independence of some statements. Thus it was 
proved that a set of real numbers can be assigned practically any 
power without contradiction. The fact that the validity of a for- 
mal proof can be easily verified by computer formed the starting 
point for long-range studies of machine proof search. Historically 
ZFC came into being mainly due to the discovery of inconsisten- 
cies in the ‘‘naive’’ theory of sets. What can be said about the con- 
sistency of ZFC? No inconsistencies have been discovered in ZFC 
itself thus far. On the other hand, it was proved that if ZFC is 
consistent, this cannot be established using its own means. So the 
proof of the consistency of ZFC appears to be somehow related to 
a revision of our usual ideas about a mathematical proof. 

There are seven axioms in ZFC stating the existence of some 
sets. The axiom of choice occupies a particular place among them. 
It appears to be the least ‘‘obvious’’. The thing is that sets whose 
existence is asserted in axioms (1) to (6) are uniquely defined (for 
example, the sum of a set UX is uniquely defined by X), but the 


* For a precise definition of the notion of condition $(x, y) in axiom (6) we 
refer the reader to the notion of formula of the signature Ly containing only one 
two-place predicate sign € (see Chapter 3). Notice that all axioms for ZFC can be 
written as proposition of the signature Lp. 

** By formal derivation we mean derivation in the calculus of predicates (see 
Sec. 22). 
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function of choice for nonempty subsets of X is ambiguously 
defined. Moreover, if there is a condition that uniquely defines 
the function of choice for nonempty subsets of X, then the exis- 
tence of a function of choice for P(X) \ {@} can be derived 
without the axiom of choice (i. e. in ZF). The presence of an 
uncertainty of an object whose existence is asserted aroused 
numerous debates around the axiom of choice among mathemati- 
cians early in the twentieth century. Some even thought that it 
must surely lead to a contradiction. These debates on the whole 
subsided, however, after K. Gddel’s result about the equicon- 
sistency of ZF and ZFC. Nevertheless up to the present some try 
sometimes to give, if possible, proofs without the axiom of choice 
considering such a proof to be more ‘‘constructive’’. 

The remainder of this section is devoted to a theorem which 
shows that the axiom of choice is equivalent (in ZF) to some of its 
consequences proved in the preceding sections. 

THEOREM 9. From the axioms for ZF one can derive the 
equivalence of the following statements: 

(a) the axiom of choice: for any nonempty set A there is a 
mapping h: (P(A) \ {@}) — A such thathBe B forallB ¢ A, 
B#2; 

(b) the principle of well ordering: for any set A there is a rela- 
tion U C A*such that (A, U) is a well-ordered set; 

(c) the maximum principle: if in a partially ordered set % = 
= (A, U) each chain has an upper bound, then X has a maximal 
element; 

(d) if A is an infinite set, then |A*| = |Al. 

Proof. By Theorems 1, 2 and 8 we have in ZF (a) = (c), (a) = 
= (b) and (a) = (d); in addition it is shown in the proof of 
Theorem 2 that in ZF (c) = (b). It suffices therefore to derive 
(b) = (a) and (d) = (b) from the axioms for ZF. 

(b) = (a). Let (A, U) be a well-ordered set. Take as B(x, y) 
the following condition: ®(x, y) @ (<x, UM x*) is a well-ordered 
Set, 


y is an ordered pair, 7? y = x and 
m3 y is the least element of (x, UN x?)). 
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It is obvious that for any x there is at most one y for which ®(x, y) 
holds. It follows from axiom (6) that there is a set 


h = {((B, a) ®(B, (B, a)), Be (P(A) \ (O})}. 


It is clear that h: (P(A) \ {@}) ~ A and A(B)eE BforB CA, 
B#O., 

(d) = (b). Since (n, e(n)) is a well-ordered set for any 7 & w, it 
suffices to treat the case where A is infinite. Axiom (6) implies the 
existence of a set 


W = {U ¢ A?I(D(U), U) is a well-ordered set }, 


where D(U) = {ae Al (a,b) € Uor (b, a) € U for some De 
€ A}. If Ue W, then by a(U) we denote the type of the set 
«D(U), U) (Proposition 13.5). By axiom (6) there is a set V = 
= {a(U)|Ue W},. It is clear that V is equal to the set {ala, an 
ordinal, and lal < 1A1}. By Proposition 13.3 ag = U Vis an or- 
dinal. If there is a distinct-valued mapping f: a, — A, then 
{f818 € a)} = A, since otherwise the mapping f U [(ag, a>}, 
where a,€A \ [(f818 € ay}, will be a distinct-valued mapping of 
Q@ + 1 into A, hence ay + 1 © apg, which is impossible. Thus 
either lag! = IAI or lag! < IAI does not hold. If lag! = IAI, 
then the well ordering of (a, €(a)) yields the well ordering of 
(A, U) for some U ¢ A?. Let lag! < JAI fail to hold. By induc- 
tion on n € wit is easy to get In| < IAI for anyn ew, hence ay is 
an infinite ordinal. Consider a set X = {(aga)la eA}. It is ob- 
vious that LX! = |Al and.X NM ay = ©. For simplicity we denote 
the equipotency IE| = IF | by E ~ F. 

Notice that if |Y!l < |Z| and Z is infinite, then Y U Z ~ Z. 
Indeed, if g: Y — Z is a distinct-valued mapping, z,, Z,¢€Z, 2, # 
# Z,, then a mapping f: Y U Z — Z? for which 


fou mars if aeY 
(Z, a) if aeZVyY 


is distinct-valued, so|Y U Z| < 1Z?|. From (d) we have |Z?/ = 
= |Zl,hence |Y U ZI < 1Z|. The condition 1Z| < |Y U ZI is 
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obvious. Using this fact and condition (d) we get 
ay UX ~ (ay UX)? = a} Ulag X X) U X27 U(X X ay) ~ 
~ ag U (ayX X)U XU (XX ay) ~ (ay XX) U(X X a9) ~ ay X X. 


Thus ag X X = C U D, whereC ~ a,andD ~ X ~ A. We show 
that (ay x {x}) NC # © for any x eX. Indeed, otherwise (ag x 
Xx {X9}) ¢ D for some x, € X, hence lay x {xX} < IDI. Since 
Qg ~ (a X [x)}) and D ~ A, this contradicts the fact that 
lagl < IA| fails to hold. Since C ~ ag and (ag, €(ag)) is a well- 
ordered set, there is U C C? for which (C, U) is a well-ordered 
set. Using axiom (6) it is easy to obtain a mapping f: XY — C for 
which fa is equal to the element of (a) x {a@}) N C that is the least 
with respect to the relation U. It is obvious that f is a distinct- 
valued mapping. The statement (d) = (b) now follows from A ~ 
~ X and the well ordering of (f[X], UN (/LX])*). 0 


Exercise 


1. Show that the axiom of choice is equivalent in ZF to the following state- 
ment, if Mis a partition of a set A (see Example 1), then there is a mapping g: M — 
— A for which g(m)em,meM,m # ©. (Hint. Consider a partition (m(B)| Be 
€ P(A) \ (@}}, where m(B) = (<B, a)lae B}.) 
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TRUTH ON ALGEBRAIC SYSTEMS 


15. ALGEBRAIC SYSTEMS 


Frequently the object of study in mathematics is a set together 
with a structure defined on it. For example: the set of triangles 
with similarity relation, the set of real numbers with the opera- 
tions of addition and multiplication, the set of real functions with 
the property of differentiability and the operation of differentia- 
tion and so on. In this section we give a more precise definition of 
this concept by introducing a definition of an algebraic system. 

DEFINITION. The ordered triple L = (R, F, ) is said to be a 
signature if the following conditions hold: 

(a) the sets R and F have no elements in common; 

(b) « is a mapping of the set R U F into w. 

Elements of the set R are called relation or predicate symbols. 
Elements of the set F are called operation or function symbols. 
The mapping uz is called a place or arity mapping for Xu. If u(q) = 
= n, then q is said to be an n-place predicate symbol when ge R 
and an n-place function symbol when q € F. The 0-place function 
symbol is called the symbol of a constant or simply a constant. 

For convenience we shall often represent thé finite or coun- 
table signature © = (R, F, ») as 

t= reen, aie ren), sans FROM, as 


FEO iC gochey ey il) 


where r,, J; are relation and function symbols which are not con- 
stants, c, are constants of the signature L. In what follows all 
signatures will be denoted by the letter £ (possibly with indices), 
the set of their relation symbols by R, the set of operation symbols 
by F, and the arity mapping by p (with the corresponding indices). 
We shall say that a signature L is contained in a signature L, (and 
writel C L,)ifR C R,,F C Fpandp C p,. If X ¢C RUF, then 
the signatureL, = (RA X,FOX,ut X) is said to bea restric- 
tion of the signature L to the set X (and we writeL, = Lt X). 
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The power of the set R U F is called the power of the signature 
L = (R, F, u) and denoted by ILI. IfL, ¢ L, , ;,2 € w, then by 
U ©, we denote the signature/ U R,, U F,, U te) 

new né€w néw néw 

IfRUF # O andF = O(R = ©), then a signature ¥ is said 
to be a predicate (function) signature. If R U F # ©, then the 
signature L is said to be empty. 

DEFINITION. An ordered pair & = (A, v™) is said to be an 
algebraic system of a signature & if the following conditions hold: 

(a) A is a nonempty set; 

(b) vis a mapping of a set R U F into relations and opera- 
tions on a set A; 

(c)rEeR = v%(r) is a p(r)-place relation on A; 

(d) fe F = v* (f) is a w(f)-place operation on A. The set A is 
called the carrier of YX, and v* is an interpretation of the signature 
Lin A. 

In what follows we shall often write simply r®™ or even r instead 
of v%(r) if it is clear what & is meant. In what follows algebraic 
systems will be denoted by the Gothic letters & and % (possibly 
with indices) and their carriers by the corresponding Latin letters 
A and B (with the corresponding indices). The power of an 
algebraic system % is the power of its carrier A. For brevity we 
shall often omit the word ‘‘algebraic’’ and call Uf simply a system. 

DEFINITION. A mapping f: A — B is said to bea homomorphism 
of an algebraic system &% of © into a system B of the same 
signature L if the following conditions hold: 

(a) if g € R and pq) = a, then for alla,, ...,a,€A <a, «.. 
5G, €Q™ = (fa, ..., fa,) €g®B; 

(b) If ge Fand pg) = 7, then foralla,,...,a,€A f(q™(@, -.. 
ih) = Gas coy Jy): 

If f is a homomorphism of & into 8 and f[A] = B, then f is 
said to be a homomorphism of & onto B and & is said to be a 
homomorphic image of Y. 

A distinct-valued homomorphism f of & onto B for which f~! 
is also a homomorphism is called an isomorphism of UX onto B and 
denoted by f: U& = B. If there is an isomorphism /: & = B then 
the systems % and 8 are said to be isomorphic and this is 
designated as: 2 = 8%. An isomorphism f of a system % onto is 
called an automorphism of the system XX. 
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PROPOSITION 1. (a) If f: U = B then f-':B = WY, 

(b) ff: U = W, and g: U, = A,, then (fg): U = As. 

(c) id: U = YW. 

PROOF. Follows immediate from the definition of an isomor- 
phism. (J 

DEFINITION. A system Y is said to be a subsystem of a system B 
(and we write & ¢ B) if the following conditions hold: 

(a) & and % have the same signature; 

(b) A c B; 

(c) the set A is closed under the operations v®(f), f € F; 

(d) relations and operations v*(q), qe R U F, in Y are restric- 
tions to A of the corresponding relations and operations v®(q), 
qERUF,in&. 

IfA # B, then ¢C is said to be aproper subsystem of B. If 
UY ¢ B, then G is said to be a supersystem of YW. 

It follows from the definition of a subsystem that two sub- 
systems %,, Uf, of a system 8 with the same carriers coincide. On 
the other hand, if a nonempty subset B, ¢ B is closed under the 
operations of the system 8, then B, is the carrier of some sub- 
system 8, ¢ B. Thus there is a distinct-valued mapping of a set of 
nonempty subsets of B closed under the operations of 8 onto a set 
of subsystems of 8. That mapping can be extended to all non- 
empty subsets of B. Namely, we have 

PROPOSITION 2. If B is an algebraic system, X C B, X # ©, 
then there is a unique subsystem 8(X) C 8 with carrier B(X) 
such that X © B(X)and®(X) ¢ UW for any subsystem YX C B for 
which X C A. 

proor. As B(X’) we take the intersection of the carriers A of 
all subsystems & C % containing X. Since X C B(X), we have 
B(X) # ©. As already noted above, B(X) is the carrier of a 
unique subsystem 6(X) ¢c B. O 

DEFINITION. The subsystem 8 (X) ¢ 8 of Proposition 2 is called 
a subsystem generated by a set X in®B, If X = {a,,...,a,}, then 
B (X) is also denoted by B(a,, ..., a,). If B(X) = B, then we say 
that the system 8 is generated by the set X. 

A set of algebraic systems {%,|i J} is said to be a directed set 
of algebraic systems if I # © and for any i, j e J there is k e J for 
which & ¢ YW, and W; ¢ W,. It follows from the definition that all 
systems of a directed set of systems have the same signature. 


Algebraic Systems 99 


PROPOSITION 3. If (YU, li € I} is a directed set of algebraic 
systems of &, then there is a unique system XU such that UX, ¢ A for 
allie Iand& ¢ & for any system B for which U, ¢ Biel. 

PROOF. The carrier of 2 will be a set A = (J A;. Let {a,, ... 

iel 

a,} ¢ A. Then it follows from the definition of a directed set 
that there is i € J such that {a,, ...,a,] ¢ A;. Let <a,, ..., a, 
belong to v™(s), se R U F precisely if (a,, ..., a,) belongs to 
v*i(s), Such a definition is independent of the choice of i € J, since 
if {a,,...,@,} € A;, then there is A, such that %; C W, and A; ¢ 
Cc U,. Hence perry NM {<a,,..,@,)},7E R, and v™(f) (a, ... 

. a@,),f€ F, for 7 & {i, 7} coincide with the corresponding 
ye (ry N {Xa,, 54,0}, R, and v™(f) @,...,a,), fe F. The 
second statement of the proposition and the uniqueness of Y are 
obvious. 0 

The system %& of Proposition 3 is called the union of systems 
%,,i€ J and designated A = LY A;. 

ier 

DEFINITION. An algebraic system % of © is said to be an expan- 
sion of a system %, of L, if the following conditions hold: 

(a)A = Aj; 

(b)L, = Ut (R, UF), 

(c) pt = y*  (R, UF). 

If a system Y of X is an expansion of a system WY, of L,, then Wf, 
is said to be restriction of the system % to the signature L, and 
denoted by Mt L. 


DE RTS ig TE oe PEO, ts JEU, ke pray Oh aenS 
then the algebraic system & of the slenetre Y will often be desig- 
nated as follows: YX = (A,r, ..., i it es odes te Cys aN 


Cy ods where Todi Sc Cm denote Secon the felenion yr), ), the 
operation p™(f,) aad the value of the constant v%(c,,) on the set A. 
EXAMPLE |. The algebraic system R = (N, +, +3; 0,1), where 
N = w isa Set of natural numbers, + and ~ are the operations of 
addition and multiplication, 0 = 0, 1 = 1, is called an arithmetic 
of natural numbers or simply arithmetic. Notice that Jt has no 
subsystems different from itself. The function signature L, = 
= (+7, -*;0, 1) is called a signature of rings with unity. Not all 
algebraic systems of L, are rings. For a system to be a ring it is 
necessary that the operations should satisfy certain conditions (the 


pe 
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axioms for rings). The arithmetic 3t is not a ring and the system 
3 = (Z, +, +; 0,1), where Z is the set of allintegers(Z = {0, 1, 
2, ...55 -1, —2,...}), , + are the operations of addition and 
multiplication, 0= 0, 1 = 1, is. Notice that % ¢c 3. The system 3 
is called the ring of integers. The system R = (R, +, +3; 0, 1) 
where R are the real numbers, +, + are operations of addition 
and multiplication, 0= 0, 1 = 1, is also a ring. The system 3 is a 
subsystem of §. 

EXAMPLE 2. The function signature 2, = <-7(~')!; e) is called 
a group signature. A group of substitutions of a set X is a system 
{S(X), +, (~'); e) of the signature L, where S(X) denotes the set 
of all distinct-valued mappings of a nonempty set_X onto itself, ~ 
denotes a composition of mappings, C7). denotes the inverse of a 


mapping, e denotes the identity mapping. In general the system 
4 = (A, +, (~'); e) of the signature L, is said to be a group if 


for any a, a,,a,€A in & the following equations hold: 
(1) a-(@, a3) = (@'a))-a,, 
(2)a-e = e-a=a, 
B)a:a~'=a7!-a=e, 
where + (a, a,), (~')(a) are briefly written as a-a, and a~'. If for 


any a, a, € A in Wf we have in addition equations 

(a) a-a, = a,°a, 
then the group Y% is said to be an Abelian group. To emphasize 
that the group Y is an Abelian group we often replace the symbols 
-, (~') and e by +, (—) and 0 respectively. An example of an 
Abelian group is the group of integers (Z, +, (—); 0) where + is 
addition, (—) is an operation transforming m into —m and 0= 0. 

EXAMPLE 3. If a predicate signature L = (Q7*) of a system % 
consists of a single symbol of a two-place relation Q, then UY = 

= (A, Q) is said to be a graph. If Q is a partial (linear) ordering 
on A (see Sec. 11), then & is said to be a partially (linearly) 
ordered set or simply a partial (linear) ordering *. In this case 


* This definition does not entirely coincide with that of a poset in Sec. 11 
(therein the poset is a pair and the graph is a triple); however, by virtue of our con- 
vention to denote a graph by (A, P), where P ¢ A?, this will not cause confu- 
sion. 
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<a, b) € QO is denoted by a <™ b or simply by a = b. A partial 
ordering 9% is said to be dense if it follows froma < banda # b 
that there isc € A such thatc # a,c # b,a<candc < b. We 
shall say that two linear orderings & and B have the same ends if 
the existence in & of the first and the last element is equivalent to 
the existence of the corresponding element in 8. Notice that a sub- 
system of a partial (linear) ordering is a partial (linear) ordering 
but a subsystem of a dense linear ordering need not be a dense 
linear ordering (give a counterexample). 

PROPOSITION 4. If Y& and B® are two countable dense linear 
orderings with the same ends, thenY = B. 

prooF. Let A = {a,|ne€w}, B = {b,|n €w}. Consider a set 
G consisting of mappings: g: A, -» B, satisfying the following 
conditions: 

(1) A, and B, are finite subsets of A and B respectively; 

(2) g: U(A,) = BB) if A, # O; 

(3) if |A,| = 2n > 0, then {a, ...,a, _,} € A, and {b,... 
55, ,) © By; 

(4) if |A,! = 2n + 1, then {ay, ...,@,} ¢ A, and forn > 
> 0 (by, 5b, 1} © By; 

(5) if a € A, is the first (last) element of &, then ga is the first 
(last) element of B. 

Since @ € G, we have G # ©. Let g: A, — B, be in G and 
|A,| = 2n. It follows from condition (3) that we can choose a € 
€ A \ A, for which (a), ...,a,} € A, U {a}. We take an ele- 
ment be B \ B, such thatb < gc ea < c forallce A, and bis 
the first (last) element in 8 if and only if a is the first (last) element 
in 2%. Such an element exists by virtue of the density of 8 and con- 
ditions (2), (5) for g. It is clear that g U {(a, b)} EG. If |Al = 
= 2n + 1, then on interchanging % and % we can find in precisely 
the same way a pair <a, b) € g for which g U {{a, b)} EG. 
Hence there are no maximal elements in the partial ordering 
<G, ©), where C is the relation of inclusion. Then there is an in- 
finite chain.Y C GinG. It follows from conditions (2) to (4) that 
the union of the elements of X is an isomorphism of % onto B. O 
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Exercises 


1. Show that any algebraic system & of a countable signature £ has a count- 
able or finite subsystem 6 ¢ Y. (Hint. Define at most countable sets B,, 7 € w, as 


follows: By = {a}, whereae A, B, , ; = B, U {blbis the value of the function 
of & on the elements of a set B, }. Then it is possible to take as the carrier of B a set 
B= UB,, 

néw 


2. For a given algebraic system % let S() be the set of its subsystems. Then 
the system (S(9); € ), where (B,,B,) eC # B, C By, isa lattice (see Sec. 11) if 
the signature © of % contains symbols of constants. 

3. Let & have a proper self-isomorphic subsystem. Then Y has a proper self- 
isomorphic supersystem. 

4. Show that the system (N, +) has a countable number of subsystems and 
the system <N; ~ ) has an uncountable number. 

5. Show that if 121 < w, then for any n € w there is a finite set X of systems of 
a signature L such that any system of © of power 7 is isomorphic to one of the 
systems of X. 

6. What is the minimal power of the set X in Exercise 5 if 2 contains only k € 
€ w one-place predicates? 

7. Show that the distinct-valued homomorphism h: A -» B of asystem Y onto 
a system % of a function signature L is an isomorphism of & onto B. Construct an 
example showing that the condition R = © on LX in this exercise cannot be 
dropped. 


16. FORMULAS OF THE SIGNATURE & 


We fix some countable set V = {v,|/€ w} whose elements will 
be called symbols of variables or simply variables and denoted by 
the letters x, y and z, possibly with indices. If there occurs a se- 
quence X,, ..., X, Of variables in the text, then it is always assumed 
that x; # x; fori # /. 

DEFINITION. The set 7(Z) of terms of a signature & = (R,F, un) 
is defined by induction: 

(1) variables x € V are terms of L; 

(2) if t,, ..., 4, are terms of L, f € F and u(f) = a, then 
S(t, 5 ,) is a term of L. 

Recall that when 1 = 0 the notation O(7,, ..., 7,,) denotes 9; in 
particular, it follows from (2) that the symbol c € F of a constant 
of © is a term of L. 

Thus terms are words (not all the words, of course) of an 
alphabet V U F U {(,)} U {,}. The set of variables occurring in 
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a term ¢ is denoted by FV(t). If FV(t) = ©, then ¢ is said to bea 
constant, or closed, term. If ¢ is a term of L, then the notation 
t(x,, ..., X,) will designate that FV(t) ¢ {x,, ..., x, }. This nota- 
tion will also be called a term. * 

DEFINITION. Let 2 be an algebraic system of a signature L. A 
mapping y of aset X C V into A is said to be an interpretation of 
variables of the set X into A. If FV(t) ¢ X for a term of LY, then 
by induction on the length of ¢ we define the value t™[y] © A of 
the term t in X for the interpretation of y: 

(1) if ¢ = x,x eV, then f@ [y] = yx; 

(2)if¢ =f, .... 4), fe F, then fy] = HC? b, -.- 
tek t*Ty)). 

It is clear that if y,:.X, ~ A, y,: X, — A are two interpreta- 
tions, te T(L), FV(t) ¢C X,N X, andy, +} FV(t) = 7,1 FV(t), 
then ¢™ [y,] = ¢™[y,]. For brevity we shall often write %(q,, ... 
wy @,), where a, = y(x,), ..., @, = Y(,), instead of t% (x, ... 
..+, X,)[y]. If there occurs a notation f(x), ..., x,,) in the text, then 


the notation ta, yee) Ay)y Ay, +, @, EA following it will denote 
t“(x,, ..., x,)[y], where y is defined as follows: y x; = a,, i = 
Sl he Ns 


PROPOSITION 1. (a) Jf Wf is an algebraic system of a signature i, 
X C A,X # ©, then the carrier A(X) of a subsystem U(X) is 
equal to a set {t™[y]lte T(L), y: FV(t) — X}. 

(b) If h is a homomorphism of an algebraic system % of X into 
a system ®, t(xX,, .., X%,) € T(L) and a,, ..., a, € A, then 
A(t™ (a,, -.-, @,)) = tha, ..., ha,). 

PROOF. (a) Let Y = {t® [y]lte T(£), y: FV (t) — X }. By induc- 
tion on the length of the term ¢, if ¢(x,, ..., x,) € T(Z) and 
a,,..., 4, € X, then /“(q,, ..., a,) € B for any subsystem 8 C % 
for which X C B. It suffices to show therefore that Y is closed 
under the operations of Y%. Let fe F, un(f) = m, t,,..., t,,€ TL) 
and y: (FV(t,) U ... U FV(t,,)) ~ X. Then o™(f)(t? fy], --- 
sete y= tebe Y, wheret, = f(y ss t,)s 

(b) It is easy to prove by induction on the length of r. 0 


* It is not, nor is the letter ¢, a term of course, but a designation (a ‘‘name’’) 
of the term. 
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DEFINITION. A set F(L) of formulas of a signature © = 
= (R, F, ») is defined by induction. 

(1) Ifre R, p(r) = nandz,, ..., t, € TQ), then the word 
r(t,, --., ¢,) is a formula of L. 

(2) If t,, t, € T(L), then the word ¢, = #, is a formula of L. 

(3) If ®, © are formulas of L, then (®’ AV), (@V WV), (® — W) 
and —@ are formulas of L. 

(4) If © is a formula of L, x € V, then V x@ and 3 x@ are for- 
mulas of L. 

Thus the set F(Z) of formulas of L consists of some words of 
the alphabet V U RU FU {A, Vv, =~ 7, =~} U {v, 3} U 
U {(,)} U {,}. For example, ifreR,f, g,c EF, u(r) = ug) = 
= 2, u(f) = 1, w(c) = 0, then the word 


(W v, J vyr(vy, f(v3)) V 7 ug = g(v;, ¢)) 
is a formula of L, while the words 
v, = uVv,, Cu Vv,= C, 
(Vu r(F(v3), v2), (A, F(Y,, vy, ¥,) Vie = U5) 


are not (why?). The last word is a formula, but of another 
signature. 

A sequence ® of some symbols is said to be simply a formula if 
it is a formula of some signature. If ® is a formula, then L(®) 
denotes a signature all of whose symbols occur in @ and @ is a for- 
mula of the signature L(®). It is clear that D(®) is uniquely defined 
by ®. 

A subword of a formula ® which is itself a formula is called a 
subformula of &. Formulas of the form r(t,, ...,4,) andt, = 4, 
where r is a predicate symbol, ¢,, ¢, are terms, are called 
atomic *, Atomic formulas containing at most one signature sym- 
bol are called atomical. Thus an atomic formula of a signature L 
has one of the following forms: 

=U, CHU, YC, Y; = fi (Vigy «+5 Vin)s 
SF (Wigs Sieg Ui, ) = Uj» r(vigs wey Us,)s ry, 


* In some books such formulas are called elementary, but we shall not use this 
term. 
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where c is a constant, f is a function symbol and r is a predicate 
symbol of L. The sign = is the equality symbol or simply equali- 
ty. The signs v and 3 are called the universal and existential 
quantifiers respectively. The notation vx (3.x) stands for ‘‘for all 
x’? (‘‘there is an x’’). A formula containing no quantities is called 
a quantifier-free formula. 

The proof of the following three propositions is essentially a 
repetition of the proofs of Propositions 2.1, 2.2 and Corollary 2.1 
respectively. (Considering cases where a formula begins with 
quantifiers does not differ essentially from considering in the pro- 
position pointed out the case where a formula begins with a nega- 
tion.) 

PROPOSITION 2. Any nonatomic formula ® of a signature & is 
representable in one and only one of the following forms: 


(WAX), (¥ VX), (% — X) Vx¥,ax¥ or av 


for uniquely defined formulas V and X of the signature ©. 1 

PROPOSITION 3. If ® is a formula of a signature £ and n and 6 are 
occurrences in ® of subformulas of Y and X respectively, then 
either n and @ have no symbol occurrences or one of them is con- 
tained entirely in the other. O 

PROPOSITION 4. Uniquely associated with each occurrence in a 
formula @ of a signature & of the symbols (, —, W or 4 is some oc- 
currence of a subformula of ® whose first symbol is the occur- 
rence in question of the corresponding symbol. O 

DEFINITION. A subformula of a formula ® of a signature L 
associated, by Proposition 4, with an occurrence of a quantifier 
v (3) is called the scope of that occurrence of the quantifier W (4). 

In what follows we shall use our convention to drop outer 
brackets (Sec. 2). Notice that a formula of the propositional 
calculus may be regarded as a formula of some signature if it is 
assumed that the symbols of propositional variables are 0-place 
predicate symbols. 

DEFINITION. For each formula & of a signature L we define a set 
FV(®) of free variables of the formula © as follows. 

(1) If @ is an atomic formula of the form r, r(¢,, ..., 6,) or 
t; = ¢,, then the set FV(®) is equal to O, FV(t,) U ... U FV(t,) 
or FV(t,) U FV(t,) respectively. 
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(2) If 6 = AV, then FV(®) = FV(Y). 

3) If @ = $,7b,, where 7 € {A, V, —]}, then FV(®) = 
= FV(®,) U FV(@,). 

(4) If 6 = QxwW, where O € {v, 3}, then FV(®) = 
= FV(¥)\ {x}. 

It is clear that for any formula @ it is possible to find all the 
elements of FV(®) in a finite number of steps. 

An occurrence 7 of a variable x in a formula @ of © is said to 
be bound if y is in the scope of some occurrence of the quantifier 
v or 3 immediately followed by the symbol x. If the occurrence n 
of a variable x in is not bound, then it is said to be free. If @ con- 
tains free (bound) occurrences of a variable x, we shall say that x 
occurs free (bound) in ®. 

PROPOSITION 5. If ® is a formula of © then a variable x is in 
FV(®) if and only if there is a free occurrence of x in ®. 

The proof is easy to carry out by induction on the length of 
and it will be left to the reader. OJ 

If @ is a formula, then in what follows $(x,, ..., x,,) will denote 
the formula ® and the fact that FV(®) € {x,,...,x,}. 

Now we define the main notion of this chapter. 

DEFINITION. For an algebraic system %& of a signature © an inter- 
pretation of variables y: X¥ — A and a formula & € F(Z) such that 
FV(®) ¢ X we define a relation Y & [y] (for ‘‘@[y] is true in 
2’) by induction on the length of ®. 

()If@ =r,reR, u(r) = 0, then Y = &[y] is equivalent to 
@Gevr(r). 

(2) If’ =r(t,,...¢,,7ER, wr) =1,0,...,¢,€ T(2), then 
A = Gly] is equivalent to (¢7 [y], ..., by] € wr) *. 

(3) If @ is equal to ¢, = 4, 4, 4 € T(L), then YU & S[y] is 
equivalent to tf [y] = ¢}'[y]. 

(If = AY, then & S[y] if and only if it is false say that 
We Vfy]. 

(5) If 6 = (@, A ®,), thenY & [fy] eo We Fly] andAe 


= #,[y]). 


* Of course, (2) includes (1), since we have agreed to assume r(t), ... , t,) 
equal tor when = 0. We have included (1) here to emphasize the peculiarity of 
0-place predicates. 
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(6) If 6 = (%, v $,), then Y & O[y] © Ae F [y] oree 
= #,[y]). 

(7) If 6 = (4, — $,), then ® & Oly] o GFA & ¥,[y], then 
YE &,[y]). 


(8) If @ = axW¥, then Y & @[y] if and only if there is an in- 
terpretation y,: X, — A such that x € X,, y, | FV(®) = 
= yt FV(@)and& & ¥[y]. 

(9) If 6 = wx, then Y = &[y] if and only if for any inter- 
pretation y,: X, — A such that x € X, and y, | FV(%) = 
= 7} FV(®) we have U & V[y,]. 

It is obvious from this definition that free and bound occur- 
rences of variables in a formula @ of © play quite different roles in 
establishing the truth of the formula. Namely, free occurrences of 
a variable x are ‘‘assigned’’ a constant value y(x) while bound oc- 
currences are not ‘‘assigned’’ any constant values and instead all 
possible values of them are considered. 

PROPOSITION 6. Let Y& be an algebraic system of a signature & 
and @ € F(L). If y,: X, — A, y2: X, — A are two interpretations 
for which FV(®) ¢ X, X,andy,+ FV(#) = y,! FV(®), then 
Ue Oy) eo Ae Ply]. 

Proof is easy to carry out by induction on the length of @. (1) 

Instead of U & B(x,,..., x,,) [y] we shall often use a more con- 
venient notation Y & @(a,, ...,a,), where a, = y(X,), --., @, = 
= y(x,). Namely, if a notation ®(x,, ..., x,) occurs in the text, 
then the notation Y = O(@,,...,@,),@,,-..,@, €A following it will 
denote YE (x), ..., x,) [y], where v is defined as follows: yx; = 
= a;,i = 1, ..., m. Such an abbreviation is possible by Proposi- 
tion 6. 

DEFINITION. If @ is a formula of a signature Y and FV(®) = ©, 
then ® is said to be a closed formula or a sentence. 

If ® is a sentence of a signature L, Y is a system of L, then the 
relation & = [y] is independent of the interpretation y and we 
shall denote it simply as & & ®. It is also clear that if for a for- 
mula ®, a system 2 and an interpretation y a relation U & ®[y] is 
defined, thenY & @[y] © Ut LU) & Gfy]. If S[y] is not true in 
%, then we say that ®[y] is false in Y. 

DEFINITION. A formula ® is said to be identically true or valid if 
Ye &[y] for any system of a signature U(#) and any interpreta- 
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tion y: FV(®) — A. It is clear that in this definition the signature 

X(#) may be substituted for by any £ D L(). A set of formulas 

Y ¢C F(X) is said to be satisfiable in a system U of a signature if 

there is an interpretation y: LJ FV(#) — A such that Y & ®[y] 
ey 

for all 6 e Y. A formula is said to be satisfiable in a system U if 

a set {®} is satisfiable in Q. 

The notion of the truth of a formula on a system belongs to 
the basic concepts of mathematical logic along with the notion of 
derivability. The importance of this notion is due to the fact that 
many theorems in mathematics can be expressed as statements 
about the truth of some formula on algebraic systems from some 
class. In contrast to the properties of ‘‘being a formula’’ and of 
“being an identically true formula of PC’’, in the general case 
there is no effective method that would allow us to establish for a 
sentence ® in a finite number of steps if % & © is true. This is due 
to the fact that if A is infinite, then (8) and (9) require checking an 
infinite number of conditions *. In the general case (2) and (3) are 
not ‘‘effective’’ either, since the predicates and functions of an in- 
finite system & may not be given ‘‘effectively’’. 

Now we establish a simple but important fact. 

PROPOSITION 7. If f is an isomorphism of a system X% onto a 
system B, ®(x,, -.., x) is a formula of the signature of U, then for 
any a,,...,@,€A the property U & P(a,, ..., a,) is equivalent to 
Be O(fa,, ..., fa,). In particular, if ® is a sentence, thenY & is 
equivalent to 8 = ®. 

- Proof is easy to carry out by induction on the length of ®. If 
is an atomic formula, then the statement follows from the 
definition of an isomorphism and Proposition 1(b). The induction 
step will be left as an exercise to the reader. DO 

In contrast to infinite systems, the truth of a formula ® ona 
finite system 2 of L(#) can be verified in a finite number of steps. 
This is easily shown by induction on the length of $. 

DEFINITION. Let n € w, n > 0. A sentence @ is said to be n-valid 
if &% & & for any algebraic system YY of power n and a signature 
L(#). 


* It will be shown in Chapter 7 that this difficulty cannot be avoided. 
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PROPOSITION 8. There is an effective procedure (an algorithm) 
allowing one to establish for any n€w,n > O, and any sentence ® 
in a finite number of steps whether or not ® is n-valid. 

PROOF. It is obvious that for a finite set X the sets P(X) and 
X",né&w, are finite. For any finite signature L, therefore, there 
is only a finite number of systems of L with a finite carrier X. 
The procedure for verifying n-validity reduces to writing out all 
the systems of L(®) with carrier {1, 2, ..., 2} and verifying the 
truth of ® on each of the systems written out. As noted above, 
such a verification is carried out in a finite number of steps. LJ 

In a similar way to n-validity, 0 <n < w, one can define the 
x-validity of a formula ® for an infinite cardinal x. As is to be 
shown in Sec. 24, these concepts coincide for all infinite cardinals 
x. What other relations are there between the two concepts? As is 
shown in the next section, if a sentence @ is infinitely valid, then 
there is a number n, € w such that ® is k-valid for anyk > ny. The 
n-validity of a sentence ® for anyn ew, n # 0, does not in general 
imply (Exercise 4) the validity of @. Note that no complete 
description of the set 


S = {X ¢ wlX is equal to {nl® is n-valid} 
for some sentence ®} 


has yet been obtained. It is not even known if the set S is closed 
under the complement in the set w. We note here a simple fact. 
PROPOSITION 9. For any né€w,n > |, there is asentence ®, of an 
empty signature Ly (i. e. Ly = (DY, D)) such that &, is n-valid and 
1, is k-valid foranyk #n,k > 1. 
PROOF. We may choose as ®, a sentence 


dv, du,((7 vy = wWA(7 vy, = U,A(..A 7 
= v,)ee-)) A V Ug (¥g = v, V (... V Ug = v,)--.)). O 


THU a 


The formula V vu, W v,(P(v,) ~ P(v2)) contains no equality and 
function symbols, is 1-valid and is not n-valid for n > 1. Also 
easily constructed (Exercise 3) is a formula ¥, without equality 
and functions, which is k-valid for 0 < k < nm and which is not 
m-valid for m > n. It is impossible to construct the formula ®, of 
Proposition 9 without equality and functions in view of the 
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following fact (Exercise 5): if a sentence ® contains no equality 
and function symbols, then the n-validity of ® implies the 
k-validity of ® for anyk < n,k # 0. 


Exercises 


1, Show that for any finite signature © there is a procedure for determining 
from any finite sequence of symbols whether or not it is a formula of L. 

2. Let A be a homomorphism of a system %& of a signature © into a system B. 
Then for any atomic $(x,, ..., x,) € F(£) and any a, ..., a, € A we have Y & 
E O(a), ...,@,) = BE Sha, ..., ha,). 

3. Show that the following formula Y, is k-valid if and onlyifl << k <n: 
Jug... Fy 4 1 V Uo(V yy (7(v2, ¥y) — F(up, vj) V 

VG... V Wu (uy 4 1, Uy) = F(vg, ¥y)).--)). 

4. Show that the following formula is n-valid for anyn €w, 2 # 0, and is not 
simply valid: 

Jug Wy, 7 f(vy) = Ug — 39 I vj (f(v9) = f(v;) A 7 Up = vu). 

5. Suppose 0 < k'< n < w, a sentence ® is n-valid and contains no equality 
and function symbols. Then @ is k-valid. (Hint, Let Y = 4, where Y is a system 


of a signature L(#) with carrier {1, 2, ...,k }. Construct a system B 2 YF of power 
n by defining on a set B = {1, 2, ..., 1} predicates r of £(#) as follows: 


(ips sees bg) € yB(r) 2 Gy, rd) € v¥(r), 


where j, = i, if i, < k andj, = k otherwise. Then 8 — “@.) 


17. COMPACTNESS THEOREM 


The compactness theorem was proved by A. I. Maltsev in 
1936. It was also he who was the first to show its importance as a 
new method for proving not only theorems of mathematical logic 
but also those of algebra. We shall give a proof of the theorem via 
ultraproducts introduced by Los’ in 1955. 

Given a family of sets S = {X,lie 1} the Cartesian product of 
S is the set 

I-prod X, = (f:I—- UX,\fieX;}. 
ied 
For j € J, a mapping of J-prod_X; into X j assigning to an ele- 


ment f an element f(/) is called a projection of the Cartesian 
product on the jth coordinate and denoted by the same letter /. 


Compactness Theorem 11] 


Given a filter D on J we define on I-prod X; a relation 2 as 


follows: 
fee {lilfi= gijeD. 


LEMMA 1. A relation & is an equivalence on I-prod X;. 

PROOF. The reflexivity and symmetry of 2 are obvious. 
Let f 2 g andg 2 h. Then the set Y = {il fi = hi} contains the 
intersection of the sets {il fi = gi} and {il gi = hi} which are 
elements of D. It follows from (2) and (3) that Ye D. O 

A mapping assigning to an element f e€ J-prod X; a 
2 -equivalence class containing f will be denoted by the same let- 
ter D as the filter. The set 


D-prod X; = (Df | fe I-prod X;} 


is called a D-filtered product of sets X;, i € I. 

DEFINITION. A D-filtered product of a family of algebraic 
systems {Uli e 1} of a signature L is an algebraic system U = 
= D-prod Y; of £ with carrier A = D-prod A; and the following 
interpretation v™ of © in Y. 

(1) If ce F and p(c) = 0, then for fe J-prod A; 


Df = »%(c) @ {il fi = »™(c)} ED. 


2. IfseR U F, then for/,,...,f, ef-prod A; (Df,,..., Df, € 
ev"(s) @ {il<fi, ..., f,i) € e™(5)} © D, where n = p(s) ifse€ 
eRandn = p(s) + lifseF. 

We verify that this definition is correct, i. e. that the sets v™ (s) 
and v“(c) are independent of the choice of representatives f,, ... 
..., J, and f in the classes Df,, ..., Df, and Df. Indeed, let Y, = 
= {ilfi= gi} e€D,1< k <n. The sets W, = {il fii, ... 
sea Sni) € PM (S)} and W, = {il «gyi, ..., 8,1) © v™*()} have the 
same intersections with the element Y,M ... N Y,, of the filter D. 
Hence W, e D & W, & D. The correctness of (1) is similarly 
shown. To state that 2 is a system of a signature ¥ it is in addition 
necessary to show that y¥ (s) is an operation on A ifse F. Letse F 
and p(s) = n. For elements f,, ..., f, € J-prod A; we define f € 
e I-prod A; as follows: fi = v™(s) (Ki, .... f,/), i € J. Then 
(Df,, ..., Df,, Df) € v™(s). Suppose that for some g € J-prod A; 


we nave (Df, -+-» Df, Dg) € *(s). 
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Since y*i(s), ie 7, are functions, the set {i| fi = gi} contains the 
intersections of the sets {i(fji, ..., fyi, fid € v%i(s)} and 
(il Chi, --5 fyi, Bi) € v™i(s)} which are in D. Hence Df = Dg. 

A filtered product {7}-prod WU; is called a Cartesian or direct 
product of systems %,, i¢ J. We give an independent definition to 
this important special case. Let & = J-prod A; be a system of a 
signature £ with carrier A = J-prod A; and the following inter- 
pretation of L in A. 

(1) Ifc e F and p(c) = 0, then 


yvX(c)i) = v%(c). 
(2) If se R U F, then 
fis fy) € (5) & Ki, Fi) € v(S) for all ie J, 


where n = p(s) ifse Randn = y(s) + lifseF. 

It is clear that a mapping assigning to an element f an element 
{f} is an isomorphism of J-prod %; onto {/}-prod Y, and so 
without fear of confusion the system J-prod Y, will also be called a 
Cartesian of direct product. A Cartesian product /-prod WY, is 


often denoted by [J %or by, x... XU, if2 = (i, ...,8,) isa 
jel 

finite set. We point out a simple but useful fact relating Cartesian 
products to filtered products. 

PROPOSITION 1. For any filter D on I and any systems {U, lie I} 
of a signature £ a mapping D: I-prod A, ~! D-prod A; is a 
homomorphism of a system &X = I-prod U; onto a system A’ = 
= D-prod &,. 

PROOF. Suppose s € R U Fis not a constant and ¢/,,...,f,) € 
e v“(s). By the definition of a Cartesian product {i|<f,i, . 
sea fyi) € PM (5)} = I. Since I € D, we have (iI (fi, ... f,0) € 
E v4i(s)} € D, i. e. {Df,, ---, Df,) € »™ (s). The case where s is a 
constant is similar. 0 

In what follows, by a class we mean some property 9 of sets *. 
Sets satisfying a property © are elements of the class ©. In par- 


* Since we have assumed ZFC to be a basis, by a property @ we mean a pro- 
perty denoted by the formula 8(x, y;, ... , ¥,) of the signature (e?), where the 
variables y;,..., Y, are parameters. As a ‘‘code’’ of a class K defined via 
parameters a), ... , @, one may take a set ((¥,, @)), --- 5 (Yn, Gn), BOX, yy 

-»,Yn)), where ®(x, y,, -.. , ¥,) is a formula of the signature (e?) for which 
®(b, a, ..., @,) & (bis an element of K). 
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ticular, all sets form a class V which is not a set. The property of 
“being an element of a set X’’ defines the set X and so any set 
may be thought of as a class. Of course, one cannot treat classes 
as sets, one cannot, for example, consider the class of all sub- 
classes of a given class K. However, if K,, K, are classes, then one 
can define in an obvious way the classes K, 1 K,, K, U K, and 
K, \K,. Ifa is an element of K, then just as in the case of sets we 
shall say that a is a member of K or is in K and write a e K. 

Given some class K of algebraic systems of a signature L anda 
filter D on J, we say that K is closed under the D-filtered products 
if for any set (M,lie7} of systems in K we have D-prod U,e K. If 
for b(x,, ..., X,) € F(Z) we define K (&) to be a class of systems 
of a signature £ such that for all a,,...,a@,¢€A in U @(@,, ..., a,) is 
true, then it is easily verified that for an atomic formula ® the 
class K(®) is closed under any Cartesian products. By Propo- 
sition 1 and Exercise 16.2 K(#) is also closed under all filtered 
products for an atomic formula ®. As is to be shown in what 
follows, this is true not only for atomic formulas. If, however, D 
is an ultrafilter, then for any formula ® e€ F(Z) the class K (®) is 
closed under D-filtered products (Theorem 1 below). 

DEFINITION. A formula $(x,, ..., X,) is said to be D-filtering (on 
a set J) if for any set (%, lie} of algebraic systems of a signature 
L(@) and any Df, .... Df, € D-prod A; 


D-prod U; = @(Df,, ..., Df,) ¢ 
@ (1%, 64), ...,4 0) €D. 


If in this definition the implication = holds instead of #, then 
the formula © is said to be conditionally D-filtering. A formula 
is said to be (conditionally) filtering if it (conditionally) filters for 
any filter D. 

If y is an interpretation of some set of variables in J-prod A,, 
then by D(y) we denote the composition of y and D. By i(y) we 
denote the composition of and the projection on the /th coor- 
dinate. 

LEMMA 2. If ® and W (conditionally) D-filter, then formulas 
vx®, ax@ and ® A W (conditionally) D-filter. 

PROOF. Fix some interpretation y of free variables of a formula 
vx®@ in the set /-prod A,. 


8—191 
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Let (11%, = vx%[i(y)]} e D. Then for any fe J-prod A,, if we 
consider y’ 2 y such that y’(x) = f, we have 


{i1U, = S[i(y’)]} eD. 


If $ conditionally filters, then D-prod UX, = @[D(y’)] for any y’: 
FV(®) — I-prod A;, y ¢ y’, i. e. D-prod YU; = vxP[D(y)]. 

Suppose D-prod Y, = wx ®[D(y)] and # filters. Consider a set 
X = {ilU, = wx[i(y)]}. Choose a function f € J-prod A; such 
that forie J \ X we have UY, & 7 Ofi(y’)], where y’ 2 y, 
y'(x) = f. Then from the fact that @ filters and from D-prod YU, & 
= $[D(y’)] it follows that X = {i1U, = S[i(y’)]} €D. 

The cases of 3x and ®.A ¥ are similar and they will be left as 
exercises to the reader. (J 

LEMMA 3. Atomic formulas filter for any filter D. 

PROOF. Let (x, ..., x,) be an atomic formula of the form 
S(t, «+» Gy), where s € R, p(s) = m, t,, ..., t, are terms, let 
y: {x,, ....x%,} — I-prod A; be an interpretation of variables and 
Ff, = y1@), ie (1, ..., 2}. Then for &Y = D-prod Wf; 


Y= S(Df,, ..., Df,) & CH fyD], ..., MfyD]) € (5). 


By Proposition 1 and 16.1(b) we have t® [yD] = Dt? [y],1 <j < 
< m, where 8 = I-prod Y; and so 
(tP [yD], .... 1 [yD]) € v™(s) @ (DtP hy], --- 


wy DEB [y]) € (8) @ (AA IIN@, «-, B @) € eM (8)} € D. 
But Piyl@) = PG,» AIO = Hi, ....f,i) and so 
(Pi, -» SHI) € (5) 6 YE OKI,» F,0. 


Thus 
D-prod U, = @(Df,, ..-, Df,) @ (IY F OG, A) €D. 


The case where ® has the form ¢, = ¢, is similar. D0 
THEOREM 1.(Los’). Any formula ® filters for any ultrafilter D. 
PROOF, By induction on the length of &. Since the truth of the 
formulas 6 — ¥ and ® v ¥ is equivalent to that of 1(®@ A 4¥) 
and ~(4@A 7¥) respectively, by Lemmas 2 and 3 it suffices to 
show that —® D-filters for a D-filtering formula &. The property 
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© ¢ Dand Proposition 12.2 yield. X ¢€ D # I\ X €D. Therefore, 
from the fact that @ filters we get 


D-prod YU, = 3Sfy] @ (i/1Y, = Sfyi]j ¢ 
€D 4 (1% 7bfyiJJeD.0 


DEFINITION. An algebraic system Y of a signature ¥ is said to be 
a model of a set of formulasT of © if there is an interpretation y in 
A of variables occurring free in the elements of I such that &% & 
= [y] for all 6 eT. The set I is said to be satisfiable if T has a 
model. The set is said to be locally satisfiable if each finite subset 
of T has a model. 

Asa consequence of Theorem 1 we obtain the following very 
important theorem known as the compactness theorem. 

THEOREM 2. E'very locally satisfiable set T of a signature © is 
satisfiable. 

PROOF. Consider a set / of finite subsets of I. For i e J choose 
systems 2; of L and interpretations y, in A, of free variables occur- 
ring in the formulas of i such that &, = ®[y,] for all @ e7. Forie/, 
consider sets X, = {jeIli ¢ j}. The system of sets {X,lie/} isa 
family of sets with finite intersection property. Indeed, if ip, ... 
wy} elandj =i U... Ui, thenj eX, N ... N X;,. By Prop- 
osition 12.1 there is an ultrafilter D such that X, € D for allie J. 
For a variable x occurring free in some element of I' we define 
(x) e J-prod A, as follows: 


y(x)@) = ee if x € dom 7; 


an arbitrary a € A; otherwise. 


Let @ eT. It is clear that 
Xie, © (1M; S[yi]}. 


Since X,4, € D, we have (71%, & Sfyi]} e D. By Theorem 1 
D-prod YU, = &[yD]. 0 

Theorem 2 will be often used in the next chapters, especially in 
Chapter 5. Here we give a simple but sufficiently typical applica- 
tion of the theorem (see also Exercise 7). 

coroLiary 1. If for any née wa set of formulas T of a signature 
L has a model of power > n, thenT has an infinite model. 


8* 
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ProoF. We take an infinite set of symbols C for which C N 
NA (RU F) = © andlet LY, = (R, FU C, yw, >), where p, | (RU 
U F) = p» and p,(c) = 0 for c € C. Consider a set X = [TU 
U {1c = dlc,deC,c # d} of sentences of a signature L,. If 
Y=T, U (7¢, = d,,.... a¢, = d,}, where, ¢ Iisa finite 
subset of X, then Y is satisfiable in a suitably expanded model 2 
of I’ of power > n. By the compactness theorem X has a model Y. 
Since (c) # ™(d) for d, ce C,c # d, we conclude that Y is an 
infinite model of T. 0 

Since the set C in the proof of the corollary is arbitrary, we 
have in fact shown that under the hypothesis of Corollary | the set 
I has a model of a power exceeding any preassigned power. 


Exercises 


1. Show that a filtered product of partially ordered sets is a partially ordered 
set. 

2. Show that the Cartesian product K, x Ky of two fields cannot be a field. 
(Hint. There are zero divisors in K, x K2.) 

3. If all U;, ie J, are equal to a single system %, then the Cartesian (filtered) 
product J-prod %& (D-prod Y;) is said to be a Cartesian (filtered) power of 8 and 
denoted by 8/(8?). Show that 

(a) on all Cartesian powers 8/, with IJ| > 1, the following formula is false: 


J uy 3 (T(t) A (FY) A (7 = YAW (ry) - 
= (Uy = Uy Vy = 4))))); 


(b) a Cartesian power 8/, with carrier 8 and set J having more than one ele- 
ment, cannot be a linearly ordered set. 

4. Find nonisomorphic algebraic systems %&f and 8 for which the system U x 
is isomorphic to 8 x B. (Hint. Let 2 = (r!),A = B=, M(r) = w \ [(0}, 
P(r) = w\ (0, 13.) 

5. If D, ¢ Dy are two filters on a set J, then there is a homomorphism of a 
system D,-prod 8; onto D,-prod %;. (Hint. Consider a mapping assigning to an 
element D, f an element D,/.) 

6. Let D be a principal ultrafilter on J and NM D = {i}. Then a system 
D-prod &; is isomorphic to the system Yin. 

7. Let I be a set of sentences of a signature © such that for any algebraic 
system & of L there is a sentence ® eT true on Y%. Show that there is a finite set 
{%,,...,,] © I such that the sentence (4, v (#2 V ... V ®,)...) is an identically 
true formula. 


Chapter 4 


THE CALCULUS OF PREDICATES 


18. AXIOMS AND RULES OF INFERENCE 


We fix some arbitrary signature L. In this section we define the 
calculus of predicates of & (abbreviated CP*). 

Formulas of CP® are the formulas of L. Sequents of CP*® are 
sequences of the following four types: 


Dccet Do Wee Dag ag Dee ENS | ey 


where ®,, ..., ®,, ¥ are formulas of CP®. 
We adopt the following conventions. Let x,, ..., x, be 
variables, let f,, ..., 2, be terms of E and let @ be a formula of L. 


By (®)/)’ " we denote the result of substituting terms ¢,, ..., ¢, 


for all free occurrences in ® of the variables x,, ..., x, respectively. 


If there occurs (®);" "7" in the text, then it is assumed that for all 


i= 1, ..., nnone of the free occurrences in @ of a variable x, oc- 
curs in a subformula of ® of the form vy®, or ay, for y € 
Ee FV(t;). By [®}; we denote a formula (6. Whenever [@}; occurs 
it is in addition assumed that y ¢ FV(®). if a notation $(x,,...,X,) 
has already occurred in the text, instead of the cumbersome nota- 


tion (2% <1" we shall often write simply ®(¢,, ..., 4,). Notice 


that by the convention at the beginning of Sec. 16 the variables x, , 
w+ X, are pairwise distinct while there may be equal terms among 
| ener aa Sea 
DEFINITION. Axioms of CP® are the following sequents: 

(1) ® + 9, with ® a formula of CP; 

(2) + x = x, with x a variable; 

(3)x = y, @%F (4), with x, y, z variables, a formula of 
CP¥ satisfying the condition on the notation (®¥ and (#f. 

DEFINITION. The rules of inference of CP” are the following: 


PR@rey, 7 Fr eay, 
TREAY ' “ TRe ’ 
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3, PR eAY, gl eer Pie 
“Tey ’ : reY 
Teo | pti er. 
‘TRévy¥’ “Tree ' 
Prev: i, FE SPE 7S, 
“TReévy’ ; Te , 

6 PPE UNV STE OV, Wl r,é,¥,Pbr xX, 

, rex , “T,¥, 6,0) bX’ 
T,oérev. 2 Tree 
“TRé-¥W’ “TE oe’ 

. pe ee where x does not occur free in the elements of I; 
Trevx® 

14 re@reyv. 

“TyvxOe 

ee 

Trax® 

16. ee , where x does not occur free in ¥ and in the elements of I. 
T,axO+tv¥ 


Just as in PC, in the rules of inference @, ¥, X are variables 
for the formulas of CP and I’, T, are variables for sequences of 
such formulas. In Rules 13 to 16 formulas 6, ¥ and sequences 
must satisfy the indicated conditions as well as the conditions on 
the notation (@)*. Just as in PC, if in the rules of inference the 
variables @, YW, ®’ and the variables fT, I, are replaced by 
concrete formulas and concrete sequences of formulas, then in- 
stances (or applications) of the rules of inference result. If 6 is an 
instance of arule of inference a, then we shall say that the sequent 
in © below the line is obtained from the sequents in © above the 
line with the aid of the rule a. The following definition is an 
almost word-for-word repetition of the corresponding definition 
of PC. 

DEFINITION. A linear proof in CP” is a finite sequence Cy, ..., C, 
of sequents of CP® which satisfies the following condition: every 
sequent C,, i < n, is either an axiom or is obtained from some 
preceding axioms using one of the rules of inference 1 to 16. A 
linear proof C, ..., C, is called a linear proof of its last sequent 
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C, . If there is a linear proof in CP™ of a sequent C, then C is said 
to be CP*-provable or a theorem of CP®. A formula @ of CP® is 
said to be CP®-provable or a theorem of CP®* if the sequent + $ is 
CP*-provable. A tree D is said to be a tree form proof or a proof 
tree of a sequent C in CP® if all of its initial sequents are axioms 
of CP®, its passages are applications of Rules 1 to 16 and the final 
sequent is equal to C. 

The definitions of an admissible rule and of a quasiderivation 
coincide with the corresponding definitions of Sec. 3, with PC 
replaced by CP. 

PROPOSITION 1. A sequent C is a theorem of CP® if and only if 
there is a tree form proof of it in CP. 

proor. An almost word-for-word repetition of the proof of 
Proposition 3.1. 0 

A formula ¥ of CP® is said to be a tautology if it is obtained 
from a formula ® of the propositional calculus, provable in PC, 
by replacing all of its propositional variables by formulas of 
CP” ¥,, ..., ¥, respectively. The formula © is called the base of 
the tautology. 

PROPOSITION 2. Any tautology ¥ of & is CP*-provable. 

PprRooF. Let ¥ be obtained from a base ® by replacing its 
variables P,, ..., P, by formulas W,, ..., ¥, respectively. 

Let a tree D, be obtained from a proof tree D in PC of the se- 
quent + ® by replacing the variables P,, ..., P, by V,, ..., ¥, 
respectively and by replacing the other propositional variables by 
an arbitrary formula ¥, , , of L. It is obvious that D, is a proof 
tree of the sequent F ¥ in CP®. 1 

PROPOSITION 3. If ® is a formula of CP*, x,, ..., x, are variables, 
tL, .., 4, are terms of & and the conditions of the notation 


(a) VX)... VX,8F (8) ie Fie 
(b) (i so E F 3x, ...3%,9. 
PROOF. Let y,, ..., ¥, be pairwise distinct variables not occurr- 
ing in @ ort, ..., 4, and different from x,, ..., %,. 
(a) For all 1 < k < n we have an equation 
weeny XK 


Ny veey XE — 1\XK x1, 
(v Xeeact vx, (® Vis ey Vk = ve a V xX; 41°" Vv x, (2); sey Dk 
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and all the conditions on such a notation hold. Therefore the 
following tree is a proof in CP#: 
yy on Qn on 
Vixen (Oy REE Gy oe 
Vix, 1 VX_ PT BR BY cm 


yn — 2 Vives In 


VX)... VxX,RE $y) on 
Applying now Rule 13 1 times we obtain the provability in CP® of 
the sequent 


Vix, VX, BE VY WY, (BYP 


We denote the formula C2 Rae ae — ” by ¥. For ¥ then the condition 
on (Wh 77" holds. For all 1 < - <n we have 


(Ve 4 wes vy, Oi aera je nm Wee: WI Be 7? a 


and conditions on such a notation. Applying again Rule 14 n 
times we obtain the provability in CP® of the sequent 


Voi WO Ce 


Since (Wy mek = (8)? ee the following; tree is a quasi- 


derivation in epee : 


Vy VI, HE be 


EV. VY, em Came VX, ..VX,PE VY. VY, ¥ 


Vx VX, BR (Yb oy 


(b) The proof is similar to (a). Applying first Rule 15 several 
times we obtain the theorem 


(OC) ee aay, ©: 


n 


Applying then Rule 16 several times we obtain a theorem of CP* 


wt Y APE hee "bh AX, ... 9x, ®. (1) 


n 
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Applying again Rule 15 several times we obtain the provability in 
CP¥ of the sequent 


yrs ah Fay, ..4ay,¥, (2) 


where ¥ = (ey mei From (1) and (2), just as in (a), we obtain 


weg SV 


the provability in CPE of sequent (b). 0 
PROPOSITION 4. Admissible in CP® are rules (a) to (1) of Pro- 
position 3.2 and exercise 3.2, as well as the rule 


OBEY 
(® yuhe seek (® yh cn (yr: sey Xn 
1/ty, k/ty, Y, 


sel? woln vo ln 


(m) 


PROOF. For rules (a) to (m) the proof essentially coincides with 
the proof of admissibility of the corresponding rules of Sec. 3. 
(m) Let a sequent 4,, ..., 6, H YW be CP*-provable. Applying 
Rule 7 several times we obtain the CP® provability of the sequent 
bb — (8, — ... (& — W)...). 


Applying Rule 13 several times we obtain the provability of the se- 
quent 


L Vx, ... Wx, (8 — (6, — ... (& — V)...)). 


From Proposition 3 (a) and admissible rule (e) we obtain the CP* - 
provability uf the sequent 


F(® - (- . (& - ¥).. Mea (3) 


From (3) and the axiom (®)fP 7 7” F (®)7? "7" we obtain by 


wang: 


Rules 8 and 12 the sequent 
(®, ie a i F (8, = (..(& — WY). Nae oe nue 


Similarly applying Rule 8 some more times we obtain the pro- 
vability in CP® of the sequent 


(4, ie a -» (® yi ‘ aaa = Cy ae oO 

If C is a sequent of CP*, then the union of all sets FV(®), 
where @ is a formula in C, is said to be a set of free variables of C 
and denoted by FV(C). 


122 The Calculus of Predicates 


DEFINITION. Let C be a sequent of CP*, an algebraic system 
of i and y an interpretation of variables of FV(C) in a set A. The 
sequent C is said to be true in & for the interpretation y (and we 
write & & C[y]) if and only if the following conditions hold: 

()if C = Tb Y, then either Y & V[y] or XY & 7G[y] for 
some formula ® inT; 

(2) if C= Tr, then &% = -&[y] for some formula # in T; in 
particular, I is a nonempty sequence. 

If the sequent C is not true in Y for y, then we say that C is 
false in X for y. It follows from the definition that the sequent + 
is false on any algebraic system .. 

DEFINITION. A sequent C of CP® is said to be identically true if 
YU & C[y] for any algebraic system of L and any interpretation y: 
FV(C) — A. 

It is clear that for a sequent C the property of being true is in- 
dependent of what CP? it is treated in (i. e. of L). 

Our main aim in this chapter is to prove the following 
remarkable result due to K. Gédel: the class of CP¥-provable se- 
quents coincides with the class of identically true sequents of CP®. 
This statement is called the completeness theorem for the calculus 
of predicates. One part of it is easily proved. 

THEOREM 1. All CP®-provable sequents C are identically true. 
In particular, CP® is consistent, i. e. not all formulas of CP® are 
CP -provable. 

PROOF. By induction on the height of the tree form proof of a 
sequent C. It is obvious that the axioms of CP® are identically 
true. Verification that the Rules of inference | to 16 remain iden- 
tically true will be left as an exercise to the reader. 

Notice only that to verify Rules 14, 15 we should first establish 
the following fact. Suppose that # is a formula, ¢ is a term and the 
notation (#)¥ has meaning. Let X = FV(*), Y = FV((#);), 
yiX—A,y*: YA andyl (XX {x})=y*l (YX {x}). Then 

YE Oly] e Ue (SY [y*], 
if x[y] = ¢[y*]. This fact is established by induction on the length 
of $0 


The second part of the completeness theorem is to be proved in 
Sec. 21. To do this we must first obtain a sufficient number of 
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CP* -provable sequents. The following proposition shows that the 
ordinary properties of equality are CP” -provable. 
If t,, ..., ¢,, ¢ the terms of L, x,, ..., x,, are variables, then 


(t); ie e nes denotes the result of substituting ¢,, ..., 4, for x, ..., X, 


Siaedivay. 
PROPOSITION 5. If f, Gy 53 Qyy +++) 3 Spy +++) 5, are terms of L, P is 
a formula of CP® satisfying the conditions on Gy a epee and on 


ey : ee , then the following sequents are GPE siavabie: 


ay Fret; 
(b)t=qrq=t, 
(t= =qQq=srt=s; 
(d) q, = 5, dn = Sy a eo eee ae = (t ae es 
(2) 4, ~ 5, 5G, = in» (PY, a ory b eer on 
PROOF. (a) The ee Kt = - is obtained feo the axiom 
+x = x by the derived rule (m) of Proposition 4. 

Let x, x,, y, z be pairwise distinct variables. Consider the tree 

Exe X= YZ = XR (= XH 

Xx=yrRy=xX : 
= qd kr qd = 


Since its initial sequents are axioms and its passages are applica- 
tions of the rules of Proposition 4, the tree under consideration is 
a quasi-derivation of sequent (b). The provability of (c) is obtain- 
ed in a similar way from the quasi-derivation 
Y= 2% = Xb & = xyz! 
X=YYrTZEX=Z 
=Qq=sSstt=s , 


Let y,, «+65 ¥,3 29 +++» %, be pairwise distinct variables different 
from x,, ..., X,, not occurring in terms q,, .--, GJ,» Sj, ++) 5,, and 
in the formula &. From (a), Proposition 4(c) and from the fact 
that the terms (¢)*! and (@ ae are equal it follows that the tree 


b WF = Oss = a. OF = (OF nt (08 * (08 


Y= Aye (Oy = (2 Bt 
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is a quasi-derivation in CP. If nm > 1, then by Proposition 4(m) 


the sequent y, = Z, + Coe mm (8 ae is CP®-provable. Apply- 


ing to that sequent and to the axiom 


me X1,%2 XI, x2 X1,X2 2 (p)¥1 x2 
Yn * 2» 5052 if (zr 22 peo: = 8 ee y 


Rule (4c) of Proposition 4 we obtain the sequent 


Wx WA BE (OM = OAD: 
On carrying out a number of such steps we obtain the provability 
in CP® of the sequent 


By Pkt Se Sle ae ee ye es 


From this we obtain by rule (m) of Proposition 4 sequent (d). 


j j X15 X25 vey Xn Hytl *2, on ee 
(e) Since an equation (@ Mas 0) Ae = (@ Ven es is true, 


the sequent 


= X1,X2,.- a X15 X25 vey Xi 
yy ~ 2; C2 aes ae (yz 52, eva 


is an axiom. If nm > 1, then from this axiom and the axiom 


a, X1, XQ, 000, Xn X1, XQ) -00y Xn\V2 
oS ea oT (Pye 92) ae (Cc Zp V2r oy Yn) 29 


we obtain by Rule 4(e) ' 


= = 1, X25 X3, vey X 1X2, X3, v1) Xn 
Vy ~ 2%. = WE ‘V1, Y2, 3, cove r@ Zl, 22s V3, ey Yn" 
On carrying out a number of such steps we obtain the provability 
in CP of the sequent 


as X]y very X XY 5 885.50 
of aie In * Zys (PY, FR aah) Prauate 


From this by Proposition 4(m) we obtain the CP® provability of 
sequent (e). (1 

The following theorem is, of course, a consequence of the 
Gédel theorem mentioned above, but it is also easy to prove 
directly. 

THEOREM 2. If L, € L, then CP® is a conservative extension of 
CP®*), 
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prooF. Let D be a proof tree in CP” of a sequent C which is 
also a sequent of CP*!, Let y be a variable occurring in none of the 
formulas of D. We define a mapping 6: T(L) ~ T(Z,) by induc- 
tion on the length of a term ¢ € T(Z): 

(a) if t is a variable, then 6¢ = f; 

(b) if t = f(t,, ..., 4,), where fis a symbol in £,, then 6f = 
Sof (Oh <5 Ob) 

(c) iff = f(t, ..., t,), where fis not a symbol in L,, then 6¢ = 
= y. 

If @ is an atomic formula of £, then let 6@ be: (a) a formula 
r(6t,,.--, 6t,)if ® = r(t,, ...,¢,) and ris a symbol of £,; (b) a for- 
mula 6f, = 64, if 6 = 4, = 4; (c) a formula vy(y = y) if o = 
= r(t,,...,¢,), where ris not a symbol of L,. For any formula ® 
of £ we define a formula 6% of L, to be a result of replacing in the 
formula ® all atomic subformulas W by 6W. Let 6D be obtained 
from D by replacing all sequents V,, .... ¥, + ® and W,, ... 
wy YW, & by 6W,,..., 6%,  6W and 6¥,,..., d¥, b respectively. 
It is obvious that the initial sequents of 6D are axioms of CP®. It is 
easy to verify that all passages in 6D are applications of the same 
rules as the corresponding passages in D. Indeed, verification for 
Rules 1 to 13 and 16 is trivial, and for Rules 14 and 15 it is first 
necessary to notice by induction on the length of @ (taking into ac- 
count x # y) that 6(@) = (6) for which in turn it is necessary to 
establish by induction on the length of a term ¢, for any term ¢, the 
equation 5(t, YF, = (6t,)5,,- Since 6 = © for all formulas ® of a se- 
quent C, 6D is a proof of Cin CP™!. 0 

In what follows we shall freely use Theorem 2 to avoid men- 
tioning CP® when the provability of some sequent C is discussed. 
In particular, we shall say that a sequent C is provable in the 
calculus of predicates or simply provable if C is provable in some 
CP®, 


Exercises 


1. Let a signature £ contain propositional variables of PC as 0-place predicate 
symbols. Show that CP is a conservative extension of PC. (Hint. Use the com- 
pleteness theorem for PC and Theorem 1.) 

2. Show that if in one of the Rules 13 to 16 we drop the restriction on the ap- 
plication of that rule (in particular, if for Rules 14 and 15 we drop the condition on 
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the notation (#)*), then a not identically true formula is provable in the calculus 
obtained. 

3. Show that if in all of the Rules 13 to 16 we drop all the restrictions on the 
application of those rules, then all the theorems of the calculus J obtained will be 
l-valid, and in particular J will be consistent. 


19, THE EQUIVALENCE OF FORMULAS 


All the properties of algebraic systems under study are in- 
variant under an isomorphism; on the other hand, many proper- 
ties of formulas of interest to us are invariant under the 
equivalence relation defined below. 

We fix for further purposes an arbitrary signature L. In this 
section all formulas and algebraic systems have a signature © and 
proofs are considered in CP®. 

DEFINITION. Formulas ® and W are said to be equivalent (and we 
write @ = W) if two sequents, @ + W and W + ® are provable. 

It is obvious that the relation = is an equivalence on the set 
F (2) and that all provable formulas of F(Z) form one equivalence 
class. By Theorem 1, for any formulas ® = W, any system % and 
any interpretation y: FV(®) U FV(¥) ~- AY & &[y] implies Y & 
= ¥[y]. 

Notice that by Theorem 2 the relation ® = W is independent of 
x. 

DEFINITION. Formulas ® and W are said to be propositionally 
equivalent (and we write 6 = WV) if @ — VW and ¥ — @ are 
tautologies. 

From Proposition 18.2 and Rule 8 we obtain 

PROPOSITION 1. Propositionally equivalent formulas ® and ¥ 
are equivalent. (1 

PROPOSITION 2. If ®, W are formulas and x does not occur free in 
V, then the following equivalences hold: 

(a) 79 Ix? =vwvx 8; 

(b) n> Vx@=43x-7 8; 

()AXxPAV HS IAx(PAYW); 

()vVvxPBAV =VX(PAY); 

(daxPvVY = ax(Pv W); 
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(\hvyvx@V¥ =vxO@vy); 

(g) vx? = v y[Pp; 

(h)ax@® 

PROOF. We give quasi-derivations for equivalences (a), (c), (e) 
and (g), leaving the verification of the rest to the reader. 


Ml 
wi 
. 
aca 
Es 


A O@+ A @+ 
(a) Vxr@+ 736 @r3axd 
Pr raAvx ne na4axd+ 76 
axPt raAvxa® 73x@t+vxi8 
Vxr@p 4x6” AVvVx@raxne 
V,PROAY 


(c) ee 
V,PBRAX@AY) 


W,axPr ax(@AYV) 
IxdeV—ax@ayW 
KF axd—-(V-—AX(PAV);IxOAVr AX 
IxPAVEV-—3IX(AY) IxPAVEY 
IXPAVRAX@AY); : 


PAVE 

PAVE IXGEAVEY 
PAVE AXOAY 

ax(@AV)FaAx®AY 


(e) @revy 
@rax(@v vy) Yrevy 
ax@VVRAXPVY Axe AxXxEVYV); Yr Ax ene) 
axP@VYrAx(Pv vy) 


@r oe 
eax od 
®@VVF EVE; SF IXOVY; YRrIAXOEVY 
@vVWraxdvy 


aIx(@@VVYKaxOvY 
[e], & [8]; 
vxébr [8]F 


vxdr vy [a 


Before proving the last sequent notice that [e}. = ®, This equa- 
tion follows from the conditions on the notation [e}. 
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[len f+ & 
vy (er & 
vy [e]pr vx@.0 


PROPOSITION 3. All the equivalences of Secs. 4, and 5 hold if ®, 
and ¥' are assumed to be formulas of ©. 

PROOF. Obvious since replacing the propositional variables by 
the formulas of CP® changes the proofs in PC into the proofs in 
cP*. 0 

THEOREM 3 (Replacement). Jf a formula ® is obtained from a 
formula V of © by replacing some occurrence of a subformula ¥’ 
by a formula ®’ of Land ®’ = WV’, then? = W. 

PROOF. By induction on the length of ¥. If ¥’ = W, then the 
statement is trivial. If YW = “WV, or VW = V,7W,, where7ve [A, V, 
—}, then the proof of the induction step is similar to the cor- 
responding cases of the replacement theorem for PC (Sec. 4). 
Thus to complete the proof it remains by the induction hypothesis 
to treat the cases where W is of the form Vx ¥’ or 3x ¥’. Under 
the hypothesis the sequents ®’ + W’ and W’ + ®’ are provable. 
By virtue of the symmetry of ®’ and W’ it suffices to prove two 
sequents: Wx’ + Wx’ and axV’ + 3x’. We give their 
quasi-derivations: 


VW’ ®' WV’ 
Wx¥ Fr ®’ | WV’ Axo’ 
vWx¥  vxe!’ axW’ axed’ 


In defining the truth of formulas on systems, bound occur- 
rences of variables play an entirely different role from that of free 
occurrences. In particular, verification of the truth of the for- 
mulas Vx ® and vy [?}; is the same. In the remainder of this sec- 
tion we show that replacing bound variables transforms a formula 
into an equivalent formula if under the transformation a new oc- 
currence of the variable is bound by the same occurrence of the 
quantifier and no free occurrence of a variable becomes bound 
under such a replacement. We proceed to precise formulation of 
such a transformation. 

DEFINITION. A formula ® is said to be obtained from a for- 
mula W by replacing a bound variable if ® is obtained from ¥ by 
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replacing some occurrence of a subformula Qx¥, by a formula 
Oy [¥,]}} (here Q € {v, 3} and the conditions on the notation 
[y, \ hold). We say that formulas ® and W are congruent (and 
write @ ~ W) if there is a sequence of formulas ®, ..., ®, such 
that @, = @,&, = Wands, , ,, k <n, is obtained from &, by 
replacing a bound variable. 

EXAMPLE. Consider formulas ® = VW v, 3 u,r(v,, v,) and ¥ = 
= Wu, J v,r(v;, v,). The sequence 


Vv, 4 vr (v,, U3), Vv, Jury, Wy), 
V vy J upr(vy, U9) Vv; 3 vyr(v;, v2) 


shows that ® ~ W, 

PROPOSITION 4. (a) The relation ~ is an equivalence on the set of 
formulas of x. 

(b) If @ ~ VW, then d = ¥. 

PROOF. (a) It follows from the property [[y, Be = W, for any 
formula ¥, for which the conditions on the notation [¥, ly hold 
that if ¥ is obtained from ® by replacing a bound variable, then 
is also obtained from ¥ by replacing a bound variable. From this 
we obtain the symmetry of the relation ~. The reflexivity and 
transitivity of the relation ~ are obvious. 

(b) By the replacement theorem it suffices to show that 
QOx¥, = Qy [v]), Q € {v, 3}. But this follows from Proposi- 
tion 2 (n), (h). O 

As already noted, we shall be interested in formulas mostly 
‘up to’’ an equivalence, and so notation will be allowed of the 
form @, A... A ®,, VW ,, etc. and others from which the for- 

kgn 
mulas are ambiguously reconstructed but equivalent formulas are 
obtained with any bracket arrangements. 


Exercises 


1. Show that the relation = is an equivalence on F(Z). 

2. Prove statements (b), (d), (f) and (h) of Proposition 2. 

3. Show that for any formula ® and any variables x,, ..., x, there is a formula 
W such that ¥ = ® and {x,,...,x,} & FV(¥). 


9—191 
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20. NORMAL FORMS 


Since we shall be concerned mostly with formulas ‘‘up to’’ an 
equivalence, it is useful to choose such subsets P ¢ F(Z) of for- 
mulas that are constructed as far as possible more simply than ar- 
bitrary formulas and in such a way that for any ® € F(Z) there is 
W e P for which @ = Y. Some of such subsets will be defined in 
this section. 

We shall say that a formula ® of £ is in disjunctive normal 
form (abbreviated dnf) if it is obtained from a formula ¥ of the 
propositional calculus which is in dnf by replacing all proposi- 
tional variables P,, ..., P, occurring in ¥ by some atomic for- 
mulas ®,, ..., &, of L respectively. 

DEFINITION. We shall say that a formula ® of © is in prenex 
normal form if it has the fori 


Q, x,» Ox, 25 


where Q;, 1 <i <n, are quantifiers and %, is in dnf. In this case 
, is called the matrix of the formula ® and Q)x%, ..., O,X, is its 
quantifier prefix. 

THEOREM 4. For any formula © of © there is a formula ¥ of & 
which is in prenex normal form and equivalent to ®. 

PROOF. By Proposition 19.3 formulas ®, — ®, and 44, v #, 
are equivalent for any %,, ®, e F(L). Hence for any & € F(Z) it is 
possible to obtain a formula ¥, = & containing no — sign by ap- 
plying several times Theorem 3. We show by induction on the 
length of a formula ¥, containing no — sign that there is ¥, = VW, 
of the form 


Qi ++ OH Ys, 


where ¥, is a quantifier-free formula, and the length of ¥, is equal 
to the length of ¥,. If ¥, is quantifier-free, then we take V, as V,. 
If ¥, = QxW’, then the required ¥, exists by the induction 
hypothesis and Theorem 3. Thus it remains to consider the cases: 
(1) ¥, = a’ and (2) ¥, = (¥’7¥"), re (A, VJ, where ©’ has 
quantifiers and is in the form Q)x, ... Q,x,X, where X is a 
quantifier-free formula. (Here we have used the equivalence 
(¥'’r¥") = (¥"rV’) so as to state that ¥’ has quantifiers.) Let 
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Ww’ = 3xW,, The case with the other quantifier is treatzd quite 
similarly. From Proposition 19.2(a) we obtain for case (1) an 
equivalence VW, = Wx — W,. The required W, for case (1) then 
exists by the induction hypothesis and Theorem 3. Consider case 
(2). Let y be a variable not occurring in ¥,. From Proposi- 
tion 19.2(h) and Theorem 3 we have ¥, = (3 YIN TW"). From 
equivalences (c) and (e) of Proposition 19.2 we obtain vy, = 
= 3 y((¥, is TW”). The required ¥, can now be found by the in- 
duction hypothesis and Theorem 3. 

To complete the proof of the theorem, it is necessary by 
Theorem 3 to find #’ = ¥, in dnf for a quantifier-free V,. To do 
this we replace all atomic subformulas ®, ..., &, of Y, by pro- 
positional variables P,, ..., P,, respectively and obtain a formula X 
of the propositional calculus. Let X, be a formula of the proposi- 
tional calculus in dnf with the same variables as in X for which 
X, - X and X + X, are theorems of PC. Let ®’ be obtained 
from X, by replacing Pp, ..., P, by By, ..., ®, respectively. Then 
’ = W, and so by Proposition 19.16’ = ¥,. 0 

DEFINITION. We say that formula ® of £ is in reduced normal 
form if all of its atomic subformulas are atomical. (See Sec. 16 for 
the definition of an atomical formula.) 

PROPOSITION 1. For any formula ® of © there is a formula ¥ of 
Y in reduced normal form. 

PROOF. By Theorem 3 it suffices to prove the proposition for an 
atomic formula &. We proceed by induction on the number n(®) 
of occurrences of signature symbols in ®. If n(®@) < 1, then @ is an 
atomical formula and there is nothing to prove. If n(®@) > 1, 
then there is an occurrence of a term ¢ of the form f(y;,, ..., uj,) in 
®. Hence 6 = (®’), where ®’ is obtained from ® by replacing 
this occurrence by a variable y not occurring in ®. 

The following quasi-derivations: 


@+ @t+tr-t y=t,®’t oe 
Sr @' Ay = ty ®’Ay=tt+ & 
EL ay’ Ay =t)’ Jy’ Ay=t)h & 


show that ® = 3 y(®’ A y = ¢). Now we apply the induction 
hypothesis to 6’ and Theorem 3.0 


Q* 
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Notice that in Theorem 4 it is possible to require without 
changing the proof that the formula W should be in reduced nor- 
mal form if ® is in reduced normal form. Therefore we have 

COROLLARY 1. For any formula ® of £ there is a formula © of © 
which is in prenex reduced normal form and is equivalent to ®. 

In what follows, instead of ‘‘prenex (reduced) normal form’’ 
we Shall write ‘‘prenex (reduced) nf’’ for brevity. 


Exercises 


1. Show that in Theorem 4 it is possible to require that formulas # and ¥ 
should have the same number of occurrences of quantifiers. 

2. Show that in Theorem 4 it is possible to require that © should have the 
form: 


Ax Vx; oe DX, 1 VX, Y. 


3. Verify that in Theorem 4 and Proposition 1 it is possible to require that 
FV(®) = FV(®). 


21. THEOREM ON THE EXISTENCE OF A MODEL 


DEFINITION. A set of formulas X of £ is said to be inconsistent 
or incompatible if in the calculus of predicates a sequent T+, 
where all elements of I are in X, is provable. Otherwise X is con- 
sistent or compatible. i 

Note some simple properties of the notion. 

PROPOSITION !. (a) An empty Set is consistent. 

(b) If X is a consistent set of formulas of X and in the calculus 
of predicates a sequent ®,, ..., ®, + &, where 6 € F(L), & € 
eX, ..., ®, € X, is provable, then X U (®} is consistent. 

(c) If X U {3x ®} is consistent, then X U { [ey } is consistent 
provided y does not occur free in the elements of X. 

(d) If X,, n € w are consistent sets and X, © X, 4.1, Ew, 
then X = ) X, is consistent. 

(e) If X is a consistent set of formulas of L, then for any ® € 
e€ F(L) either X U {®} or X U {79} is consistent. 

PROOF. Statement (a) follows from Theorem 1. Statement (d) is 
obvious. If ®,, ..., ®, & @ is a theorem of the calculus of 
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predicates, then the provability of the sequent ¥,, .... ¥,, ®r 
implies that of ¥,, ..., ¥,, ®,,..., &, +, so that (b) holds. If the 
sequent ®,, ..., ®,, [B]* + is provable in the calculus of predicates 
and y does not occur free in any of the formulas @,, ..., ®,, then 
by the rule of Proposition 18.4(d) and Rule 13 we obtain the pro- 
vability of &,...,6 - Wy a [%]}. Then it follows from Pro- 
position 19.2(g) that a sequent ®,, ..., ®, H Vx 7 @is provable. 
From Proposition 19.2(a) it then follows that #,, ..., ®, 
Fk - 3Xx® is provable. Using now Rule 10 and the axiom 3x ® t 
+ 3x ® we see that ,, ....®,, 3x 6 + is a theorem of the 
calculus of predicates, whence we obtain (c). If ,,..., ®, ® + and 
V,,..,%, TPF are theorems of the calculus of predicates, then 
by Rule 9, Proposition 18.4(d) and Rule 10 we obtain the pro- 
vability of the sequent ®,,,..,®,, ¥,,.-., WF, i. e. (e) holds. 0 

We now proceed to prove one of the most important theorems 
of mathematical logic. 

THEOREM 5 (Existence of a Model). Any consistent set X of 
formulas of & has a model. 

PROOF. By the compactness theorem (Sec. 17) it may be assumed 
that X is a finite set. Let x,, ..., x, be all variables occurring free in 
the elements of X = (W,,..., VW, }. Since if X is satisfiable, X’ = 
= (4x, ... 3x, (0A... A ¥,)) is satisfiable, it may be assumed 
that X consists of a single sentence. Finally, © = <(R, F, ») may be 
assumed to be finite. (If L is infinite, then it is necessary to take a 
restriction of L on the set of symbols occurring in the element X.) 

Let C = {c,|n €w} bea set of symbols, c, # ¢, form # k and 
CN (R U F) = ©. Let £, be obtained by adding to £ the 
elements of C as symbols of new constants. Since formulas of £, 
are words of some countable alphabet, the set of all formulas of 
L, has a countable power. Let {@,|n € w} be the set of all 
sentences of L,. 

We construct a sequence 


Ap GA Gee, tes Wed; 


of finite sets of sentences of L, as follows: 
1, X) = X. 
2. If X, U {®,} is inconsistent, then X, , , = X, U {79,}. 
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3. If X, U [(#,} is consistent and $, does not begin with 
existential quantifier, then X, , , = X, U [4,}. 

4. If X, U (@,} is consistent and @, = ax’, then X, , , 
= X, U (,, (®’%, }, where c, € Cis a constant with the least k, 
not occurring in ® and the elements of X,. 

Set X, = U X,. We establish some properties of X,,. Let & 
and W be arbitrary sentences of £,. 

(a) X,, is consistent; 

(b) either be X or 9 PE X,; 
(c) if %,,...,6,¢X, and ,,...,6, + is provable, then @ e€ 
EX; 
()@AVEX, & SEX, and Ve X,); 

()PVVWEX, o (bEX, or VEX,); 

(f) 79bEX, @ DEX; 

(g)6- Vex, © EX, or VEX,); 

(h) axdeX, & (bi € X, for somece C); 

(i) VvxbeEX,  ((&) eX, for anyceC); 

(j) if fis a closed term of L, thenc = te X,, for somece C. 

To prove (a) it suffices to establish by Proposition 1 (d) that 
X,,,n € w are consistent. We proceed by induction on n. Under the 
hypothesis X, = X is consistent. Let X,, be consistent. If for %, 
Case 2 holds, then X, , , is consistent by Proposition 1(e). In 
Case 3 X, , , is consistent under the hypothesis. Let X, U 
U {3x’} be consistent and suppose that D is a proof tree in 
CP*! of a sequent Vise, UY, xB’, [b’}x t where c € C does 
not occur in the formulas ¥,, .... ¥,, ax ®’. Let y be a variable 
not occurring in D and D’ be obtained from D by replacing all oc- 
currences of c by y. It is obvious that D’ will be a proof in CP*! of 
the sequent V,, ....¥,, ax ®’, [®’}} t+, which contradicts Pro- 
position 1(c). Property (a) is thus proved. Property (b) follows 
immediately from the construction of X,,, since’ = ®, for some 
néw. Property (c) follows easily from properties (a) and (b). Prop- 
erties (d) to (g) follow easily from properties (a), (b) and (c). We 
prove property (h). Let ®, = ax. If axb e X,,, then by Property 
(a) X,, U {®,} is consistent and so by construction (@k e X, 4 | 
for some c € C. On the other hand, since (6 + ax@ is a theorem 
of the calculus of predicates, it follows from (®)< € X,, and proper- 
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ty (c) that x € X,,. We prove property (i). If Vxd e X, andce 
€ C, then from the axiom (®)F + (#)* we obtain by Rule 14 a 
theorem Vx® + ()*. From this, by property.(c) we obtain (®)* € 
eX. If wxd ¢ X,, then by property (f) > wx € X,,. From the 
equivalence 1 vx@ = 3x ® and (c) we obtain xn Ge X,. By 
property (h) (1 ® € X,, for some c € C. Then by property (f) 
($y ¢€ X,,. We now prove the last property, (j). By Proposition 
18.5(a) F(x = y)} is a theorem of the calculus of predicates. By 
Rule 15 + 4ax(x = f) is also a theorem. Now (j) follows from (c) 
and (h). 
We define the relation ~ on the set C as follows: 


c~dec=dex,. 


It follows from property (c) and Proposition 18.5 (a) to (c) 
that ~ is an equivalence on C. If c € C, then we denote by ca 
~-equivalence class containing c. We proceed to define an 
algebraic system & = (A, ™). Let A = {cle € C}. The 
signature of % is ZL, = (R, F U C, p,). We define an interpreta- 
tion ™ of L, in A. Let c,d, ..., d,€C. Then 

(1)  (c) = C; 

(2) <d,,...,.d,) € m@(r) @ r(d,, ..., d,) € X,, where r € 
ER, u(r) = 7; = . 

(3) if fe F, u(f) = n, then ™(f)d, ...,d,) = c ec = 
=f(d,,..464)EX,. 

The correctness of defining the predicates of 2 by point (2) 
follows from property (c) and Proposition 18.5(d). We verify that 
if f e F, then point (3) is indeed a definition of an operation on A. 
Letc = f(d,,...,d,)EX,, ¢' = f@, -, &,) € X, and d, = 
=@,..,d,=6@. Thend =~ ¢ee€éX,,..,d,> 6 EX,, from 
which by property (c) and Proposition 18.5(d) f(d,, ..., d,) = 
= f(e,, ..., e,) € X, and hence, by property (c) and Proposition 
18.5 (b) to (d),c = c’ EX,, i. e. ¢ = c’. On the other hand, for 
any d,, ..., d, € A property (j) yields c = f(d,, .... d,)¢ X,, for 
some ce C, i. e. &(f) is defined at any a,,...,@, € A. 

We show by induction on the length of a closed term ¢ of £, 
that 


tM=cec=tex,. (1) 
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If ¢ is a constant in C, then (1) follows from the definition of the 
relation ~ and point (1) of the definition of »™. For terms ¢ of the 
form f(d,, ...,d,), where d,, .... d,€ Cand fe F (in particular, 
when f¢ is a constant of £), equivalence (1) follows from point (3) 
of the definition of ™. Lett = f(t,, ...,t,), fEF, u(f) =n > 1 
and r! = d,, ..., & = d,. By the induction hypothesis d, ~ t, € 


éeX,,...,d, ~ t, € X, and so from Proposition 18.5 (d) and 
property (c) we get 
S(t, 56) =S(d,-,0,)EX,. (2) 
By the definition of »™(f) we have 
tM=Cec=f(d,,...,d,)EX,. (3) 
From (3), (2), Proposition 18.5 (b), (c) and property (c) we 
obtain (1). 
By induction on the length of a sentence @ of L£, we show that 
Ae doe dex. (4) 


If 6 = ¢, = 4G, then according to (1) we have 
YE be c=~t4eEexX,,c=theEx, forsomeceC). 


From this by Proposition 18.5 (b) to (d) and properties (c), (j) we 
obtain (4) for this case. Let @ = r(t,, ..., t,), ré.R, and t! = 
=d,,...,t% = d,. Using the definition of ™(r), (1), Proposition 
18.5 and property (c) we obtain (4) for such ®. For the remaining 
sentences ® equivalence (4) follows immediately, from the induc- 
tion hypothesis and the corresponding properties (c) to (i). 

Since X ¢ X,, it follows from (4) that & is a model for a set 
xX.O0 

A consequence of the above theorem is 

THEOREM 6 (G6del’s Completeness Theorem). If ® is an iden- 
tically true formula of the calculus of predicates, then ® is 
provable in the calculus of predicates. 

PROOF. Since ® is an identically true formula, it follows that the 
set { 7} has no model. From Theorem 5 we see that { > ®} is in- 
consistent, i. e. 1 ®t is a theorem of the calculus of predicates. 
Using Rule 9 we conclude that ® is provable. 0 

The proof of Theorem 5 gives us the following fact: a finite 
consistent set X of formulas of £ has a finite or countable model 
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%. Unfortunately, the compactness theorem we have used for an 
arbitrary set _X tells us nothing about the power of a model for X. 
However, the power of the method of proving Theorem 5 allows 
us to do without the compactness theorem and at the same time 
acquire information about the power of the model obtained. We 
first introduce one notion. 

DEFINITION. A set of sentences X of L is said to be complete in L 
if X is consistent and for any sentence % of L either @e X or 7"PeE 
Ee X. 

PROPOSITION 2. Any consistent set X of sentences of & is con- 
tained in some complete-in-& set of sentences Y. 

proor. Consider the family P of all consistent sets of sentences 
of £ containing X. The inclusion relation C partially-orders the 
set P. It is obvious that the union of any chain of <P, C > isin P. 
By the maximum principle (P, ¢ ) has a maximal element Y. It 
follows from Proposition | (e) that Y is a complete-in-2 set. 0 

THEOREM 7. If an infinite set X of formulas of © is consistent, 
then X has a model X& of a power not greater than that of X. 

PRooF. Let FV(X) be all variables occurring free at least in one 
of the formulas of X. Consider a set C’ = {c, |x e FV(X)} of 
symbols such that c, # C forx # yandC’ N (RUF) = ©. Let 
£(X) be a signature all symbols of which occur at least in one of 
the formulas of X. Suppose that L) is obtained from L(X) by ad- 
ding elements of C’ as symbols of new constants. By Corollary 
13.1 1Z,1 < |X|. Replace in all the formulas of X all free occur- 
rences of the variables x e FV(X) by constants c, € C’ respective- 
ly. It is clear that the obtained set X’ of sentences of Lp has a 
model if and only if X has a model. The set X’ is SOnsitent * In- 
deed, suppose that D is a proof tree of a sequent (®, Vere ae 

vo (YG, > where ®, ..., & € X and cy), «.., Cy, are all 
constants of C’ occurring in D. On replacing the constants 
Cyy> «++ Cy, by variables y,, ..., y, not occurring in D, we obtain a 


proof D’ of the sequent C7 aes vn waey (De ie bie -. Applying 
Proposition 18.4 (g) (after first asa one of he formulas to 


* For reasons that are to become clear at the end of this section we are giving 
here a proof which is not based on Theorem 5S. 
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the right with a negation sign) we obtain the provability of ,, ... 
..., ® -, which contradicts the compatibility of X. 

We proceed to construct sets of sentences X,, n € w, and 
signatures L,, n € w. The following conditions will hold: 

(DX ES Xp ps REO, X” OX} 

(2) X,, is a complete-in-£, set of sentences; 

(3) a signature L, , , is obtained from L, by adding new sym- 
bols of constants; 

(4) IZ 1 < IX) = 1Xl,neu. 
As X, we take a complete-in-L, set of sentences, containing X’. If 
X,, is already constructed, then £, , , is obtained from L, by ad- 
ding a set {cf 1 € X,,} of new symbols of constants. Consider a 
set of sentences 


X, =X, U [|W = axe, Ve X,] 


of L, , ,. The set X, is consistent. Indeed, suppose that for 
PY ores Vio eS Se eS YH 
the sequent 
, , ZI Zz 
Wi very Wey (Qe > es ae b 


is provable and m is such a minimal number. On replacing in the 
proof D of this sequent the constant c}, by a variable y not occur- 
ring in D we obtain a proof D’ of a sequent 


Wis ey Wes 18, )8, (PG > om (Pee F. 
It follows from Proposition 1 (c) that the sequent 
Vite ey 1 Sis (Pg bees (Pq bE 


is provable, which contradicts the minimality of m. As X, , , we 
now take a complete-in-L,, , , set of sentences, containing X, . Let 
X, = U X, and let C be the set of all constants of all £,, n Ew. 
né€w 
Since every X, is consistent, so is X,,. It is also obvious that X,, is a 
complete-in-Z,, set, where L, = U £, is obtained from ¥ by add- 
né€w 
ing elements of C as symbols of constants. Hence X,, has proper- 
ties (a) and (b) of the proof of Theorem 5, where L,, is considered 
instead of L,. If properties (a) and (b) hold, then properties (c) to 
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(g) hold. Property (h) follows from the construction of sets X; , 
n €w. Finally, properties (i), (j) follow from property (h) just as in 
Theorem 5, It is then necessary to repeat the end of the proof of 
Theorem 5 beginning with the definition of the relation ~ on C. 

It remains only to notice that the power of a model Y is not 
greater than that of the set C which in turn is the union of a count- 
able number of sets with a power not greater than that of X and 
hence has a power not greater than that of w x X. By Corollary 
13.1(a) we have lw x XI = IX!.0 

Theorem 7 together with Theorem 1 gives also a new proof of 
the compactness theorem. (See the footnote on page 137). 


} 
Exercises 


1, Give an example of a formula ® of the calculus of predicates for which the 
sets {@} and { — 4%} are consistent. 

2. Derive the compactness theorem from Theorems | and 7. 

3. From Theorems | and 6, obtain a characterization of provable sequents of 
CP: a sequent C of CP is CP®-provable if and only if C is identically true. 


22. HILBERTIAN CALCULUS OF PREDICATES 


We fix an arbitrary signature L. All signature-dependent no- 
tions of this section will relate to L. 

In this section we treat CPY called the Hilbertian calculus of 
predicates and show its equivalence in a certain sense (Theorem 9) 
to CP*, just as the equivalence of PC and PC, was shown in 
Sec. 8. 

The definition of a formula of CP is the same as that for 
CP®. There are no sequents in CPF. 

The axioms of CP¥ are obtained from the following fourteen 
schemata by replacing the variables 6, ¥, X by concrete formulas 
of CPE; X, y, Z are variables and f are terms of CPF: 

1.6 — (W — 6), 

2.(@ ~ ¥) ~ (@ — (¥ — X) — (@ — X)), 

3.(@BA WV) — 9, 

4.(@AW-—YV, 

5. (@ — ¥) ~ (®@ + X) — (@ — (YA X))), 
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6.b —~ (BV VW), 
7.6 — (WV 9), 
8. (@ — X) — (¥ ~ X) — (BV W) — X)), 
9 (Dont SB) (Da a WY, A) 
10.1 7 @— 6, 
ll. Wx b — (S/F, 
12. (@¥ — ax &, 
13. x = x, 
14.x = y — ((®% — (#¥). 
The rules of inference of CP? are: 
$,6-—-¥ 
, v 


1 ’ 
¥-—¢@ 


2 a ee 
Y-vxd 


b’-¥ 
“axo-¥ 


’ 


where x does not occur free in ¥ in Rules 2 and 3. 

A proof in CP¥ of a formula ® is a sequence 4p, ..., ®, of for- 
mulas of CP¥ such that ®, = @ and for every i < n &, satisfies one 
of the following conditions: 

(1) ®, is an axiom of CP¥, 

(2) &, is obtained from some ®, Jj < i, by one of the Rules 1 
to 3. { 

If there is a proof in CP. of a formula ®, then © is said to be 
CP? -provable or a theorem in PC} (and we write > ). 

A derivation in CP of a formula from a set of formulas G is 
a sequence &), ..., &, of formulas of CPY such that @, = @ and 
for every i < na formula ©, satisfies one of the following condi- 
tions: 

(1) , is provable in CPF, 

(2) ®, is in G, 

(3) ®, is obtained from some ®,,j < i, by one of the Rules 1 
to 3. The variable x must not occur free in any of the formulas of 
G when Rules 2 and 3 are applied. 

If there is a derivation in CPF of a formula © of G, then @ is 
said to be CPY -derivable from G. G is then called a set of 
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hypotheses. It is obvious that the derivability of a formula is 
equivalent to its derivability from an empty set of hypotheses. 
Therefore the derivability of & from G may be denoted by GP ©. 
In this section, unless otherwise stated, by proof and derivation 
we mean proof and derivation in CPY. 

The rule of inference 


is said to be CP? -admissible if adding it to CP¥ does not affect the 
set of provable formulas. 
PROPOSITION 1. The following rules are CP* -admissible: 


® (ey (o¥- ¥ ¥ = (ey 


(b) ; ———+. 
vxd@-¥ V-3axd 


vxe’ axo’ ©) 


(a) 


(d) 


PROOF. (a) Let ¥ be some provable sentence. Then by Axiom 1, 
the provability of 6 and Rule | we get > WY — &. By Rule 2 we get 
> W — wx. From this the provability of Vx@ follows by Rule 1. 

(c) The formula Vx® — W is obtained from the axiom Wx® — 
— (#) and the theorem (®)¥ — W with the aid of Axioms 1, 2 and 
Rule 1. 

The proof of statements (b) and (d) will be left to the reader 
(Exercise 1). 0 

Formulas ® and ¥ are said to be equivalent in CP if provable 
in CPF are the formulas @ — W and YW — © (this is denoted by 
@= VW). 

PROPOSITION 2. Any tautology ® is CP -provable. 

PROOF. Let W be a base of &. By Theorem 8.11 W is CP,- 
provable. It is clear that on replacing the propositional variables 
in the proof in PC, of the formula W by the corresponding for- 
mulas of CP? we obtain a proof of @ in CPP. O 

COROLLARY 1. Jf & and W are propositionally equivalent for- 
mulas of CP¥, then the CP¥ provability of ® is equivalent to the 
CP¥ provability of ¥. O 

THEOREM 8. (Deduction). If G U {®, W} isaset of formulas of 
CP¥ then G U {} > VimplissGo o-—vW. 

proor. By induction on the length 7 of a minimal derivation 
V,,.-., ¥, of ¥ from G U {#}. The case wheren = 1 (i. e. Visa 
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theorem of CPF or isin G U {#}) as well as the case where ¥, is 
obtained by Rule | are quite similar to the corresponding cases for 
PC, and have already been treated in the proof of Theorem 8.12. 
Since the derivation is minimal, it remains to treat the cases where 
WY is obtained from ¥, _, by Rule 2 or 3. By the induction 
hypothesis we already haveG>o @-¥W, _,. 

Let ¥, _ , = (0, — 0,) and ¥ = (8, — vx O,). By the defini- 
tion of derivation, x does not occur free in #, the elements of G 
and @,. Since  ~ (X,; — X,) and (® A X,) — X, are proposi- 
tionally equivalent for any formulas X,, X,, by Corollary 1 the 
sequence 


’- WV, _1,(2A9,) — 8,,(€A9,) — VxO,, 
& — (8, — vx8,) 


can be supplemented to a derivation of 6 — ¥ from G. 

Now let ¥ be obtained by Rule 3. Then ¥, _ , = (8, ~ 9) 
and ¥ = (4x0, — 0,). Here x does not occur free in ®, ©, and the 
elements of G. By virtue of the propositional equivalences 


$-W, ,=0,—-(-90,) and 3x0, - (6—0,) = $— (ax0, — 9,) 
the following sequence 
$-V,_,,0, — (— 9,), 3x0, — ( — 9,), 

® — (4x8, — O,) 


can be supplemented to a derivation of 6 — W from G. O 

COROLLARY 2. Let %,, .... &, & be formulas of CP¥. Then 
{$,,..., 8} > is equivalent to > $, — (%, — ... (&, — ®)...), 
which in turn is equivalent to > (%, A(...(®, _ , A ®,)...)) = ®. 

prooF. For the first of the equivalences we apply n times 
Theorem 8 and Rule 1. For the second the same reasoning is ap- 
plied as that in Corollary 8.1. 0 

THEOREM 9. For a formula ® to be CP*-derivable from the set 
of all terms of a finite sequence of formulas T it is necessary and 
sufficient that the sequent + & be CP*-provable. In particular, 
the sets of CP?- and CP* -provable formulas coincide. 

prooF. By Rules 7 and 8 of CP* a sequent ¥,, ..., ¥,  @ is 
CP®-provable if and only if sois + VW, ~ (¥, — ... (W, — &)...). 
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Then it follows from Corollary 2 that to prove necessity it is possi- 
ble to restrict one’s attention to the case = ©. It is easily 
verified that the axioms of CP? are identically true and that the 
rules of inference of CP? remain identically true. Therefore 
necessity follows from Gédel’s completeness theorem. 

Sufficiency. It is obvious that if ! + is an axiom of CP*, 
then I > &. (Here and on we allow some abuse in notation: we 
should write (¥,,...,.¥,} > PifT = (WY, ..., ¥,>.) Let & be 
some sentence of ©. Since the rules 


Ter Th &A 7 b 
THEA &’ Tre 


are CP*-admissiple, it remains to show that if in the rules of in- 
ference of CP¥ we replace the + sign by > andIr't byl > dA 
— &,, then the truth of the statement above the line will imply the 
truth of the statement below the line. For Rules | to 12 verifica- 
tion is the same as in Theorem 8.11. For Rules 13 and 15, when 
I = © this is true by virtue of Proposition 1 (a), (b). For the re- 
maining cases this follows from Corollary 2, Rules 2, 3 of CRs 
and Proposition 1(c), (d). O 

From the theorem above and Theorem 2 we obtain 

COROLLARY 3. Jf L, € LE, then CPP is a conservative extension 
of CP. O 

From Theorem 9 it also. follows that 6 = W is equivalent to 
@= VY. 

COROLLARY 4. Let X U {®} bea set of formulas of & and let Y 
be the set of all variables occurring free at least in one of the for- 
mulas of X U {&}. For X > © to hold it is necessary and suffi- 
cient that the following condition hold: for any algebraic system X 
of & and any interpretation y: Y ~ A, ifU = V[y] holds for any 
WeX, thenY & G[y]. 

PROOF. Since a derivation contains only a finite set of formulas, 
X > @ is the same as X, > ® for some finite X, ¢ X. Necessity 
then follows from Theorems | and 9. If Y = V[y], ¥ eX implies 
WX & [y] for any systems A of L and y: Y — A, then the set 
X U {7} has no model. Hence by Theorem 5 a sequent ¥,, ... 
.., W, & @ is provable for some ¥,, ..., ¥, € X and sufficiency is 
obtained from Theorem 9, (J 
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Exercises 


1. Prove statements (b) and (d) of Proposition 1. 

2. Prove thatl’ > & if and only if there is a sequence %p, ..., ®, of formulas of 
5 such that ®, = ® and for every i < n the formula 9; satisfies one of the 
following conditions: 

(1) & is CPF -provable, 

(2) 6 is inT, 

(3) @; is obtained from some ®,j <i, by Rule 1. 


23. PURE CALCULUS OF PREDICATES 


In this section we define what is known as the pure calculus of 
predicates (abbreviated CPP) and prove some ‘“‘universality’’ of 
the calculus (Theorem 11). 

Consider a signature L* = (R*, F*, »*) having the following 
properties: 

(1) Ft = ©, R* = (rk lk, mew); 

(2) w*(rk) = k for anymewandk ew. 

Formulas of CPP are formulas of £* containing no symbol of 
equality. Sequents of CPP are sequents of CP** in which all for- 
mulas are formulas of CPP. 

‘Axioms of CPP are only sequents of the form ® + 9; the rules 
of inference are the same as in CP**. A proof in CPP is defined in 
the same way as in CPP*, now understanding by formulas, se- 
quents and axioms, of course, those of CPP. It is easy to verify 
that all the results of Sec. 18 to 20 relating to CP®*, except for 
Proposition 18.5 and Theorem 2, also hold for CPP, since axioms 
(2) and (3) are not used in their proofs. Now we show that the 
results of Sec. 21 also carry over to CPP. In fact we have 

THEOREM 10. CP=" is a conservative extension of CPP. 

ProoF. A set X of septences of CPP is said to be compatible in 
CPP if for any ®,, .... &, e X the sequent ®,, .... ®, + is not 
CPP-provable. We show that any CPP-compatible set of for- 
mulas of CPP has a model. The proof of this statement differs but 
little from that of Theorem 5. The construction of the set X,, is the 
same. (By formulas and proofs, of course, we understand here 
formulas and proofs in CPP. The proofs of properties (a) to (i) 
for X, are the same. Property (j) is not required in this case. The 
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relation ~ on C is not defined and the carrier of a system Y is the 
set C itself. To prove the equivalence 


YE Od, ..,d,) & Od, ..,d,)EX, 


from properties (a) to (i) is still simpler than in Theorem 5, since 
there is no need to change to the representatives of ~ -equivalence 
classes and there are no atomic formulas of the form ¢, = 4. 

IfnowS = ¥,,..., ¥, H @is a theorem of CP*" which is a se- 
quent of CPP, then by Theorem 1], Sis an identically true sequent. 
Therefore by what has just been proved [¥,,..., ¥,, 7®} isnota 
CPP-compatible set and so the sequent V,, ..., V,, 7®b is CPP- 
provable. By Rule 9 we obtain the CPP provability of S. If S = 
=W,,..,¥, +, then (¥,,..., ¥,} is not a CPP-compatible set 
and so again V,,..., ¥, + is a theorem of CPP. UO 

It is clear that from the results of Sec. 21 and Theorem 10 we 
obtain the validity of all the theorems obtained from the theorems 
of Sec. 21 by replacing CP by CPP. The end of this section will 
be devoted to a fact that shows that questions of provability in 
various CP¥’s ‘‘reduce’’ to questions of provability in CPP. We 
proceed to precise formulations. 

We fix a predicate symbol 7) € R* for which yo(7%) = 2. 

DEFINITION. Let £L = <R, F, uw) be a finite or countable 
signature. A distinct-valued mapping a: R U F — R* is said to be 
an interpretation of L in L* if the following conditions hold: 
(a) ¢a(R U F); (b)ifse R, then p*(as) = u(s); (C)if fe F, then 
u*(af) = u(f) + 1. For an interpretation a of L in £* we define a 
mapping a* of the set of formulas of © in reduced normal form 
into a set of formulas of CPP by induction. If ® is an atomical 
formula of the form x = y, then a*(%) = ry(x, y); if @ is an 
atomical formula of the form S(X,,...,X,), thenatd = asx, ... 
w+ X,)3 if @ is an atomical formula of the form y = f(x, ..., x,) 
or f (xX), .--) X,) = ¥, thena*d = af (xX, ...,%,, yj if = AV, 
& = OxW or 6 = V,7W¥,, where Qe {v, 4}, 7e€ {A, V, —}, then 
a*® is equal to 7a*¥, Oxa* ¥ or a* V, 7a* V, respectively. If « is 
an interpretation of © in L*, @ € F(£) is in reduced nf and £(@) = 
= (89, 6%), (for 5 Ay}, #'>, then by ag® we denote the 
conjunction of the following sentences of L, (where n = p'(S)), 
L= B'S), Xs Vs Fs Nyy oy Xp Vyy oy Y, are pairwise distinct 
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variables *: 

(1) VX, «+ WX; WY, Wn (oO, Wy) AN oe N MO A%nj> In) A 
N OS; (% 5 119 Xnj)) = AS; Op 0 Va iI SKS 

(2) Wx «+. WX, Wy + WH; (Fo (% Yo) AN oe A MH O%,, ¥,) A 
N Of, Xs 1 XG) = A Ogs er Ws ESM; 

(3) Wx, --. WX), AVS; --s XV) ESM; 

(4) Wx, 0. WX, WY VZ (CAFOs es XV) AN OF (Ky es Ms Z)) > 
By mH, Z)),b< m; 

(5) WxrQ (x, x); 

(6) Vx Wy(% (x, ¥) = MO, *)); 

(7) WX WY W2((7p(X, ¥) A HO, 2)) = Mo Z))- 

It is clear that it follows from condition (2) on L* that for any 
finite or countable signature © there is an interpretation of L 
in £*, 

THEOREM 11. Let ® be a formula of the calculus of predicates, 
@’ = $, S’ be in reduced nf and a be an interpretation of L(®’) 
in £*. Then ® is provable in the calculus of predicates if and only 
if ay?’ — a*&’ is CPP-provable. 

PRooF. By Theorems 1, 6 and 10 it suffices to verify that if ®’ is 
identically true, then ay &’ — a*&’ is also identically true. For 
any system Wf of L(’’) = ({5), 53, (JQ. Ff, } #) we define 
a system al of al = ( (1, aS, 2, AS, fy, 5 Af, J, FG, ap) C 
Cc ©* as follows: 

(a) aA = A; 

(b) (a, b) EX (7) & a = DB; 

(c) (as) = %(s,), 7 < kK; 

(d) (af) = ™(F), i < m; u(f) > 0; 

(ce) af) = ("A)I,i< m, uf) = 0. 

It is easy to verify by induction on the length of a formula ¥ of 
L(@’) in reduced nf that for any interpretation y in A of free 
variables of ¥ 


WE Vly] & al & at V{y]. 


* The sentence ag® depends only on £(4) and its being true on an algebraic 
system 9% is equivalent to the fact that »* (rq) is an equivalence, that the predicates 
aS; and af, do not ‘‘make different’’ »¥ (rg)-equivalent elements and that relations 


v™ (a¢f;) define /,-place operations on the classes of vy“! (rp)-equivalent elements. 


Pure Calculus of Predicates 147 


In particular, for any y: FV(®’) - 4 we have 
Ye 7b'[y] = aX & rath’ [y]. (1) 


It is obvious that a, ®’ is true in aQf and therefore it follows from 
(1) that if a,&’ — a*’ is identically true, then ®’ is identically 
true. 

Suppose that a)’ — a*®’ is not identically true. Then for 
some system 2%, of aL and an interpretation y) in Ay of free 
variables of 6’ we have UY, = a, &’ and Y%, HE 7a*’ [y)]. From 
the truth in YW) of sentences (5) to (7) of the definition of a)®’ it 
follows that the relation v™0(r,) defines an equivalence on Ay. A 
v0 (r))-equivalence class containing a € A, will be denoted by a. 
We define a system 8, of £(#’) as follows: 

(a) B, = {alae Aj}; 

(b) (a), ...,4,) € V0(5,) & (aj, -..,0,) EP (as) J < k; 

(C).4@) issih, oq VERO) & Cais i Oy 4 4 Ee PO), 
i<gm, wf) =n > 0; 

(d) a = (Ff) # ae P(af),i < m, u(f) = 0. 

Since conjunctive terms (1) and (2) of the sentence a,’ are true 
on Y%, it follows that these definitions are correct. Since sentences 
(3) and (4) are true it follows that p®o (f,), i < m, is an operation 
on 8). It is easy to verify by induction on the length of the for- 
mula ¥(x,, ..., %,) of £(@") in reduced normal form that for any 
Q)y ++) @, € Ay 


B= W(a,,...,4,) & Uy HE a* VG, ..., a,). 


From this it follows that 8 = 7 ®‘[y], where y)(x) = (x), xe 
e FV(®’), i. e. &’ is not an identically true formula. O 

As is to be shown in Sec. 38, there are effectively given sets of 
formulas for which there is no effective procedure (algorithm) 
that would establish for any formula of a given set in a finite 
number of steps whether or not it is an identically true formula. 
Gédel’s completeness theorem enables us to construct from any 
effectively given signature L an effective process (machine) M* 
which enumerates all identically true formulas of Z, i. e. in the 
process of work M produces such words ®, ..., ®,, ... that 
{), ..-, ®,, .--} is the set of all identically true formulas of L. 


10* 
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This process consists in writing out finite sequences of sequents of 
CP and it produces a word ® when the sequence it has written out 
is a linear proof of the sequent + in CP®. Since for any effec- 
tively given set of formulas X the passage from a formula @ € X to 
a formula ®@’ = @ in reduced nf and then to a formula a,’ — 
— a*®’ can be made effective, Theorem 11 shows that to be able 
to enumerate all identically true formulas of any effectively given 
set of formulas it suffices to construct a machine M enumerating 
theorems of CPP. 


Exercise 


1. Let J be a calculus obtained by adding to CPP a symbol of equality and the 
following axioms: 

(a) RX = x; 

(b) x = y, (P)EF (PY; where P is an atomic formula of £*. Show that all 
theorems of CP** are J-provable. 


Chapter 5 


MODEL THEORY 


24, ELEMENTARY EQUIVALENCE 


It was shown in Sec. 16 that the same sentences are true on 
isomorphic systems. The converse is false for infinite systems. In 
this section we show (Theorem 1) that the truth on Y and B of the 
same sentences is equivalent to the existence of a ‘‘large enough”’ 
supply of finite partial isomorphisms & into B. In particular, if on 
finite systems 2 and ® the same sentences are true, then Y is 
isomorphic to 8. 

DEFINITION. Two algebraic systems and % of a signature © are 
said to be elementarily equivalent (we write U = %) if for any 
sentence ® of L 


AWE SSEBE SF. 


A set of sentences {@19J & $} of L is called an elementary theory 
of the system % or simply a theory of Y and is denoted by Th(Q). 

It is clear that the relation 2 = B is equivalent to the equation 
Tha) = Th(%). 

DEFINITION. Let 2 and % be algebraic systems of © = (R, F, yp). 
A distinct-valued mapping f: X ~ B, where X C A, is said to bea 
partial isomorphism of & into B if for any a,, ..., a, € X the 
following conditions hold: 

(1) ifs eR U Fis not a constant, then 


{d,,054,) EMS) & (fay, ..., fa,) € PP(s); 
(2) if s € Fis a constant, then 
vi (s) = a, # PP(s) = fa,. 
(Recall that ifn = 0, then (a,,...,@,)=<() =A=.)IfXisa 
finite set, then fis said to be a finite partial isomorphism. A set of 
finite partial isomorphisms of & into B is denoted by P(A, B). 


THEOREM 1. Let U% and B be systems of &. For systems U and B 
to be elementarily equivalent it is necessary and sufficient that for 
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any n € w and any finite signature L, C L there be nonempty sets 
F,\(Z,, 7), ...,F,(£,, 2) of finite partial isomorphisms & + X, into 
Bt L, possessing the following property: 

“\iffe F(t,,n),1 <i <n, then foranyae A,andbeB 
there are g,,8,€F,, ,(&,,) for which a € dom g,, b € rang g,, 
fC g,andfC g. 

ProoF. Sufficiency. We prove by induction on m that if the 
length of a formula ®(x,, ..., x,) in reduced nf is not greater than 
m, the sets F,(£(®),) ¢ PQA! LS), Bt L(®)),..., F (L(®), nm) ¢ 
C P(U +} L(S), Bl L(#)) satisfy the condition*) andi + m <n, 
then for any fe F.(L(®), n) and anya,,...,a,¢dom f 


Ye G(a,,...,4,) o BE F(fa,, ..., fa,). 


If @ is an atomical formula, then this statement follows from the 
definition of a partial isomorphism. If 6 = ~W or @ = ¥,7¥,, 
7 € {A, V, —]}, then the statement follows by the induction 
hypothesis. Since Vx¥ = —4x-—W for any formula Y, it suffices 
to treat only the case ®(x,, ...,X,) = Ivy¥O, x), ...,x,). Let Ue 
= $(@,,...,a,). ThenY & Vay, a), ..., a,) for some aye A. Take 

e€ F, , ,(£(@), m) such that f C g and ay € dom g. Since the 
length of ¥ is less than that of &, by the induction hypothesis 8 & 
= W(ga, fa,, ..., fa,) and so®8 = (fa, ..., fa,). Let 8 & 
Ee $(fa,,..., fa,). Then 8 & V(b, fa,, ..-, fa.) for by € B. Take 
géF,, ,(£(&), n) for which f C g and & € rang g. Then by the 
induction hypothesis % = V(g~'b,, a, ..., a) and hence % & 
O(a, ..., a). 

Necessity. Let L, € L bea finite signature and let X(n, 7) for 
n,m €w bea maximal set of pairwise nonequivalent formulas ® 
of £, in reduced nf containing <n quantifiers and FV(®) ¢ 
C {v,, ..., u,,}. Since there are only a finite number of atomical 
formulas with variables from the set {v,,..., uv, }, it is easy to show 
by induction on 7 that for any n and m the set X(n, m) is finite. It 
is obvious that the function |_X(n, mm)! is nondecreasing in each of 
the variables n and m. Let a,, ..., a, € A be pairwise distinct. A 
mapping /: {a,, ...,@,} — Bis said to be an (n, m)-isomorphism 
if k < mand for any formula $(x,, ..., x,) € X(n, m) 


Ae OG,,...,4)e BE Pa, ..., fa,). 
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It is clear that any partial isomorphism fe P(Y + £,,8 + £,) for 
which Idom f| < m is a (0, m)-isomorphism. For i = n,n — 
— 1,..., 2, 1 we shall define nondecreasing functions g,: w — w so 
that the sets F(Z,, n) = (fl f is a (g,(m), m)-isomorphism for 
some ™ € w) satisfy condition*). 

We take as g, the identity zero. If 1 < i < n, mew, we assume 


g _ (mm) = (g,(m + 1) 1X(e(m + 1),m t+ Il) + 1. 


If g, is nondecreasing, then obviously g, _ , is also nondecreasing. 
It follows from Y = B that f = © is an (n, 0)-isomorphism for 
any n € w. Hence the classes F,(Z,, 7), ..., F,(£,, ) are nonemp- 
ty. Let feF; _ , (£,,) bea(g, _ ,(m), m)-isomorphism, 1 <i < 
<n, dom f =,{a,,...,a,},k < mand aeA. We denote by 
P(u,, ..., y% 41) the conjunction of all ¥W(y, ..., yy) € 
e X(g(k + 1), k + 1) for which UY & V(a,, ..., a, a). The 
number of quantifiers in & does not exceed g,(kK + 1): |X(g,(K + 
+ 1), k + 1)I and therefore there is a formula X(v,, ..., yu.) € 
e X(g,_ ,(k), &) equivalent to a formula 3y, , ;P(y,, 5 Yy 4 1): 
Since g,_ ,(K) < g,_,(m), U & X@, ..., a) and f is a 
(g, . ,(m), m)-isomorphism, we have 86 FE X(fa,, ..., fa,). Then 
Be d(fa,, ..., fa,, b) for some b € B. It follows from the con- 
struction of ® that for any VW e X(g,(k + 1),k + l) either — V 
or @ — —Y¥ is an identically true formula and therefore g = f U 
U <a, b) isa (g,(k + 1), & + 1)-isomorphism, i. e. isin F,(2,, 7). 
On replacing in the preceding argument Xf by 8 and f by f~! we 
conclude that for any b’ e€ B there is a’ € A and that f U 
U {<a', b’)} isin F(Z, n). 0 

COROLLARY 1. If & and B are algebraic systems of a finite 
signature %, then for U and © to be elementarily equivalent it is 
necessary and sufficient that for any n € w there be nonempty sets 
Fin) ¢ PQ, B), .., Fm) ¢ PQ, B) with the following 
property: 

“iffeF(n) 1 <i<n,aeéA and beB, then there are g,, ,€ 

Fy, (n) for whieh gf C as Cc g,,a€ dom g, and berang g,. 

PROOF. As sets F,(n), ..., F,(m) we take fhieccets Fi(, 2), -.. 

,F(L, n) of Theorem 1. Oo ~ 

COROLLARY 2. Jf A, B are pe systems of z and % is finite, 
then X = B if and only ifU = 
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PROOF. It is proved in Proposition 16.7 that for any %& and 
B WM = B implies A = B. Let A = Band 1A! = mye w. Since the 
formula ©,,, of Proposition 16.9 is true in 8, we have |B!| = my. 
For every 7 € w there are only a finite number of pairwise distinct 
n-place predicates and functions on a finite set, and so there is a 
countable signature L’ ¢ LY such that ifse R U F, then v™(s) = 
= v%(s’) for some s’ € R’ U F’. Therefore it suffices to show 
that& th L’ = Bh L’. Leth’ =) L£,, where £, is finite and L; ¢ 

° iéw 

¢ L, , ,. We consider the sets of partial isomorphisms Fi;, n), 
where, iewand1 <j <n, of Theorem 1. It follows from con- 
dition *) of Theorem 1 that for any n, i€ w, any k < mand any 
a,,...,@,€A there isa mapping fe F, , ,(2,;, 7) for which a, .. 
.., @ € dom f. Therefore for any n > mp, there is f, € 
€ Fing + 1(2,,, 2) which is an isomorphism % } £, onto B, } £,, 
where B, C B. Since |B, | = |Al = IBI, we have B, = %. There 
are only a finite number of mappings f: A — B and so there is a 
number 7) € w such that f,,: 4b ©, = Bt ©, for everynew. 
Hence f,,: U = B. 0 

The notion of elementary equivalence may, from a certain 
point of view, be even more important than that of isomorphism. 
The fact is that an isomorphism is defined in terms of the ex- 
istence of some infinite function while an elementary equivalence 
is defined in terms of finite functions. Consider algebraic systems 
% and B, of an empty signature, in which A, consists of all count- 
able ordinals and B) consists of all subsets of the natural 
numbers. It follows from P. Cohen’s results on independence in 
ZFC that %, = 8) can be neither proved nor refuted in ZFC. But 
by virtue of the ‘‘finiteness’’ of the notion of elementary 
equivalence for ‘‘well formed’’ systems 9 and % the relation Y = 
= % can be proved or refuted in ZFC. In particular, it is easy to 
show that % = %,. One should not forget, of course, that the 
concept of isomorphism plays a role of exceptional importance in 
algebra, for example, since it is the ‘‘limit’’ for various classifica- 
tions of algebraic systems. 

While elementary equivalence is a weakening of the notion of 
isomorphism, the following concept is a strengthening of the no- 
tion of subsystem. 
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DEFINITION. A subsystem 8 ¢ Y of a system of ¥ is said to be an 
elementary subsystem (we write B® < ) if for any formula 
$(x,,...,x%,) of L and any b,,...,b,EB 


BE (b,,...,0,) © UE OD, 05D) (1) 


PROPOSITION 1. Let Y be an algebraic system of XL andB C Y. 
For 8 < % to hold it is necessary and sufficient that for any for- 
mula ®(%, ..., X%,) of XZ and any b, .., b €E BU EF 
FE AXP, 0, ..-,5,) = UE (dy, d,, ..., b,) for some by € B). 

PROOF. We show by induction on the length of a formula 
P(x, .-., %,) of L that for any b,, ..., b, € B (1) is true. If @ is 
atomic, then (1) follows from the definition of a subsystem. If 
& = 7Voréd = ¥,7¥, forze {A, Vv, —}, then (1) follows from 
the induction hypothesis. Since vx¥ = 74x-7¥, it suffices to 
treat only the case ®(x,, ..., %,) = 4x) ¥Q%, .-, X,), but in this 
case (1) follows from the hypothesis of the proposition and the in- 
duction hypothesis. 0 

PROPOSITION 2. Let & be an algebraic system of Land®B C UA. If 
for any finite signature LZ, C L,anyb,,...,.b,€BandanyaeA 
there is an automorphism f of a system Ub L, such that fb, = 
= D,,..., fb, = b, and fae B, thenB < Y. 

prooF. We use Proposition 1. Let YF AxyP(%, D, ---, B,). 
Then & & O(a, b,, ..., b,) for some ae A. Let f be an automor- 
phism of a system 2% | L(®) leaving b,, ..., b, fixed and fa e€ B. 
From Proposition 16.7 we get YE (fa, by, ..., b,). 0 

It is clear that 8 < M implies B = Y%. In general the converse is 
false. Consider, for example, systems (0); <) and (0@; <), 
where Q”), QO) are sets of rational numbers not less than 1 and 
not less than 2 respectively and < is the usual ‘‘less than or equal 
to’’ relation on numbers. By Proposition 15.4 the systems <Q"); 
<) and (<Q®@; <) are isomorphic and hence elementarily 
equivalent. However, in the subsystem (<Q@; <) of the system 
(Q\; <)> the formula ®(v,) = Vuy (uy < uy, — y ~ v,) is true on 
the element 2 and in the system (QO); <) this formula is false on 
the same element 2. Thus (0%; <) < (Q; <) fails. 

EXAMPLE 1. Let 2 be a countable dense linear ordering and 8 be 
a dense-in-% ordering (i. e. let ® C Wand for any a < binA there 
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be ce Bsuch that a < c < b). Then (@ contains the end elements 
of Io B < w. 

To prove = we notice that since & = B, 2 and B have the 
same ends. Now suppose, for example, that )) is the first element 
of B. Then B & Wuy(y < by — vy = O). By virtue of B < Wwe 
have UE Wuy(u < by — Wy = &)) and hence & is the first element 
of YU. To prove = it is necessary to use Proposition 2. The desired 
isomorphism fis constructed the same way as in Proposition 15.4. 

EXAMPLE 2. Let 9% be a free group with free generators (a, lie 
e I} and let J’ C J be an infinite set. Then a group B Cc YW 
generated in & by a set {a,|/e€/’ } is an elementary subgroup of Y. 
To prove this we use Proposition 2. Let 5, ...,b,¢€ Bandae A. 
Then there are finite sets X C {a,lie I’} and Y ¢€ {a lie 
eI} \ X such that 6,,...,b,€ A(X) andae A(X U Y). Con- 
sider a distinct-valued mapping f of the set {a,|i € J} onto itself 
leaving the elements of X fixed and mapping Y into {a,lieJ’}. 
Then f is uniquely extended up to an automorphism of the group 
% which satisfies the hypothesis of Proposition 2. 

Although in many cases the test of Proposition 2 is easy to ap- 
ply, it is not necessary (see Exercise 2). Note that the possibility of 
replacing in Example 2 the condition that J’ is infinite by IJ’! > 
> 1 is a standing problem. 

There is no analogue of Proposition 15.2 for the relation < 
(see Exercise 2) while for Proposition 15.3 the corresponding 
statement holds. A set {%,|/e/} of algebraic systems is said to be 
elementarily directed if for any i, j € I there is k € J such that U, < 
< YU, and UY; < %,. 

PROPOSITION 3. If {%, |i € I} is an elementarily directed set of 
algebraic systems of &, thenU, << U= UA sel. 

jel 

PROOF. For 8 = Y%, equivalence (1) will be proved by induction 
on the length of ®. It suffices, as in the proof of Proposition 1, to 
treat the case = 3xW¥. Let YE ax¥(x, a,,...,@,), wherea,, ... 
wey G, €A,. Then Ue W(a,a,,...,@,) for someaeA,. Takek el 
for which Y, < UW, and Wf; < %,. By the induction hypothesis Wf, & 
= W(a,a,,...,@,) and hence U, = ax¥(x, @,,..., @,). Since a; < 
< U,, we have %; = axW(x, a, ..., @,), Conversely, let W) & 
E axV(x,a,,...,@,). Then, & W(a,a,,...,a,) for some a € A; 
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and by the induction hypothesis Y = W(a, a,, ..., a@,) and 
therefore Y & axV¥(x, a,,...,a,). 0 

Although there is no analogue of Proposition 15.2 for <,a 
weaker variant of the corresponding statement is very important. 

THEOREM 2. Let U be an algebraic system of Land X C A. Then 
there is an elementary subsystem 8 < YW such that X C Band 
IB| = max (LX1, IZI, ). 

PROOF. Set X, = X. Suppose X,, is already defined. For any 
formula ¥ = 4y(y, x,, ..., x,) of © and any interpretation 
i {X1, 065%} + A we choose an element a(¥, y) €A such that if 
We Axh(X, yx,,..., yX,), then Ae O(a(Y, y), yX,, ---, yX;,). Set 
X, 41 = XX, U lav, yI¥ = axb € F(X), y: FV(Y) — X,, }. It is 
clear that the subsystem 8 ¢ Y with carrier (JX, satisfies the 


né€w 
hypothesis of Proposition 1 and, hence, 8 < Y.If\ = max (LXI, 
IZ1, w) then IF(Z)I < Nand LX)! < A. If LX,1 < A, then the 
power of a set Y, of interpretations y of variables in X, with a 
finite domain is at most U xz] Since |X?" | < max (1X, |, 
mew 
w),wehave lY,| <A-w=A,andsolX,,,! < IF@)I-1¥,1< 
< 2 = X. Therefore |BI < X-w =A. 0 

DEFINITION. Let Y be an algebraic system of Y and X ¢ A. We 
take a set Cy = {c,laeX} not intersecting with R U Fandc, # 
# c, fora # b. We define a signature Ly to be obtained from £ 
by adding elements of C, as new constants. We denote by YW, an 
expansion of the system Qf to Ly in which a constant c,, a € X, is 
interpreted by an element a. A set DQ, X) of atomical sentences 
of L, true in the system UW, is said to be a diagram of aset X in. 
If in the definition of D(Q, X) we replace ‘‘atomical sentences’’ 
by ‘‘sentences’’, we obtain a definition of a complete diagram 
D* (UY, X) of the set X in U. A diagram (a complete diagram) of A 
in Y is said to be a diagram (a complete diagram) of U and denoted 
by DQ) (by D*(Q) respectively). 

PROPOSITION 4. (a) Jf YU is an algebraic system of & and B is a 
model of a diagram D(Q) of (a complete diagram D*(X)) of L,, 
then = B, | L for some B, C B (some B, < 8B). 

(b) If UX C Bare algebraic systems of L, then 

U< Be, =B,. 
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PROOF. (a) It is obvious that a mapping assigning to an element 
aéA an element v® (c_) will be the desired isomorphism. (b) Is im- 
mediated from the definitions. CJ 

Theorem 2 allows us to ‘‘descend’’ the powers, preserving the 
elementary properties. The following theorem allows us to ‘‘as- 
cend’’. 

THEOREM 3. If Uf is an infinite system of © and d is a cardinal not 
less than max {1Al, 1£1}, then there is a system B such that % < 
< Band |BI =X. 

proor. Take a set C of symbols of constants of power ) not in- 
tersecting with the set R U F. Consider a set 


Y = D*Q@ U {7e, = e,le,,¢,€EC,¢, # cy}. 


Since 9 is infinite, for any finite subset_X ¢ Y the system Y can be 
expanded to a model of X. By the compactness theorem there is a 
model &, of the set Y of Ly yc. It is obvious that |B, 1 > d. By 
Theorem 2 there is®, < %,,1B,! = d. By Proposition 4 (a) there is 
%, < B,, and an isomorphism f,: 9 = 8, } £. Now we need only 
to replace in the system 8, t £ the elements b € B, by f; 1b to ob- 
tain the desired 8. To avoid collision in such a rewriting we pro- 
ceed as follows. We take a set Z for which Z M A = © and 
IZ| = 1B, \B,|. Let f be a distinct-valued mapping of a set B = 
= A U Zonto the set B, and f, Cc f. We define a system 8 = (B, 
v®) of Las follows: 
(a) if se R U Fis not a constant, then 


{Bis es By) € PB(S) & Cf), «++ SO, d'€ (5); 
(b) if s e Fis a constant, then 
vB (s) = f—!(v®2(s)). 
It is clear that f is an isomorphism of 8 onto 8, | LandY c &B. 
Let (%, X15 «++» X,) e€ F(x); b,, ..., b, € A and 
BE 3x, O(%, 5), «+, B,). 

Then 8, & 3x op P(X, fD,, ---, fb,). Since fb, ..., fb, € B, and 
%, < B,, there is by € B, such that B, & H(bo, fb;, ..., fb,,). The 
mapping f~! is an isomorphism of 8, } L onto % and therefore 
Bt b(f-'bo, d,, ..., 5,). Since f~'by € A, by Proposition 1 we 
have UY < B. From 1B,| = \ andB, = B we get IB! = A. 0 
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Exercises 


1. Show that for systems & ¢ B of L we have Y% < Gif one of the following 
conditions holds: 

(a) £ contains only an infinite set of constants. The values of constants in B 
form an infinite set. 

(b) X contains only the symbols of one-place predicates r,, k € w. Consider the 
set 24 = {vlv:w — (0, 1}}. Let 8 be an arbitrary system of L. For any »v € 2” we 
define a set B(v) = {bl forallnewB & 7,(0) if y(n) = landBe -7,7,(d) if 
y(n) = 0}. It is clear that for distinct »,, v2 € 2% the sets G(»,) and B(v2) do not in- 
tersect. Suppose that for all »y € 2G(v) ¢ A if B(v) is a finite set and A N Biv) is 
an infinite set if B(v) is infinite. 

(c) £ contains only one symbol ~ of a two-place relation which is interpreted 
in 8 as an equivalence with an infinite number of infinite equivalence classes. The 
class A contains an infinite number of equivalence classes of the system B. (Hint. 
Use Proposition 4(b) and Theorem 1.) 

2. Using the example of Exercise 1(c) show that 

(a) the property of being elementary is not necessary for the subsystems of 
Proposition 2 (Hint. Suppose |A! = w and all equivalence classes contained in 
BN A are noncountable.); 

(b) for some system % and an infinite set X ¢ B there is no elementary sub- 
system % < containing X that is minimal with respect to the inclusion ¢. 


25. AXIOMATIZABLE CLASSES 


DEFINITION. A class K of algebraic systems is said to be axi- 
omatizable if there is a signature £ and a set of sentences Z of L 
such that for any system 


Ye K (the signature of Wis LandA Ee & 
for all & € Z). (1) 


If (1) holds for a class K, then & is said to be the signature of K 
and the set Z is said to be the set of axioms for K (we write K = 
= k,(Z)). If all systems of the class K have a signature L, then the 
set of sentences of the signature D true on all the systems of K is 
said to be an elementary theory of K or simply a theory of K and 
denoted by Th(K). 

Note the obvious property of theories: if K, ¢ K, are classes 
of algebraic systems of L, then Th(K,) ¢ Th(K,). 

PROPOSITION 1. Let K be a class of algebraic systems of a 
signature L. 
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(a) The class K is axiomatizable if and only if K = Ky 
(Th(K)). 

(b) There is an C-minimal axiomatizable class K, of & con- 
taining K. 

PROOF. (a) Let K = K,(Z). Since Z € Th(K), we have 
K,(Th(K)) ¢ K. The converse inclusion K ¢ K,(Th(K)) is ob- 
vious. 

(b) It is necessary to take K,(Th(X)) as K,. Indeed, if K, is an 
axiomatizable class of LE and K ¢ K,, then Th(K,) ¢ Th(K). 
Hence K,(Th(K)) ¢ K,(Th(K,)) = K,. 0 

We shall say that a class of algebraic systems is closed under 
elementary equivalence (under isomorphisms, subsystems, 
ultraproducts and so on) if together with algebraic systems YU, / € / 
it contains all systems elementarily equivalent to them (all isomor- 
phic systems, all their subsystems, the ultraproduct D-prod Y, and 
so on). 

We give one uSeful characterization of axiomatizable classes. 

THEOREM 4. A class K of algebraic systems of a signature & is 
axiomatizable if and only if it is closed under an elementary 
equivalence and ultraproducts. 

PROOF. Let K be an axiomatizable class. It is obvious that K is 
closed under an elementary equivalence. The closure of K under 
ultraproducts follows from Theorem 17.1. Let K be closed under 
an elementary equivalence and ultraproducts. It suffices to show 
that K,(Th(K)) ¢ K. Let & e€ K,(Th(K)). For each © € Th) 
consider the setsu, = (¥ €e Th()|> YW — 4}. It is clear that 
X = {u,|@ € Th(Q)} is a family of sets with the finite intersec- 
tion property. By Proposition 12.1 there is an ultrafilter D on the 
set Th(2l) such that X ¢ D. For any ® € Th(Q) there is a system 
%, € K on which @ is true since otherwise —® € Th(K), which 
contradicts % € K,(Th(K)). We show that % = D-prod B, and 
this will prove the theorem. If UY = @, then By & $ forall Ve 
€ Ug,. Since ug, € D, by Theorem 17.1 we get D-prod By & ®p. If 
% & &, does not hold, then 2% & 44, and by what has just been 
proved D-prod 8, — — ). Hence D-prod B, & ©, fails. O 

PROPOSITION 2. The intersection of any set of axiomatizable 
classes of & and the union of a finite number of axiomatizable 
classes of & are axiomatizable classes. 
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proor. If K; = K;(Z,), i € J, then obviously f K; = 
jel 
iG 8) Z;). Let K, = K,(Z,) and K, = K,(Z,). Consider a set 
iel 

Z= (@vV VldeZ,, ¥ € Z,}. We show that K, U K, = K,(Z). 
The inclusion K, U K, ¢ K,(Z) is obvious. Let Y # K, U K, and 
let the signature of %& be L. Then there are $, € Z, and ¥, € Z, such 
that YE b, A 7W,. Since & v ¥ € Z, we have U ¢ K,(Z). O 

DEFINITION. If K is a class of algebraic systems and K = K,(Z) 
for some finite set of axioms Z, then K is said to be a finitely axi- 
omatizable class. 

Notice that if K is finitely axiomatizable, then by taking the 
conjunction of a fjnite set Z of axioms for K we obtain a set of 
axioms {®} for K consisting of one sentence ®. 

If K is a class of algebraic systems of a signature L, then by K 
we denote the complement of K in the class K,(©) of all systems 
of X. 

PROPOSITION 3. Let K be a class of algebraic systems of a 
signature L. The class K is finitely axiomatizable if and only if K 
and K are axiomatizable. 

proor. If X is finitely axiomatizable, then K = K,({®}) for 
some sentence ® of 2. Hence K = K,({ 7 #}). Let K and K be axi- 
omatizable. Since K 1 K = ©, K = K,(Th(K) and K = 
= K,(Th (K)), by the compactness theorem there are finite sets 
X C Th(K)and Y ¢ Th(K) such that ¥ U Yhas no model. Since 
Th(K) and Th(K) are closed under conjunctions, it may be 
assumed that X¥ = {®} and Y = {W}. Since ® A ¥ is an identical- 
ly false formula and $ € Th, (K), a sentence ® A ~¥ is true on all 
systems of K. Conversely, if the sentence ® A —¥ is true on the 
system % of L, then & ¢ K and hence % € K. So K = K,({@A 
A7¥}). 0 

DEFINITION. A formula ® is said to be an W-formula (an 
3-formula, and W3-formula) if @ = Wx, ... Vx, ¥ (@ = 3x, ... 
. IxX,V, ® = Vx, ... Wx, ay, --. 3y, ¥), where ¥ is a quantifier- 
free formula. A class K of algebraic systems is said to be 
V-axiomatizable (3-axiomatizable, W3-axiomatizable) if K = 
= K,(Z), where Z are sets of W-sentences (4-sentences, 
V3-sentences) of a signature L. 
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‘PROPOSITION 4. (a) Let O(X,, «5 X,) be an v-formula 
(3-formula) of a signature £ and let %& ¢ B be algebraic systems of 
L,a,,...,@,€A. Then if (a, ..., a,) is true in B (in U), a,, ... 
wes) Ay) is true in U (in B). 

(b) Let {U, lie I} be a directed family of algebraic systems of 
a signature & and let an Wa-sentence ® of £ be true inallU,, ie I. 
Then @ is true int = U Y,. 


tel 

PROOF. (a) Since the value ¢™[y] of a term ¢ for an interpreta-. 
tion y in A coincides with the value ¢®[y], (a) holds for 
atomic formulas ©. For quantifier-free formulas (a) is obtained by 
induction on the length of ©. Now it only remains to use the 
definition of the truth of formulas with quantifiers Vv and 3. 

(b) Let B = Vx, ... WX, 8Y, 0 AY, VOCs ones Xpr Vr coos In) 
where ¥ is a quantifier-free formula, be true on all U,,/e/. Take 
arbitrary a,, ...,a@, 6A. Then a,, ..., a, € A; for some i € J and 
hence UH ay, --- IV_, (Gy, 00s Aes Vy 5 +r Yq) Since UW, C YW, by 
virtue of (a) we have A & ay, ... AY, V(Qys 0s Mes Vy ees Vg) OI 

LEMMA |. Let T be a set of sentences of a signature © and let 
Wo(x,, «+. X,) be formulas of &. If for any models XU ¢ B of T 
having the signature £ and any a,, ..., a, € A the truth of 
Wy (a,, ---, a) in B (in U) implies the truth of Vo(a,, ..., a) in U 
(in B), then there is an W-formula (a-formula) Xo(x,, ...,X,) of L 
for which T > (Wy — Xo) A (Xq = Yo). { 

prooF. Consider a set Z = (®(x,, ..., x,)!® is an V-formula of 
Land > ¥, — 6}, If Z UT is incompatible, thenT U {¥)} is 
incompatible and Wug( v9 ~ vg) may be taken as Xy. Let U bea 
model of Z U I of the signature E and let b,, ..., b, be elements of 
A such that & & $(b,,..., b,) for any formula $(x,, ..., x,) € Z. 
Suppose that the set D(W) UT U (¥(cp,, ..., c,)} is incompati- 
ble. Then there is a proof D, of a sequent $) ~ Vy (Cp, «++» Co.) — 
— 1@, in CP*A, where ) is a conjunction of some elements of T° 
and ®, is a conjunction of some elements of D(Q). On replacing in 
D, all the constants Cp, , ---5 Cons Coy 4 19 «++» Cb, Of C4 by variables 
yy, +++) ¥, not occurring in the elements of the tree D, and dif-. 
ferent from x,, ..., x, we obtain a proof D, of the sequent &, + 
F W015 ++) ¥_) — 7, in CP*, where ©, is obtained from ®, by 
replacing the constants c,,, ..., cy, by the variables y,, ... 


Axiomatizable Classes 161 


..+) Y, Tespectively .* The sequent By F Wo(V,, --+s Ye) — Weg ee 
Wy, 7, is then CP*-provable. From Proposition 18.4 (g) and 
Theorem 22.9 we obtain Vy, , , ... WY,(7® yy 7 yk € Z. Then 


aah, 


UE VY, , 1+ WY, 7Os[y], where y(y,) = 0,1 <i <n. Since >, isa 


conjunction of elements of D() and ® = (®,)2)""""%,, we have 


% & ,[y], a contradiction. Thus the set ¥ = D(W) UT U 
U {Wo(Co,, -++» Co,)} 18 compatible. By the theorem on the ex- 
istence of a model there is a model B of X. It is clear that a mapp- 
ing f assigning to an element a € A an element »¥(c,) is an isomor- 
phism of %&f onto a subsystem 8, ¢ B } £ with carrier By = 
= {v¥(c,)la € A}. The hypothesis of the lemma yields 8, & 
= Wo(v%(cp,), ---, v2 (Co,)) and, hence, U = ¥(b,, ..., b,). Since 
% is an arbitrary model of Z U I and by, ..., b, are arbitrary 
elements of A for which U & $(b,, ..., b,), ® € Z, by Corolla- 
ry 22.4Z UI > W(x), ..., x,). Hence, there is a finite set Z) C Z 
such that Z) UT > Wo(x,, ..., x,). If Xo, «5 xX,) is an 
v-formula equivalent to a conjunction of elements of Zp, then it is 
obvious that! > (Xy — ¥o) A (Y%y — Xo). 

The proof of the corresponding statement for 3-formulas is 
obtained from the foregoing by considering —¥, instead of 
¥,.0 

THEOREM 5. Let K be an axiomatizable class of algebraic 
systems of a signature &. 

(a) K is 3-axiomatizable @ K is closed under supersystems. 

(b) K is ¥-axiomatizable @ K is closed under subsystems. 

PROOF. The statements = follow from Proposition 4. 

(a) We first show that for any sentence ® € Th(K) there is a 
sentence ¥, € Th(K) such that > ¥, — ® and for any pair A ¢ B 
of algebraic systems of £ YE W, implies B® E . Suppose that 
this is not the case, i. e. that there is 6, e Th(X) such that for any 
W e€ Th(K) there are systems Uy C By of & for which DW — 
yields %, & Wand By, = 46,. Let D be an ultrafilter on the set 
Th(K) containing a family of sets with finite intersection property 
X = {ugl@eTh(K)}, whereu, = {We Th(K)| > WY — 4}. Con- 


* Recall that the elements of I’ are sentences and hence are not affected by the 
replacement. 
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sider systems UY, = D-prod A, and B = D-prod By. Since Wy ¢ 
¢C By for all Y e Th(K), there is YU, ¢ B, UY, = YU). From 
Theorem 17.1, the inclusion X ¢ D and from the fact that U) = 
= YU, we get UY, € K,(Th(K)) = K and B & 74). This con- 
tradicts the fact that K is closed under supersystems. 

For any sentence @ € Th(X) there is by Lemma | (set T = 
= {¥, V 7} and VW) = &) an 3-sentence X, such that > Vz Vv 
V ab — ((@ — Ky) A (Xy — &)). It follows that K, — © is an 
identically true sentence and by virtue of {@, ¥,} ¢ Th(XK) also 
X, € Th(K). Hence the set of 3-sentences {X, 14 € Th(K)} is an 
axiom system for K. 

(b) To prove (b) it is necessary to replace in the proof of (a) 
Uc Banda, c By byBc Wand By, ¢ Ay respectively and ap- 
ply the other part of Lemma 1. 

DEFINITION. A sentence of the form Vx, ... Wx,Q, where Q is an 
atomic formula, is called an identity. A sentence of the form 


Wx, .. WX,(Q, A. AQ, ~ Q)s (1) 


where Qo, Q), «.-, Q, are atomic formulas, is a quasi-identity. 
An axiomatizable class K is said to be a variety (quasi-variety) 
if there is an axiom system Z for K consisting of identities (quasi- 
identities). 

Since an identity vx, ... Vx,Q is equivalent to an identity 
WX, oe WX 4 1% 4 1 ~ XM 4 1 7 Q), a Variety is a quasi-variety. 

A system FE, = ({@}, v®©) is said to be a unit system of a 
signature & if 


vFE(s) = (@j4#) forall seR. (2) 


Condition (2) defines E, uniquely since for any n € w on a one- 
element set there is only one n-place function. 

PROPOSITION 5. (a) Any quasi-variety K of a signature & is closed 
under filtered products and contains a unit system Ey. 

(b) Any variety is closed under homomorphic images. 

PROOF. (a) Since Q)(©, ..., @) is true in Ey for any atomic 
formula Q)(x,, ..-, X,) of L, any quasi-identity (1) is true in E,. 
To show that K is closed under filtered products it suffices to 
establish that any quasi-identity (1) conditionally filters for any 
filter D on a set J. By Lemma 17.2 it suffices to establish that a 
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formula (Q, A... AQ, ~ Qy)(%,, ---» X,) conditionally filters for 
D. Leth, ..., 4, € -prod A; and X = {1% & (Q,, ..., O, + Qo) 
(fi, ---»i)} € D. Suppose that (Q, A... AQ, A 7Q)(DA, 
..., Df,) is true in D-prod U,;. From Lemmas 17.3 and 17.2 we get 
Y= {YF (QA. AQ) «4! €D and Z = (iY, = 
= Qi, -.44)) €D. It is obvious that X M Y is contained in 
Z. Since X M Ye D, we have Z e€ D, a contradiction. 

(b) Let f be a homomorphism of & onto B. By Proposition 
16.1 (b) for any term ¢ and any interpretation y: FV(t) ~ A 


S(™ fy) = 0 lyf. 
From this equation and the definition of a homomorphism we get 
YE Oy] = SVE Qly/) 


for any atomic formula Q of LY. By virtue of the fact that / 
maps A onto B therefore if any identity ® is true in % it is true in 
%. 0 

THEOREM 6. For an W-axiomatizable class K of a signature & the 
following conditions are equivalent: 

(a) K is a quasi-variety, 

(b) K is closed under finite Cartesian products and contains a 
unit system Ey. 

PROOF. (a) = (b) is proved in Proposition 5 (a). Consider a set 


W = (19% is a quasi-identity of L and @ € Th(K)}. 


Let 2 be a model of W. We show that every finite subset _X C 
¢ D(X) has a model By such that B, } Le K. LetX = YU Z, 
where Z consists of atomical sentences and Y consists of negations 
of atomical sentences. If Y = ©, then one may take Ey, as By. Let 
Y = {71Q,, .... 17@Q@,} and suppose ® is a conjunction of 
elements of Zif Z = © and Pisc, = c, forsomeaeA ifZ= OS. 


Let c,,, ..-, Cg, be all constants of C, occurring in Q,, ..., Q,, ® 
and let Q/, .... Q', ®’ be obtained from Q,, ..., Q,, ® by replac- 
ING Cgyy +++» Caz DY X,, ---» X, respectively. Since quasi-identities 


vx, ... Wx,O(® — Q:), 1 < i <n, are false in Y, they are not in 
W. Hence there are systems %,, .... 8, € K such that B & 
E (A 7O)[y)], 1 <i <n, for some y;: {x,, ..., x} — B;. Con- 
sider a Cartesian product 8, x ... x 6, eK and an interpretation 
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vy of variables x,, ..., x, in B for which the projection /(y) on the 
ith coordinate is y,, From Lemma 17.3 we get 8, x ... X BE 
= (PA AQ, A... A 7Q,) [y]. Hence the system B, x ... x B, 
can be expanded to a system 6, of £, which is a model of X. It 
follows from the proof of Theorem 17.2 that there is an 
ultraproduct 8 = D-prod 6, which is a model of D(Q). By Pro- 
position 24.4 (a) there is a subsystem 8, C Bf L such that Y = 
= B,.SinceB } £ = D-prod (Gy * LY) and By t Lek, it follows 
from Theorems 4 and 5 and from the fact that Y = %, that We K. 
Thus we have K = K,(W). 0 

THEOREM 7. For a quasi-variety K of a signature © the following 
conditions are equivalent: 

(a) K is @ variety, 

(b) K is closed under homomorphic images. 

PROOF. (a) = (b) is shown in Proposition 5 (b). Suppose (b) 
holds and & is a model of a set 


Z = {®/@ is an identity of L and @ € Th(K)}. 


Consider a set 
D- (4) = { e DY)! contains a negation}. 


For any formula 7¥ in D~ (2) an identity Vy,,... Vy, ¥, of Z, 


where ¥ = (¥, Ae aed , is false in Y and so it is not in Z. Hence 
grees COn 


there is ®, € K and an interpretation y,: {),, ..., ¥,} — By for 
which 8, E —¥, [yy]. Therefore 8, can be expanded to a system 
By of L, which is a model of { 7}. Consider a Cartesian pro- 
duct 8 = D~ (Y)-prod By . By Proposition 5 (a) we have Bt Le 
€ K. By Lemma 17.38 = “¥ for any >¥e D7 (). Let B, bea 
subsystem of B generated in ® by a set {v¥(c,)la € A}. By 
Theorem 5 (b) we have 8, t Le K. We define a mapping h: B, — 
— A as follows: if r(x,, ..., X,,) is a term of £ and t¥ (v8 (c,,), .-- 
., PB (cq,,)) = 5, then h(b) = t(a,, ..., @,,). The correctness of 
the definition of A follows from implications: 


B, Ee (4, io, t,)(v® (Ca), sens 8 (Can )) = 
= (3h = bm é D> 2 WE (= G)Qqs rs Gq)s 


Cajs +++ Cam 


Skolem Functions 165 


where 1, (X,, .-., X,,) and £(x,, ..., X,,) are any terms of L. The 
chain of implications which is obtained from the previous one by 
replacing ¢, = ¢, by any atomical formula Q(x,, ..., x,,) of D also 
holds and so # is ahomomorphism of B, onto 9. From (b) we get 
& € K. It is thus shown that K = K,(Z). 0 


Exercises 


1. Let K be an axiomatizable class containing systems of arbitrarily large 
finite powers. Show that a class K,, consisting of infinite systems of the class K is 
axiomatizable but is not finitely axiomatizable. 

2. Show that in Theorem 4 the condition of closure under an elementary 
equivalence may be replaced by closure under isomorphisms and elementary sub- 
systems. (Hint. Consider D*(%) instead of Th() in the proof of Theorem 4.) 

3. Show that any quasi-identity & is equivalent to a quasi-identity W in re- 


duced nf. 
4. No statement similar to that of Exercise 3 holds for identities. Find a varie- 
ty that has no axiom system consisting of sentences of the form Vx, ... Vx,Q, 


where Q is an atomical formula. (Hint. Consider a variety with an axiom system 


{wxP(f(x))}.) 
26. SKOLEM FUNCTIONS 


DEFINITION. A set T of sentences of a signature © closed under 
derivability (i. e. if T > © and @ is a sentence of L, then © € 7) is 
called an elementary theory, or simply a theory of the signature ©. 
A consistent theory T of © is said to be complete if 6 e Tor >®e 
€ T for any sentence ® of ©. A consistent theory T of © is said to- 
be model-complete if XY ¢c B= A < B for any models A, B of T 
having the signature L. Formulas ® and W of © are said to be 


equivalent with respect to a theory T of L (we write@ 2 W)if T> 
> (6 — VW) A (¥ — ). A theory T of £ is said to be 
v-axiomatizable or universally axiomatizable (3-axiomatizable, 
va-axiomatizable) if there is a set Z C T of vY-sentences 
(a-sentences, V3-sentences) such that Z > ® for any ®e T. Sucha 
set Z is called an axiom system for the theory T. 

It follows from Corollary 22.4 that a theory 7 of a signature L 
is W-axiomatizable (3-axiomatizable, W3-axiomatizable) exactly 
when the class K = K,(T7) is v-axiomatizable (3-axiomatizable, 
vi-axiomatizable), with Z being an axiom system for T if Z is an 
axiom system for K,(T) and vice versa. 
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A theory T of £ is said to be a theory with elimination of 
quantifiers if any formula © of £ is equivalent with respect to T to 
some quantifier-free formula WV. It is obvious that a consistent 
theory with elimination of quantifiers is model-complete. On the 
other hand, a model-complete theory Tis ‘‘almost’’ a theory with 
elimination of quantifiers. Namely, we have the following 

THEOREM 8. For a consistent theory T of a signature & to be 
model-complete it is necessary and sufficient that any formula ® 
of & should be equivalent with respect to T to some W-formula X, 
and to some 3-formula X,. 

prooF. Sufficiency follows from Proposition 25.4 (a). Necessi- 
ty is obtained from Lemma 25.1 by taking as I’ a theory 7. 0 

The requirement in Theorem 8 that @ should be equivalent to 
some 3-formula X, may be omitted, of course, since this follows 
from the equivalence of — ¥ to some V-formula. 

To work with formulas containing quantifiers is much more 
difficult than with quantifier-free formulas. Therefore theorems 
of model theory of the form: a given theory T is a theory with 
elimination of quantifiers (is model-complete), are very impor- 
tant. We shall now present a certain construction, first proposed 
by Skolem, that allows any theory to be extended to an V-axioma- 
tizable model-complete theory. 

DEFINITION. If £ is a signature, then a signature L5 is obtained 
from © by adding new n-place function symbols /, for every for- 
mula ® = 3x¥ of © that begins with an existential quantifier and 
has » free variables. By S we denote a set of sentences 


VX pisee VCP Rivers Xo VOR Gs 55 Hh XD) 
for all formulas ®(x,, ...,x,) = Ix¥(x, x,, ...,X,) of U with free 
variables x,, ..., X, written out in the order of their first free oc- 


currences in the formula ®. If T is a theory of L, then by 7% we 
denote a theory 


{@1® is a sentence of a signature LS and TU Sp 9}. 
The signature LS (the theory T°) is a skolemization of the 
signature © (of the theory 7). A model 5 of the theory (Th(2)°) 


having a signature L$ is called a skolemization of a system U of © 
ifws+ = Y. 
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Unlike DS and TS a skolemization Y5 is not uniquely defined 
by %, two skolemizations of 2{ may not even be elementarily 
equivalent (see Exercise 1). Moreover, it follows from Exercise 1 
that 7% is almost always incomplete. 

PROPOSITION 1. (a) Let T be a theory of a signature L, B bea 
model of the theory TS andU ¢ B. ThenY&t U< Bt EL. 

(b) Any algebraic system & has some skolemization US. 

PROOF. (a) Follows immediately from Proposition 24.1. We 
prove (b). If 6 = ax¥(x, x,, ..., x,), then for a,,..., a, €A we 
take as a value of v™(f,)(a,, ..., a) an element a) € A for which 
YE V(a,a,,-.., @,), if there is such an element a, € A, and an 
arbitrary element a € A, if there is no such element a,. U 

From Praposition 1 we at once obtain Theorem 2 of Sec. 24. 
In that theorem as % it is sufficient to take 8, | L, where B, isa 
subsystem of %° generated by the set X. 

Skolemization allows one to ‘‘remove’’ quantifiers from the 
formulas of an old signature L. They ‘‘remain’’, however, in the 
formulas of the new signature, L°. To avoid this inconvenience we 
“*close’’ the skolemization process. 

DEFINITION. Let © be a signature and let T be a theory of L. We 
define signatures L”5 and theories 7, n € w, by induction: D® = 
=Y,7TS = T, r+ Ds = (pasys, TH + Ds = (T"5)5, A signature 
rus = VU ©" (a theory TS = UU T”) is called the complete 

néw new 
skolemization of the signature & (the theory T). An algebraic 
system 2° of the signature L“ is said to be a complete skolemiza- 
tion of a system U% of Lif AS bk L = Wand A% is a model of 
(Th))®. 

PROPOSITION 2. (a) Any algebraic system U% has some complete 
skolemization UX, : 

(b) Let T be a consistent theory of a signature ©. Then a theory 
TS is a universally axiomatizable model-complete extension of T 
and for any model & of T there is a model U, of T® such that 
Ybto= 7, 

PROOF. (a) By Proposition 1 (b) there are systems Y"5, 7 € w, 
such that Y%® = M and A + Ys is a skolemization of Y”S. Let 
ms = <A, v™) be a system of the signature L“ where v™ coin- 
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cides with v™”* on the symbols of ©”. It is clear that 2° is a com- 
plete skolemization of %. . 

(b) Let & be a model of 7 of a signature LS and B c YW. 
From Proposition 1 (a) we get Bb ©" < Wb ©" for anynew. 
Since LS = LJ ©", we get B < Wf. Hence T® is model-complete 
and by Theorem 5 the class ‘K,,,(7) is v-axiomatizable, i. e. 
Kyes(T") = Kyes(Z), where Z is a set of v-sentences of LS. Then 
Z is an axiom system for T°. The second statement in (b) follows 
from (a). 0 


Exercise 


1. Show that for all skolemizations of a system %& to be elementarily 
equivalent it is necessary and sufficient that A be one-element. (Hint. Consider dif- 
ferent values of v¥(f,) for ® = aug(v9 = vp Av, = U4)-) 


27. MECHANISM OF COMPATIBILITY 


The mechanism of compatibility is mainly of methodical im- 
portance. It allows us to recognize a common part in many 
theorems proving which involves construction of models. In this 
section we prove several such theorems. It is assumed throughout 
that the signature © has a finite or countable power. 

DEFINITION. For a formula ® of L we define a formula ®- as 
follows: 

(a) if is an atomic formula, then a = 74, 

(b) (“¥)7 = ¥, 

(Cc) (WY, -— ¥)7 = ¥,A 7, 

(d) (¥,A¥,)7 = AV, V AY, 

() ®V¥%)7 = AV, ATY,, 

(f) @x¥)3 = vxrV¥, 

(g) (Wx¥)7m = ax. 

It is seen from the definition of = that Pa = 4. We 
denote by £° a signature obtained from a signature L = ¢(R, F, ») 
by adding to it a countable set C of new constants. A constant of 
r¢ and a term of the form f(c,, ..., ¢,), where c,, ..., ¢, € C and 
Jf € F, will be called a basis term of the signature L°. 
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DEFINITION. A set S of finite or countable sets of sentences of 2° 
is said to be the mechanism of compatibility of a signature © if for 
each s € S the following conditions hold: 

(C1) the inclusion {@, —®} ¢C s holds for no sentence $; 

(C2) n@es = (s U (@7} Cs, for somes, € S); 

(C3) - Ves= (sU{¥} Cs,orsU {79} C s, for some 
5, €S); 

(C4) 6A VES = (SU (%} Cs, ands U (¥} C s, for some 
S;, 8, €S); 

(C5)6v Wes = (s U ($} Cs, ors U (¥} C 5, for some 
5,€S); 

(C6) vxb es = (for any ce C there is s, € S such that s U 
U {(@)F} ¢ 5)); 

(C7) axbes = (s U [(@)%} C 5, for somece Cand somes, € 
€ S); 

(C8) (c,,c, € Candc, = c, es) = (s U {c, = c¢,} C 5, for 
some s, € S); 

(C9) if ce Cand ¢ is a basis term of £°, then two conditions 
hold: ; 

(a)s U {d = t} ¢ s, for some de Cand some s, € S, 

(b) {c = ft, (®)¥} Cs = (s U ((®)X} C 5, for somes, € S). 

A set S is said to be a mechanism of compatibility if it is the 
mechanism of compatibility of some signature L. 

PROPOSITION 1. Let T be a theory of a signature &. Then a set S 
of finite sets s of sentences of a signature X° such that T U s is 
compatible is a mechanism of compatibility. 

PROOF. We verify condition (C7). Checking the remaining con- 
ditions will be left as an easy exercise to the reader. Let aset T U 

Us U {(#)*} be incompatible for a constant c € C not occurring 
in the elements of s U {®} and let D be a proof of a sequent 
V,,.,¥,,(@)XF, where (¥,,...,¥,} ¢ TU s. We employ the 
usual device: by replacing the constant c in all the sequents of D 
by a variable y not occurring in the elements of D we obtain a 
proof D, of the sequent ¥,,..., W,, (@)yr. Applying Rule 16 we 
obtain the provability of ¥,, ..., ¥,, av(®)yr. Since 3x and 
ay()5 are congruent, the set T U s is incompatible if axes. 0 

PROPOSITION 2. Let S be a mechanism of compatibility andseéS. 

(a) {@,6- ¥}) cs (s U (¥} C 5, forsomes, €S). 


la) 
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(b) For any ce C there iss, € S such thats U {c= c} C 5,. 

(c) (c,d,ee Cand {c=d,d=e} Cs)>(sU [ce] Cs, 
Jor some s, € S). 

(d) S’ = {s'ls’ Cs eS} is a mechanism of compatibility. 

PROOF. (d) Is obvious, (a) follows from (C3) and (C1), (c) 
follows from (C9) (b) if we take x = eas @ and aconstant das ¢. 
We prove (b). By (C9) (a) we have s U {d = c} ¢ s, for some 
constant de C and s, e S. From (C8)-we gets U {d = c,c¢ = 
= d} ¢ s, forsomes, € S. Now we apply (c) and gets U {d = c, 
c=d,c~c} Cs, forsomes, €S. 0 

An algebraic system Y of L°¢ is said to be canonical if v¥(C) = 
= A, i.e. any element a € A is the value of some constant c € C. 

THEOREM 9. If S is a mechanism of compatibility of a signature 
Y and s* e€ S, then s* has a canonical model Y of a signature L°. 


pRoor. Consider a class S’ = {s’ ¢ sls € S}, which is by 
Proposition 2 (d) a mechanism of compatibility. Let 
$, O,-58,.. (new) 


n 
be an enumeration of all sentences of © and let 


lortireetiay ws (New) 


be an enumeration of all basis terms of L°. By induction on” € w 
we construct a sequence 


SiG 5, COs Cag 


ia = n 


of the elements of S’. We set s) = s*. If m = 3k, then by (C9) (a) 
we find a constant c € C such that s, U [c = ¢,} € S’ and set 
S,41= 5, U fc ~ t,}. Forn = 3k + lwesets,,, = 5, U 
U {4}, ifs, U (Jj eS’ ands, , , = s, otherwise. Let n = 
= 3k + 2. 1f & = axW¥ and & es,, then wesets,,, = 5, U 
U {(¥)*} eS’ for some ce C. Otherwise we sets, , , = S,. Con- 
sider asets, = U s,. The construction of s, implies the follow- 
néw 
ing fact: 
(*) a one-element set {s, } is a mechanism of compatibility. 
On the set C we define the relation ~: 


c~decrdes,. 
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By (C8) and Proposition 2 (b), (c) the relation ~ is an equivalence 
on the set C. On the set A = {clcis a ~-equivalence class con- 
taining ce C} we define an interpretation »™ of a signature £° = 
= (R, F°, n°) as follows: 
VEN Cys 05 6,) He oe = fle, 1a, GES, 
(pity) CPUC T (Cpu €,) © Sis 

where fe F°, re R, u°() = pS (r) = 2. It follows from (*) and 
(C9) (b) that these definitions are correct. Suppose, for example, 
that c, = f(c,, C3), Cy = S (C5, Cg), Cy = Cs and c, ~ cg areins,. 
Applying (* ) and (C9) (b) yields c, = f(c.,¢¢) €s,. Applying two 
more times (*)j,and (C9) (b) yields c, = f(c,, ¢,) € 5, and c, = 
= C,ES,. 

Since v%(c) = c for c € C, we set that YW = (A, vX) isa 
canonical system. We now show that for any sentence ® of L° 


es >A. (1) 


It follows that is a model of s*. If 6 = c = ¢ for a basis term ¢, 
ceC,b=r(c,,...,c¢,)forreR,c,,...,¢, €C, or ® is the nega- 
tion of such formulas, then (1) follows from the definition of »™, 
(*) and (Cl). If ft = ce s,, where ¢ is a basis term, c € C, then 
from (*) and (C9) (b) we get d = tes, for some de C. Therefore 
by (*) and (C9) (b) we haved = ces. Hence Y & ¢t = c. Let 
at = ceées,, where fis a basis term, ce C. If ~/ = cis false in Y, 
then by the definition of Yc = tes,. From (*) and (C9) (b) we 
get ac = ce 5,. By virtue of (*) and Proposition 2 (b) this 
contradicts (Cl). We have thus shown that (1) is true if @ is an 
atomic sentence or the negation of an atomic sentence and the 
number n(#) of the symbols of E occurring in ® is not greater 
than 1. Let @ € s, be an atomic sentence or the negation of an 
atomic sentence and n(®) > 1. Then there is a basis term ¢ ¢ 
é C occurring in ®. By properties (*) and (C9) (a) we haved = te 
és, for some dé C. It follows from (*) and (C9) (b) that the for- 
mula ®, obtained from ® by replacing ¢ by d is in s,. Since 
n(®,) < n(®), by the induction hypothesis is true in Y. For the 
remaining sentences ® of L¢ statement (1) is obtained immediately 
from (*) and (C2) to (C7) by induction on the length of ®. 0 
DEFINITION. A set S of finite or countable sets of sentences of a 
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signature L¢ is said to be a mechanism of compatibility of a 
signature & without equality if S satisfies conditions (C1) to (C7) 
and the sentences occurring in the elements of S do not contain an 
equality. 

THEOREM 9’. [f a signature £ contains no function and constant 
symbols and S is a mechanism of compatibility of = without 
equality, then any s* € § has a canonical model of a signature L°. 

prooF. Consider a set X = {c = clce€ C} and aclass S’ = 
= {gs U Xls eS}. It is obvious that S’ is a mechanism of com- 
patibility of £2. By Theorem 9 s* U X has a canonical model of 
re, O 

The following theorem is a generalization of Theorem 9 which 
we shall need in what follows. 

THEOREM 10. Let S be a mechanism of compatibility of a 
signature L, X;, i € w, be finite or countable sets of sentences of a 
signature £° and let T be a consistent theory of &. Suppose that 
foranyseéS,®€ Tandié w there are V € X, ands, € S such that 
sU {%, ©} C s,. Then for any s* €S there is a set X of sentences 
of = such that s* U X U T has a canonical model X& and X 
NX, # © for anyié w. 

proor. Consider a class S’ = {s U Tls € S}. It is easily 
verified that S’ is a mechanism of compatibility. For example, let 
axées U TandseS. If axes, then by (C7)s U {((®)2} UTC 
¢ s, U T for some s, € S. If 2x@ € 7, then under the hypothesis 
of the theorem there is s, € Ssuch thats U {ax@} C s,. Again by 
(C7) we have s, U {(®)*} ¢ s, for some ce Cand 5, € S. Hence 
sUTU {((@)*} Cs, U T. Let &, &, ..., &, ... (2 € w) and 
tos ty «++» L,) -- (2 € w) be enumerations of all sentences of the 
signature L° and of all basis terms of L°¢. 

From S’ we construct a sets, = (U 5s, as follows. The set sy is 


new 

equal to s* U 7, and we determines, , , forn equal to 4k, 4k + 1 
or 4k + 2 from S’ in the same way ass, , , for m equal to 3k, 
3k + 1 or 3k + 2 respectively are constructed from S in Theo- 
rem 9. Forn = 4k + 3 we proceed as follows: ifs, = s; U 7,s/ € 
e S, then under the hypothesis of the theorem there are V € X, 
and s’ € Ssuch thats; U {W} Cs’; wesets, | , = 5’ U T. The 
construction of the model % is the same as in Theorem 9. As X we 
take the set s,. 0 
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From Theorem 9 it is possible to obtain as a corollary Section 
22’s theorem on the existence of a model. 

THEOREM 22.5. If a set T of formulas of a signature & is consis- 
tent, then T has a model. 

ProoF. By virtue of the compactness theorem it suffices to 
prove the theorem for a finite set = {®,, ..., & J. If T is 
satisfiable and compatible, then so is respectively the sentence 
W = 3x, ... 3x%,(®, A... A ®,), where x,, ..., x, are all free 
variables occurring in ®,, ..., ®. If {W} is compatible, then it 
follows from Proposition | that there is a mechanism of com- 
patibility S for which {¥} e€ S. Now we apply Theorem 9 for 


se = (Wj). 0 
DEFINITION. A set Z of formulas of a signature £ whose free 
variables are contained ina set {v,,...,u, } is ann-type of L. If T 


is a consistent theory of L, then an n-type Z of L is said to bea 
principal-in-T n-type if there is a formula ®(v,, ..., v,) of L such 
that 7 U {3u, ... du, } iscompatibleand 7 > ® — W forany Ve 
e€ Z. We shall say that an n-type Z of L is realizable in an algebraic 
system M of X if there are elements a,, ..., a, € A such that 
Ye V(a,,...,a,) for any formula V(u,, ..., v,) € Z. If an n-type 
Z of L is not realizable in a system 2% of L, then we say that Z is 
omitted at YX. 

The following theorem is called the theorem on the omission 
of types. 

THEOREM 11. If T is a consistent theory of L and Z,, i € w, are 
nonprincipal-in-T n,-types of X, then there is a model T of L 
omitting all types Z,, 1 € w. 

prooF. Consider a collection S of finite sets s of sentences of L° 
such that s U Tis compatible. By Proposition 1 S is a mechanism 
of compatibility. Let f, i € w, be distinct-valued mappings of w 
onto C™ and let g be a distinct-valued mapping of w onto w*. We 
define a set X,, k € w, as follows: if g(k) = <i, /) and fi) = 
= (C5 +++) Cy, >, then we set X, = [{ si(éyr nes I € Z,}. Sup- 


pose that the hypothesis of Theorem 10 does not hold. Then there 
are 5, € S and k, € w such that s, U 7 U {¥} is incompatible for 
any W € X;,,. Let g (ky) = (hs! )s fio) = (Cy, +++) Cnjg > and let &, 
be the conjunction of all elements s,. Then {} U Tis compati- 
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Chip + 19 +++ Gy be all elements of C distinct from ¢,, ..., Cy; and 
contained in & . Let ®, be a sentence congruent to the sentence 
and containing no variables v,, ..., v,, and let ®, be a formula of L 


for which (® )iir0 0" = ® . We show that T > Ing + 1 oe 


seey Cm 
.-. Ju,,®, — ® for all ® € Z,,. Indeed, let &% & ,[y] for some 
model & of a theory 7, having a signature 2, and some interpreta- 
tion y: {u,,..-, u,,} - A. Consider an expansion 9’ of a system 2% 
to a signature L° such that »*’ (c,) = y(v,), --, ™ (c,,) = vu): 
Then Y&’ & %, and from the equivalence $, = & we get YU’ & h. 


E [y]. Thus YU & (Un, + 1 +++ IU, P, — ®) [y] for any model Y of 
T, any formula ® € Z, and any interpretation y: {u,, ..., Unig }—- 
— A. Then it follows from Corollary 22.4 that T > Ju, 41 
... Ju, ®, — ® for any ® € Z,,. Since s, U Tis compatible, T U 
U (du, ... du, ®,} is also compatible. This contradicts the fact 
that Z;, is nonprincipal n,,-type. Thus the hypotheses of Theorem 
‘10 hold and hence there is a set X of sentences of £° such that ¥ 
NX, # O,i€w, and there is a system Y of L° which is a model of 
T U Xin which any element a € A is the value of some constant 
c é C. Since for any i € w and any suite (c,, ..., C,, ) € C” there is 


Z,i€o.0 

The omission of types theorem is a very important method of 
constructing models. It supplements the compactness theorem 
which is mostly used when it is necessary to realize compatible 
types. Applications of Theorem 11 are given in Sec. 29. 

An occurrence of a symbol g ina formula @ not containing the 
connective — is said to be positive (negative) if the number of dif- 
ferent subformulas of @ of the form 7 Y containing that occur- 
rence is even (odd). We denote by £+ (®) and £7 (&) sets of rela- 
tion symbols of Z having respectively positive and negative occur- 
rences in ®. For example, if 


= Wu, (7 (8uar(t,, v2.) V 7S(vy)) A A(47r3, 4) Av, = ¢,)), 
where ¢,, ¢, are terms, then L* (®) = {r,s}, U7 (@) = {[r}. 

The following theorem is called the Craig-Lyndon interpola- 
tion theorem, 
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THEOREM 12. Let ®, YW be sentences of a signature © not con- 
taining the connective ~ and let ®@ > VY. Then 

(a). there is a sentence X of & not containing — such that ® > 
> X,X > W,L+(X) ¢ E+ (6) N E+ (W) and L- (X) ¢ L-(@)N 
Nr (¥); 

(b) if £ contains no function and constant symbols, ® and v 
are without equality and ~® and W are both unprovable, then it is 
possible to require in (a) that X should be without equality. 

PROOF. A sentence X satisfying the conditions of statement (a) 
will be called an interpolating sentence for a pair (®, ¥). 

(a) Let S be a set of finite sets s of sentences of D° containing 
no implication symbol which satisfy the following condition: 
there ares, # © ands, # © such that s = s, U s, and there is no 
interpolating sentence for the pair (As,, —(As,)). (By As we 
denote a conjunction of the elements of s.) A set s, is called the 
beginning and s, the end of s*. We check conditions (C1) to (C9) 
of the mechanism of compatibility. Since implication does not oc- 
cur in the elements of s € S, (C3) trivially holds. If a sentence ©, of 
L¢ is equivalent to a sentence 9, es € S and L7(0,) = L7(0,), 7€ 
e€{+, —}; then it is obvious that s U (@, } eS. From this we ob- 
tain conditions (C2) and (C8). Let se S. Let s, be the beginning of 
sand s, the end of s. 

(C1) Let (8, 7@}'C s. If {@, 40} is contained in the 
beginning (the end) of s, then the sentence Vv, mu, ~ vu, (the 
sentence Vv, v, ~ u,) will be an interpolating sentence for (As, , 
1(As,)), which contradicts the condition. If © € s, and “Oe 
€5, (70 €s, and 9 €s,), then an interpolating sentence for ¢As,, 
-(As3)) will be a sentence © (a sentence 0). 

(C4) Let ©, A ©, € s, and suppose that there is an interpolating 
sentence X for <(As,) A ©,, —(As,)) or for <(As,) A Q, 
-(As,)). Then it follows from As, > ©, and As, > ©, that X is 
an interpolating sentence for (As, , —(As,)), which is impossible. 
If 0, A O, € Sy and X is an interpolating sentence for ¢As,, 
a ((As,) A @,)) or for {As,, 4((As,) A 8,)), then by virtue of 
(As, A @,) & (As) and 7(As, A @,) > 7(As,) X is an inter- 


* Note that the beginning and the end of s are not determined from s unique- 
ly. 
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polating sentence for ¢As,, 1(As,)>. The results obtained con- 
tradict the condition, which shows that s U {®,} € Sands U 
U {O,JeES. 

(C5) Let ©, V ©, € s, and X,, X, are interpolating sentences 
for <((As;) A 8,, —(As,)), ((As,) A @,, a(As,)) respectively. 
Then X, V X, will be an interpolating sentence for (As,, 4(As,)). 
If ©, v 8, € s, and X,, X, are interpolating sentences for ¢As,, 
7 ((As,) A 8,)), (Asy, 7 (AS) A 2) respectively, then X, A X, 
is an interpolating sentence for (As,, 4(As,)). 

(C6) Let vx € s,, ce Cand suppose that X is an interpolating 
sentence for <As,, —((As,) A (®)%)). Since “((As,) A 
A (8)%) > -(As,), X is interpolating sentence for (As,, 7(As3)), 
which is impossible. For vx® € s, it similarly follows that s, U 
U {(®)*%} may be taken as the beginning and s, as the end of 
sU ((O)}. 

(C7) Suppose c, € C is not contained in the elements of s. If 
ax® e€ s, and X is an interpolating sentence for ((As,) A (6)%, 
3 (As,)), then it follows from Axiom 12 and Rule 3 of CPF* that 
ayX, is an interpolating sentence for ¢As,, —(As,)), where X, 
contains no constant Cy, (X,)2, = X and yis a variable not occurr- 
ing in the elements of s U {X}. In the case where 2x0 € s, and X 
is an interpolating sentence for <As,, —((As,) A (@)%,)) the 
sentence VyX, is an interpolating sentence for (As,, 4(As,)). In- 
deed, As, > VyX, follows from As, > X, since c does not occur in 
As,. From X & -((As,) A (®)%) we get VyX, > -(As,) V 
Vv vy (8); . If vyX, > -(As,) does not hold, then there is a 
model %f of the set {vyX,, As,}. It follows from the foregoing 
that vy 7 (9); is true in Y. This contradicts Y = As, and axO Es. 

(C9) Suppose that c’ € C does not occur in the elements of s. If 
X is an interpolating sentence for ((As,) Ac’ = f(¢,, «+5 Cy)s 
(As), then X is an interpolating sentence for (As,, 7(As)). 
Let (C9 = F(Cys 215 Cys (Fee, oo. egy} SS UE OF ey egy ES, and 
X is an interpolating sentence for <(As,) A (®)z,, 7(As,)), then 
an interpolating sentence for <(As,), 7(As,)) is X in case cy = 
= f(c,, -.., ¢,) € 5, and the sentence ac) = f(c,, ..., ¢,) V X in 
case Cy = f(C,, «++. C,) € 55. If (Vier, site Se and X is an inter- 
polating sentence for (As,, 7 ((As,) A (8), then an inter- 
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polating sentence for (As,, 7(As,)) is X in case cy = f(c,, «+ 
.++5 C,) € S, and the sentence c) = f(c,, ..., ¢,) A X in case cy = 
Be JAC) 9. tre) CS * 

So we have shown that S is a mechanism of compatibility. If 
(a) did not hold, the set {®, 1%} would be in S. By Theorem 9 
the set {®, — ¥} would have a model, which would contradict the 
condition ® > W by virtue of Corollary 22.4. 

To prove (b) it is necessary to replace in the definition of S the 
words ‘‘sentence’’ by ‘‘sentence without equality’’ and require 
that neither > —(As,) nor > 4(As,) should hold. Then the cases 
{6, 70} ¢ s, and {[@, ~O} C sy, are found to be impossible in 
checking (C1). For the rest checking conditions (C1) to (C7) is the 
same as in (a). Hence S is a mechanism of compatibility without 
equality. We then apply Theorem 9’ instead of Theorem 9. 

If equality occurs in ® or in V, then it is impossible to require 
in Theorem 12(b) that equality should occur in X only when it 
does in ® and W (see Exercise 1). In the remainder of this section 
we apply Theorem 12 to characterize sentences remaining true 
when passing to homomorphic images. 

DEFINITION. If 2 is an algebraic system of L, then the relation E 
on a set A is said to be a congruence on Y if it is an equivalence on 
A and for any @,, ...,a,, b,,...,6,€A,r ER, feF, p(r) = 
= wf) = 1, (a,,b, EE, ..., (a,,b,) EE, (a,,...,a,) E v™(r) 
implies (b,, ...,b,> €v"(r) and (a,,b,) EE, ..., (a,,b,) €Eim- 
plies (y*(f)(a,, ..., @,), P™ C(O, «.., b,)) € E. If B is a con- 
gruence on the system Y& of L, then we define a new system W/E of 
L which we call a factor system of the system X with respect to E. 
The carrier U/E consists of equivalence classes a9E = {b|<{b, a) € 
e€ E}. The interpretation »*/£ is defined as follows: 


(a,E,...,a,E) ev™/F(r) & (a,,..,4,)Ev%(r) (reR) 
pwE(f)\(a,E,...,4,E) = v™(fa,,..,@JE Se F). 
Verification of the correctness of this definition, as well as the 
proof of the following simple proposition, will be left as an exer- 
cise to the reader. 


PROPOSITION 3. (a) Let ® be a sentence of = and let &' be ob- 
tained from ® by replacing subformulas t, = t, by E(t,, t), where 


12—191 
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E is a relation symbol not occurring in R. If U isasystem of XL’ D 
> L,E eR’ and v®(E) is a congruence on U } £, then 


Web’ & U/y(E) & O. 


(b) If E is a congruence on a system XU, then the mapping 
assigning to an element a € A an element aE is a homomorphism 
of UX onto A/E. O 

A formula @ is said to be positive if it contains no implication 
and all the occurrences in ® of relation and equality symbols are 
positive. We shall say that a sentence © of LY is preserved under 
homomorphisms with respect toa sentence W of L if the truth of 
® A Vv ona system Y% of £ implies the truth of @ A W on any of 
its homomorphic images. 

THEOREM 13. Let ® and W be sentences of & and let the sentence 
WV — 7-94 be unprovable. For ® to be preserved under homomor- 
Dhisms with respect to W it is necessary and sufficient that ® be 
equivalent to a positive sentence X with respect to ¥ (i.e. ¥ > 
> (@ — X)A (K — )). 

PROOF. Necessity. Since @ and ¥ contain a finite number of 
symbols, the signature L = (R, F, w) may be assumed finite. Sup- 
pose first F = @. Denote by © a conjunction of sentences 


Wu, Wu, (Fry, ey UV’, es U,)), TER, wi) =n, 
and a sentence 
Vu, Wu,(7 E(u, v.) V E’(u,, v2), 


where r’(r € R), E and E’ are pairwise distinct symbols not in R. 
Denote by A a signature sentence containing only symbols of R U 
U {E)} and no implication symbol whose truth on a system QY is 
equivalent to the fact that v™(Z) is a congruence on % + L. Let 
and YW, be obtained from ® and Y respectively by replacing all for- 
mulas of the form x = y by E(x, y). Let 65, Wj and A’ be obtain- 
ed from ®), Wy and A respectively by replacing all predicate sym- 
bols by primed symbols. If a sentence 8 A A A A’ is true on Y, 
then p%(r) ¢ v%(r’) for re R and vp™(E) ¢ v™(E’) and so the 
mapping assigning to an element aE an element ak’ is a 
homomorphism of ( + L)/v*™(E£) onto Y,/v¥ (£’) where UY, = 
= (A, v™!) is a system of L for which yp" (r) = v®(r’)(r Ee R). 
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From this, via Corollary 22.4, Proposition 3(a) and the 
hypothesis of the theorem we get 
HARAALP AWG V AOV AA’ VG, 
Suppose that > Wj V 7@ Vv AA’ v &). On replacing in the 
proof the symbols r’ by r for re R and E’ by E we get 
> aWV 78, V AAV, 


where 0, is obtained from 0 by replacing r’ by r for re R and E’ 
by E. It is clear that > ©, and hence 7¥, V “AV &, is an iden- 
tically true sentence. From this, using the fact that A is true on 
systems & in which the relation »®™ (E) is an equality, we conclude 
that YW — @ is also identically true. We may take as X therefore a 
sentence Wu, uv, = v,. Now let 7>¥j V 7@ Vv 7A’ Vv ® be un- 
provable. The sentence 4(W, A & A A) is also unprovable, since 
otherwise by virtue of the fact that Ais true on systems % in which 
v4 (E) is an equality, the sentence ¥ — — would also be iden- 
tically true, which contradicts the condition that it is unprovable. 
Then by Theorem 12(b) there is an interpolating sentence Xp con- 
taining no equality for which the following conditions hold: ¥, A 
A®% AADXK,, X) > AW V AOV AA’ V &, Lt (X)) C RU 
U {Ej and £7 (X%)) C EO(H ABAADN UE (“WV ABV 
V 7A’ V &) = ©. Hence X) is a positive sentence of a signature 
x, which contains only the symbol £ in addition to those of L. 
Replacing in the derivation the symbols r’ by rfor re R and E”’ by 
Eyields X) > 7¥%V 70, V WAV &. Since > ©, , we have X) > 
> AW, V 7AV ®. We have thus obtained %), A > (& — X))A 
A (Xp — &). Since A is true on systems %& in which the relation 
v“ (E) is an equality, ¥ > (@ — X) A (X — ®) for the positive 
sentence X obtained from X, by replacing subformulas of the 
form E(x, y) by x = y. 

Now let L = (R, {f,,---»4,}, >. Consider a signature Lb’ = 
= (RU ({F,..., FF}, 0, wu’), where Ff, ..., F, are pairwise 
distinct symbols not in R, w’(r) = w(r) (r € R) and w’(F) = 
= uf) + l,ie{1,..., mj}. Let Y, be a sentence expressing in the 
systems of L’ that the relations F,, ..., F,, are functions *. Let 4, , 
~* That is, Vo is a conjunction of the sentences Wx, ... Wx,,WYVZ (Fi), «- 


we Xs DIN Fi py ee Xpjs BD) Y= ZN WH vee Wp TIF s os Xap Vs FE 
ée {l,...,mj,n; = wh). 


180 Model Theory 


W, be sentences of L, in reduced nf equivalent to the sentences ® 
and ¥ respectively. Let ,, ¥, be obtained from #, , ¥, respective- 
ly by replacing atomical subformulas of the form y = fi(x,, ... 
very Xi)s GO, oy XH) = Y bY Fix, ..-, X,, y). Clearly if ® is 
preserved under homomorphisms with respect to ¥, then %, is 
preserved under homomorphisms with respect to ¥, A W,. Since 
L’ contains no function symbols, it follows from the foregoing 
that there is a sentence X, of £’ for which 


YAW, > (&, — X,) A(X, — ®,). 
Using Corollary 22.4 we then get 
VW > (® — X)A(X = 8), 


where X is a positive sentence of © obtained from X, by replacing 
F(X. 0 Xp 1) BY X, 4 = SOY, 0 X,)- 

The sufficiency of the hypothesis of the theorem is obtained 
from the following two facts which are verified directly by induc- 
tion on the length of X. (a) If 4 is a homomorphism of 2 onto 8 
and X(x,, ..., x,) is a formula containing no negation, then 


We X@,...,¢,) = Be X(ha,,..., ha,). 


(b) A positive formula X is equivalent to formula X, contain- 
ing no negation. 0 

COROLLARY 1. If K is an axiomatizable class, then K is closed 
under Homomorphic images if and only if K has a system of axi- 
oms consisting of positive sentences. J f 


Exercises 


1. Using Theorem 11 prove that for any countable linear ordering 8 without 
the last element there is a proper elementary extension of 6 (i.e. & < Gand A # 
#% B) such that Y is the initial segment of © (i. e. it follows from (b, a) € »B(<) 
and ae A that b € A). (Hint. Add to the signature the constants {c} U {c,laé 
€ A}, consider a theory 7 with a set of axioms D*(M) U {7c = c, ae A} and the 
types Z, = {u) <q] U (-7u, = c,lae A} and use the theorem on the omission 
of types.) 

2. Show that if an equality occurs in ® or in ¥, then one cannot require in 
Theorem 12(b) that an equality should occur in X only when it occurs in ® and ¥. 
(Hint. Consider the examples c, = c, > r(cy) V 7r(c2), F(e,) A 77 (QQ) & aC, = 
= C2 ) 
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3. A formula ¥ is said to be negative if in the formula ¥, obtained from ¥ by 
replacing all its subformulas of the form ¥, ~ ¥, by 1 ¥, V ¥, each occurrence of 
a relation symbol and of the equality is negative. Show that provable formulas 
cannot be negative. (Hint. A negative formula is false in Ey.) 

4. Deduce from Exercise 3 that in Theorem 13 the condition that ¥ ~ 74 is 
unprovable cannot be omitted. 


28. COUNTABLE HOMOGENEITY 
AND UNIVERSALITY 


Let 7 be a theory of a signature L. We denote by F, (L) a set of 
formulas of £ with free variables of a set {u,,...,u,}. If Be 
e F(Z), then by Ill, or simply by Ill we denote a set (¥ € 
e F(Z) | T > (® = ¥) A (¥ = &)}. We denote by B (7) a 
Boolean algebra with a carrier B.(T) = {Ill | ¥ € F (£)} and 
the following operations: 

(a) ll U ivi = lov ¥i; 

(b) I@l AO Iv = Id A WI; 

(c) lel = Ire. 

Checking the correctness of the definition of the operations, as 
well as verification of axioms (1) to (10) of Boolean algebras will 
be left as an exercise to the reader. 

Let us suppose that in this section all algebraic systems and 
theories to be considered have a signature L, unless otherwise 
stated, and that the power of L is finite or countable. By a model 
of atheory 7 we shall mean a model T of a signature L. Let & be 
an algebraic system of L and a,, ..., a, € A. The type of the col- 
lection (a,,...,@,) in & is the following n-type: 


TU, a, -,4,) = 

= {b(u,,..,u,) |W oa@,...,4,), BEF (Z)J. 
If &, B are systems of L,a,,...,a,€A,b,,..., 5, € B, then the 
equation TQ, @,, ...,@,) = T®, b,, ..., &,) will also be denoted 
by 

Qh Gig tag Oy) SE OB, Oy ee, Ds 

DEFINITION, A countable algebraic system & is said to be 

homogeneous if for any a,, ...,@,, 0,, ..., 8,€ A and any element 
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aeA 
CU, 4), +5@,) = (U,0,,...,5,) (1) 

implies 
(Wy, 005,50) = (U,D,,...,0,,0) (2) 


for some be A. 

It is clear that if & is a homogeneous system and X ¢ Aisa 
finite set, then the system Y, is also homogeneous. 

PROPOSITION 1. For any countable system & there is a countable 
elementary homogeneous extension B > Y. 

PROOF. We first show that for any countable system there is a 
countable elementary extension Y%) > % such that for any a,, ... 
wy @,, 0), +5 5,,@€A (1) implies 

(AO, a), ..-4,,4) @ (UM, D,,.. 0d) (3) 
for some b € A“). For every X = {a,,...,a,} ¢ A we define a set 
R(X) = (y:X~A | (A, a,,...,4,) = CU, ya,,..., ya, >). 
We denote by F the union of all R(X), where X is a finite subset 
of A. It is clear that R has a countable power. We extend the 


signature L , to L, by adding new symbols of one-place operations 
J, for each y € R. Consider the following set of sentences of ¥,: 


Z = D*(M) U (WxX((, Cy) +s Cag) — 
> BL), yay» 011 Cyan) 
lyER,a,,...,a,€domy, Ox, y,,...,y¥,)€ F)}. 


It follows from the definition of the set F that every finite set Z, ¢ 
¢ Z holds in some expansion of %. Let Y, be a countable model of 
Z and let A“) = Y, t L. Since Y is a model of D*(Q), it may be 
assumed by Proposition 24.4(a) that & < 9. If (1) holds, then 
the truth on &, of the sentences of Z implies that (3) holds for b = 
= f%\(@), where y(a,) = 0,,..., y@,) = 9,- 

We define a sequence of systems {Y,|/ € w} as follows: &) = 
= %,M,,, = Uf, ie w. By Proposition 24.3 we get UY, < B= 
= U YU, k € wand, in particular, Y < B. SinceB = UY,, we see 


that 8 is a countable system. If a@,, ..., a,, b,,...,6,,a¢€B and 


Countable Homogeneity and Universality 183 


(B, a, tees a, = (B, b,, pees b,); 


then a,,...,4,, 0), -.., 0,,a@€A; for some i € w. Since YU, < Bwe 
have 


CU, Gy), +5 G,) = (Uj, Oy, ---5 B,D. 
From the definition of 4) = %, , , we get 
AM ye Gi yaer Oya) = A oas Di ys eae Dig DO? 
for somebe A, , ,. Since U; , ; < B, we have 
OB Oya ot) me OB, Oasys Big Ds 


Thus 8 > % is a countable homogeneous system. (1 

PROPOSITION 2. Let 9, B be countable homogeneous systems of 
a signature L. Then the following conditions are equivalent: 

(a) U = B, 

(b) the same n-types of L, n € w, are realized in X and B. 

PROOF. (a) = (b) is obvious. Let (b) hold. We number A and 
B: A = {a,li€w)},B= (b,liew}. By induction onn € w we con- 
struct finite mappings f,: A, — B, A, ¢ A, with the following 
properties: 

(1,) ifn #0, thenf,_, of 

(2,)ifn = 2k + 1, thena,€A,; 

(3,,) if m = 2(k + 1), then b, € f,(A,); 

(4,)if A, = {e,,-..,¢@,}, then 


AWG) 5 ig) AD,S Cy 0,6? 


For f, = © conditions (1,) to (39) trivially hold. Condition (4)) 
follows from (b), since Th({) is a 0-type. Let nm = 2k + 1 and 
A, _; = {e+ @,}. By the induction hypothesis 


(Ue), +58.) = (Bf, @pe ee fn - 1em>* (i) 
It follows from condition (b) that the type TQ, e,, ...,@,5 4) 

is realizable in B and therefore 
(We), br Yd = (BiG) so dy ea (2) 


WoW 


for some d,, ..., d,, , , © B. From (1) and (2) we get 
(B, d,, ee'ey d,,) = (B, Sf, me 121> 1i2y Sn = 18m 3 
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therefore by virtue of the homogeneity of ® there is b€ B such 
that 


CA Re Ae eee Mee Pere eee) 
By virtue of (2) we then have 
CU, Cys ees Gyr ed = (BS. Ops 0 Fy — 1m OD 


and consequently the mapping f, = f, _ , U { (ay ,D)) will satisfy 
conditions (1,) to (4,). The casen = "2k + 1) is treated similarly. 
It follows from conditions (1,) to (4,),n¢€, thatf= U Ff will 


néw 


be an isomorphism of & onto 8. 0 

DEFINITION. A countable algebraic system % of L is said to be 
universal if for any n € wall n-types of £ compatible with Th(2) 
are realized in it. A countable algebraic system %& of L is said to be 
saturated if for any finite X ¢ A all l-types of L, compatible with 
Th(Y,) are realized in U,. 

It is clear that the compatibility of the n-type of Z with Th() 
is equivalent to the local satisfiability of Z in Y. It is obvious that a 
countable elementary extension of a universal system is a univer- 
sal system. It is also clear that if a system & is saturated, then the 
system %, is also saturated for any finite X C A. 

PROPOSITION 3. For a countable algebraic system X the follow- 
ing conditions are equivalent: 

(1) U is saturated, 

(2) U is universal and homogeneous. 

PROOF. (1) = (2). Let 2 be saturated. We show by induction on 
neéw that any n-type Z, of £ compatible with Th(Q) is satisfiable 
in. Ifm = 1, the satisfiability of Z, in 9 follows from the defini- 
tion of saturation. Let m > 1. Consider the (n — 1)-type Z, = 
= {3u,(@,A ... A®)IG, ..., & € Z}. Since Z, is locally 
satisfiable in {, by the induction hypothesis the type Z, is realized 
in % by the elements a,, ...,@, _ ,. It will be assumed that v, does 
not Occur bound in the elements of Z,. By virtue of Proposition 
19.4(b) it suffices to consider only such n-types Z,. Consider the 
1-type 

= {@e aeey ee Un 


Cats vers — |v! 


® € Z)}. 
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It is clear that the 1-type Z, is locally satisfiable in Dai: edade ahs 
By the saturation of & there is an element a é€ A realizing in 
Unis potion) the type Z,. Hence the n-type Z, is realized in YU by 
the elements a,,...,@, 1,4. 

We show that & is homogeneous. Leta,,...,@,,0,,--..5,,a@€ 
eA and 


(U,a,,..,4,) = (UW, b,,...,5,). (*) 
Consider a 1-type 
Zo = (PUN Mia, ag) FH PGs PEF Cia, an1))- 
It follows from (*) that a 1-type 
= (OSs | Os SZ 8 Oise eee FO) 


WCayy 1s Can 
is locally satisfiable in 9 ie . Since Y is saturated, Z, is 
realized in Ui, ~ ny OY an clement beA,. It is clear that we then 
have 


CU, Gy, 45 0,,a) = CU, Dy» wees Dis n). 


(2) = (1). Let & be universal and homogeneous, a,, ..., a, € : 
and Z, bea 1-type of Wig locally satisfiable in ry 
may be assumed without ‘loss oO generality that all bound satel 
in the elements of Z, are different from v,,...,u, , ,- Consider an 
n-type Z, = TQ, a,,...,@,) and an (7 + 1)-type 

Z, — = Z, U {Bl (@)ch aes oe E Zo» Pv, taney U, + ) Ee F(x)}. 

If Z,) is locally satisfiable in 4, 4,;» then Z, is locally 
satisfiable in . Since %f is universal, Z, is satisfiable in {1 by some 
b,, .., b, , , EA. Since Z, ¢ Z,, we have 


(a, a, sees a,> = (a, b,, sees b,». 
From the homogeneity of % we get 
(UW, yp, 5 G,,4) = (WU, dD, dy 1d 


for some a € A. It is obvious that a realizes Z, in “GE 


fa), ..., an} 


186 Model Theory 


PROPOSITION 4. Jf & and 8 are countable saturated elementarily 
equivalent systems, then = &. 

prooF. Immediate from Propositions 3 and 2, since all n-types 
compatible with Th() = Th(%) are realized in Y% and B. O 

Thus there is a one-to-one correspondence to within isomor- 
phism between complete theories T with countable saturated 
models and countable saturated models of 7. By Proposition 1 
any theory TJ has a countable homogeneous model. Not all 
theories 7, however, have a countable saturated model (see Exer- 
cise 2). The following proposition characterizes complete theories 
T possessing saturated models. 

PROPOSITION 5. For a complete theory T possessing infinite 
models the following conditions are equivalent: 

(1) T has a countable universal model; 

(2) T has a countable saturated model; 

(3) for any n € w a Boolean algebra 8, (T) has a countable 
number of ultrafilters. 

PROOF. (1) = (2). Let & be a countable universal model of T. 
By Proposition 1 there is a countable homogeneous model 8 > Y. 
It follows from Proposition 3 that 8 is a saturated model of T. 

(2) = (3). Suppose %& is a countable saturated model of 7, n € 
€ w and Uis an ultrafilter of an algebra 8, (t). Consider an n-type 


T(U) = {@| lble U, be F.(B)}. 


It is clear that T(U) is an n-type compatible with 7. Since Y is 
universal, there is a collection a(U) = (a,,..-,@,) realizing the 
type T(U) in U. If U,, U, are two distinct ultrafilters of 8 (7), 
then for some @ € F, (L) we have Ii$ll e U, andl > $ll e Uy. Hence 
a(U, y#a a(U, ). Thus there is a distinct- valued mapping of the set 
of all ultrafiliers of an algebra 8 (7) into a countable set A”. This 
yields condition (3). 

(3) = (1). Let (U" lie w) be the set of all ultrafilters of B, (7) 
and suppose that a signature L, is obtained from £ by adding to it 
new pairwise distinct Coane {c? ‘In,i€w,1 <j <n}.Thena 
countable set of sentences of L 


;|1,1€ 0; BE T(Ur)} 


RST Oye. 
Pls ay Cf 
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is compatible. Let % be a countable model of X. Then + Lisa 
universal model of 7. Indeed, let Z, be an n-type of £ compatible 
with 7. Then a set Y = [lll | @e Z, } is a family of sets with the 
finite intersection property of 8 (7). By Proposition 12.1 there is 
an ultrafilter U7 3 Yof%,(7). Since Z, ¢ T(U?), Z, is realized 
in& t © by the elements v*(c7>‘), ..., v%(e™!). 0 

The concepts of a homogeneous, a universal and a saturated 
countable system easily carry over to other powers. In particular, 
an algebraic system 9% of L is said to be x-saturated, where x is a 
cardinal, if for any set X ¢ A of power <x any 1-type of Ly com- 
patible with Th(,,) is realized in %,. To conclude this section, 
consider a theorem independently proved by Yu. L. Ershov and 
H. J. Keisler. 

A filter D on a set J is said to be countably complete if for any 
set {X,|ie€w} ¢ Dwehave () X,€D. We denote by w, the first 


iéw 
uncountable cardinal. 

PROPOSITION 6. If U;, i € J, are algebraic systems of & and Dis an 
ultrafilter on I not countably complete, then the system D-prod X, 
is w, -saturated. 

prooF. Let {X,lie€w} ¢ Dand f\ X;,¢D. Consider a family 


{W,liew}, where W) =I \ eli W, = ee 


= (X,N... D\ ON. ox ) fori > > 2. It is clear 
ay pee Ue Tand W, 0 W, = © fori # j. Let 


iéw 
Y,, i € J be algebraic systems of L, let X ¢ D-prod A,, |X| < w 
and suppose that Z = (,(v,)lie€ w} is a 1-type of L, compatible 
with Th((D-prod %;),) and %, is an identically true formula. 

Let 8 = (D-prod Y;)y and X = (Df*\k € w}. Consider ex- 
pansions %, of systems Y, of Ly for which ce = f*(i). Clearly 
B= D-prod %, and for all kew 
{ie 11B, & av, (@)A...A8,)} ED. (1) 


Wechoose f € epee B, so that for any k,n € w, k € W, there is 
B, FH OK)A...A i (fk), where m(k) is the greatest number 
in the set (0, 1,..., 7} for which 8, F 3v, (@)/. PK) Since 
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Wi W, = © fori # j and &, is identically true, we can choose 
such f. 
We show that for any k, € w, k, 21 


{ie JIB, = & (fi)eD (2) 
and thus prove the proposition. Consider the set 
G = {ie JIB, F 2 (O A... AB) \WU..U Wy — 1) 


From (1) and from the fact that W€D,...,W, _ ,€DwegetGe 
€ D. Since m(i) > k, for any i € G, it follows from the construc- 
tion of f thatG ¢ {ie JIB, & &,(f7)} and from this we obtain 
Q. 0 


Exercises 


1. Show that the axioms of Boolean algebras are true in G(T). 
2. Suppose a signature ZL consists of a countable set {r,li ew} of one-place 
predicates and a theory 7p is defined by a set of axioms 


{4v, (5,4) A... AS, (uy) In € w, SLE UM, TN), 5, Ey ot). 


Show that 7p is a complete theory without a universal countable model. (Hint. The 
completeness of 79 follows from the fact that & t L, = Bb LY, forany finite L, ¢ 
¢ Ly and any countable models , 8 of a theory 7; that T has no universal model 
follows from the fact that all 1-types {s;(v,)li € w, 5, € {%, 77;}} are compatible 


with 7p.) ; 


29. CATEGORICITY 


Theorem 24.3 shows that for an infinite system 9%, Th (Ql) does 
not define % (to within an isomorphism). There is, however, an in- 
teresting class of systems % whose theory defines % to within an 
isomorphism among systems of the same power. In this section we 
shall discuss some properties of theories of such systems. The 
signatures in this section have a countable or finite power. 

DEFINITION. A class K of algebraic systems of a signature £ is 
said to be categorical in a power x or x-categorical if all systems in 
K of power x are isomorphic. A theory T of © is said to be 
categorical in x if the class K, (T) is x-categorical. 

If a class K has no systems of power x, then by definition it is 
categorical in x. If K is a class of algebraic systems (T is a theory) 


Categoricity 189 


of L, then by K, (by T,,) we denote the class of infinite algebraic 
systems of K (the theory TU (au, ... du,( A 70, = ujine 


€ w}). It is clear that K.(T,,) = (Ky (T)). <7 <" 

PROPOSITION 1. [f a theory T of a signature © is categorical in 
some infinite power x, then T,, is complete. 

prooFr. Let 2 and B be two infinite models of 7. It suffices to 
show that & = 8. By Theorem 24.2 there are countable elemen- 
tary subsystems YU, < Y and B, < B. By Theorem 24.3 there are 
elementary earensi Sue Y, > U, and B, > B, of power x. Since Y, 
is isomorphic to B,, we have Y, = B,. Hence WY = B.O 

If Tis complete and has finite models, then by Corollary 24.2 
all models of T are isomorphic to some finite system. Up to the 
end of this section we let T denote a complete theory of © having 
infinite models. Notice that if 7 is a complete theory, then any 
principal compatible n-type is satisfiable in any model of T. 

THEOREM 14 (Ryll-Nardzewski). For a theory T to be categorical 
in a countable power it is necessary and sufficient that for any né 
€ w algebras B, (T) be finite. 

PROOF. Necessity. Let 8,,(7) be an infinite Boolean algebra. 
Since T is complete, we have 18)(7)! = 2 and hence n, > 0. By 
Proposition 12.3 there is a nonprincipal ultrafilter U on %,,(T). It 
is clear that the m)-type Z = {@ € F,(L) | IlGll e UV} is a nonprin- 
cipal n)-type in 7. By Theorem 11 there is a countable model & of 
T in which Z is omitted. Since T U Z is compatible, by the 
theorem on the existence of a model there is a model B in which Z 
is realized. Since 8 may be assumed countable, 7 is not countably 
categorical. 

Sufficiency. Let B, (7) be finite for all 7 € w. Then any n-type 
Z is principal in 7. By Proposition 28.4 it suffices to show that 
any countable model Y of 7 is saturated, to do this it is in turn suf- 
ficient to show that any 1-type of the signature Lia, aaa where 
@,, -) a, € A, is principal in 7, = Th... ... ae ))- This follows 
from he fact that the mapping / transforming : UAE Soar 
into B(v, , Cy, +++, Ca,) preserves the relation II@ll < IW (i. e. T b 
> G+ WV = f. > hd — AW) and any (nm + 1)-type of L is prin- 
cipal in 7. 0 

The following proposition has been proved by P. Lindstrém. 
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PROPOSITION 2. [f an W4-axiomatizable consistent theory T of & 
is categorical in a countable power, then T is model-complete. 


prooF. We shall say that a formula ®(x,, ..., x,) of L is 
preserved in going to submodels (supermodels) of T if for any 
models & © Bof Tand any a,,..., a, € A the truth of O(a, ... 
..-, @,) in B (in Y) implies the truth of $(a@,, ..., a,) in W (in B). 
Consider a set G of formulas of © in prenex nf not preserved in 
going to submodels of 7. It is clear that 7 is model-complete if 
and only if G = ©. Suppose that T is not model-complete. We 
choose %(x,, ..., X,) € G whose quantifier prefix has a least 
length 7). It is obvious that r) > 0. Let $) = QyVy(, x,, ---5 X,): 
It follows from the minimality of r) that VY, is preserved in going 
to subsystems and hence Q = 3. Since — Y, is equivalent to a for- 
mula with a quantifier prefix of length r, — 1, it follows from the 
minimality of 7) that VY, is preserved in going to supersystems. 

We choose ¢: w — w” such that for any a € w" the set {nlon = 
= a} is infinite. We construct a sequence Uf, , m € w of countable 
models of T with the following properties: 

(1) A,, © wand the set w \ A, is infinite; 

(2)U,, ¢ U, form < s; 

(3) if ym € (A,,)" and there is a countable model B 2 A, of T 
for which 8 FE )(a/ (ym), ..., 77" (em)), then as UM, , , we takea 
model of T satisfying condition (1) fork = m+ 1 such that ae 
CU, and ,, & & (ai (ym), ..., m7 (em). 

Consider a system UY, = U Y,, which is by the v3-axioma- 


mew 
tizability of 7 a model of 7 (Proposition 25.4(b)). Since & € G, 
there are models Y ¢ Banda,,...,a4,€A, BE (a, ..., a,) 
and Y = 1)(a,, ..., a,). By taking corresponding countable 
elementary subsystems it may be assumed that 2 and % are coun- 
table, and it may be assumed by the categoricity of 7 in a coun- 
table power that & = %,. Since A, ¢ a, it follows from the condi- 
tion on ¢ that gm, = <a,,..., 4, ) €(Amg)" for some my € w. Since 
Amo CU, ¢ B, from property (3) we get Wg 4 1 FH Po (Ay, «++» Aq) 
and so we have Un. 41 F Yy(b, a,, ..., @,) for some b € w. This 
contradicts the fact thatU, = 7ay¥,(0,a@,,.-.,a,) and that Wp is 


preserved in going to supersystems. C) 
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Notice that the condition that a theory T should be v3-axi- 
omatizable is also necessary in the preceding proposition for T to 
be model-complete. Namely, we can prove the converse of Pro- 
position 25.4(b): if an axiomatizable class K is closed under 
unions of systems, then K is W3-axiomatizable. Any model- 
complete theory therefore is V3-axiomatizable. 

The theory of densely ordered sets without the first and the 
last element is categorical in a countable power (Proposition 15.4) 
and noncategorical in no infinite uncountable power (Exercise 1). 
The theory of algebraically closed fields of characteristic 0 is 
categorical in all infinite uncountable powers and noncategorical 
in a countable power. It is easy to construct examples of complete 
theories categorical in all infinite powers and theories non- - 
categorical in all infinite powers. As was shown by M. Morley, 
there are no other cases of categoricity ‘‘distinction’’ for complete 
theories of a countable signature with infinite models. 

The remainder of this section will be devoted to the following 
theorem proved by F. A. Palyutin. Its proof uses many of the 
results of the present chapter and illustrates an important method 
of model theory, the method of minimal sets. 


THEOREM 15. If a quasi-variety K is categorical in a countable 
power, then it is categorical in all non-unit powers. 

A class of non-one-element systems of K is denoted by K, . In 
what follows we let K be a countably categorical quasi-variety of 
for which K, is not empty. Elements of classes K, K, and K,, will 
be called K-systems, K,-systems and K.-systems respectively. 
Unless otherwise stated, by a formula we shall mean a formula of 
L. In what follows, unless otherwise stated, the letters Y, B will 
denote K-systems. By w we denote an ordered set (Wy vey Wi DS 
writing weAifw,,....w,EA and b(w) instead of ®(w,,..., w,)- 
If d(y, x) isa fornia, ae A, then $(%, a) denotes a set (b € 
EeAlWe me a)}. ec ae ; eee, aeAandX, ¢ 

cA, ¢ A, then /* (X), ..., X,,, @) denotes a set 


{b) € A | there are b, € X,, ..., b,, € X,, such that 


9 = (Dy, es Dy DI. 
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If X, = .. = X, = X, then we write 1%(X, a) instead of 
ck 0. Sameera. Ge a). To abbreviate the notation we shall often leave 
out universal quantifiers in writing quasi-identities, i. e. denote a 
quasi-identity Vx, ... Vx, P(x,, .-.,X,) by P(x, ..., x,). For nota- 
tional simplicity we shall also identify ‘‘diagonal’’ elements f, € A’ 
identically @ € A on J with an element a € A. A system & will 
therefore be assumed to be a subsystem of its Cartesian power 2/. 
This is possible because the mapping assigning to an element ae A 
an element f, € A/ is an isomorphism of % onto a subsystem of 
diagonal elements of %/. 

By Propositions 1 and 2 a theory Th(K,,) is complete and 
model-complete. It follows from Propositions 25.4 (a) and 
25.5 (a) that a class K is closed under subsystems and Cartesian 
products. In particular, K, # © implies K, # ©. 

LEMMA 1. (a) If a sentence conditionally filters together with its 
negation —® and is true on some K , -system YX, then it is true on 
any K,-system. Filtering sentences and quasi-identities condi- 
tionally filter together with their negations. 

(b) For any K-system U and any finite set X ¢ A the system 
U(X) is finite. 

PROOF. (a) If a sentence ® is false in a K, -system %, then it 
follows from the conditional filtration of 6 and ~@ that @ is true 
in U* and false in GB’. This contradicts the fact that Th(K, ) is 
complete. If ® is a filtering formula, then it is obvious that ~® 
conditionally filters. The conditional filtration of'a quasi-identity 
is shown in the proof of Proposition 25.5(a). The negation of a 
quasi-identity @ is equivalent to a sentence 4x, ... Ax, (®, A 7®,), 
where ©,, &, are filtering formulas. By Lemma 17.2 —® condi- 
tionally filters. 

(b) Let U(a,, ..., @,) be infinite. For everyae A (a, ..., @,) 
there is a term ¢,(v,, ..., u,) such that (a,, ..., @,) = a. Then 
formulas v, 4) ~ 4 (U;) +) ¥,), @E AQ, «--, @,) are pairwise 
nonequivalent in Th((a,, ..., a@,)) = Th(K,,). Since Th(K,,) is 
w-categorical, this contradicts Theorem 14. 0 

LEMMA 2. If ®(y, x) is a filtering formula, U K,, a= (yy on 
w+ @,) €A and &(Y, a) contains at least two elements, then 

(a) there is a term t(y, x) such that t* (®(U, a),a) = A; 
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(b) for any BE K, andb = (b,, ...,b,) € Ba set &@, b) 
contains at least two elements or is empty. 

PROOF. (a) We first prove that if (2, a) is infinite, then the set 
X = &(Q, a) U {a,,...,a, } generates Y. Let (t,(v,,..., lieu} 
be the enumeration of all terms. For each i € w, i > n, consider a 
formula 


Wi(Ups Ups eer U,) = FU, 4) AU, ge 
23 q(V y= try A D(Up, Ups veer v,)) 
<i nekci 


whose truth on a system % for an interpretation y: {u,,...,u,} — 
— B is equivalent to the fact that y(vg) is the value of a term 
ty (vy), ves V¥Uq)s On 4 y+, D;), wherej < iandb, , ;,-..,b;€ 
€ &(G, y(v,), ---, y(u,)). It is clear that for any b € A(X) there is 
i€w,i > an, for which U(X) & ¥,(b, a). By Theorem 14 there is a 
finite set {i,, ..., 4%} such that for any ie w Th(K,) > ¥, — 
— (Yj, Vv... VY, ). Hence Wu, (%;, (yy, @) V ... V Yj, (vy, @)) is true 
in  (X). Since U(X) < Y, that formula is true in Y from which it 
follows that 2 is generated by the set _X. Suppose that (a) is false. 
Then there are b,¢ A,n < ie wsuch that (a,a, , 1, -,4;) #5; 
for any a, , 1, +, @€ PU, a). Then the set Y = $Q*, a) = 
= ((Q, a))* is infinite and g ¢ A*(Y U {a,,..., a, }), where gf = 
= b,,iéw. This contradicts the foregoing. _ 

(b) Suppose that there are 8 « K, and b € B such that 
#(G, b) = {d,}. Since @ is a filtering formula, the set 
(4 x B, a x b) is equal to (QM, a) x {d,}, wherea x b = 
= ((a,, b,), «5 (a,, 0, >). Let a,€ A; d,,d,€B,d, # d,. Then 
by (a) we have 


Ee deans Cgo dys OX by = ay,d,) and 
OCOD: ey KCi Oi SOD) SS ay) 


for some term £(),, «+65 Yq» X) AN SOME Cy, -06y Cy CLs v9 Om E 
e€ &(Y, a). From the definition of the operations on & x B we get 
t(do, ---, dg, 6) = d, from the first equation and t(dy, ..., dy, b) = 
= d, from the second, which contradicts the conditiond, # d,. 0 
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Consider the maximal Th(XK)-compatible set 
X* = (ry, = vy} U (By,, u,)lieo}, 


where ®, (vu, , v.), /€ w, are atomic formulas. Let a signature L* be 
obtained from £ by adding two new constants, c, and c,. Con- 
sider the quasi-variety K* of L* whose set of axioms consists of 
the axioms of K as well as of quasi-identities v, > v, ~ ®(c,, Gc) 
for atomic formulas ®(v, , v,) € X* and of quasi-identities B(c, , 
C,) + vy, = v, for atomic B(u, , v,) ¢ X*. 

LEMMA 3. (a) For any K,, -system Y there is a K*-system U* such 
that y* f © = X. 

(b) The quasi-variety K* is categorical in a countable power. 

PROOF. Since X* is maximal, it suffices to show that X* is 
satisfiable in any K,, -system Y. It follows from Theorem 14 that 
there is n, € w such that Th(K,,) > (®, A... A%,,) — & forallie 
€w. Since K, # O, by Lemma 1 (a) Y & () A... AG) — & for 
all i € w. Therefore it suffices to show that the sentence 
du, du, V(v,, v.), where (vu, , v,) isequal to mu, =u ADA... 
... A®,, is true in Y. Let X* be satisfiable in a K-system 8. Then 
|B| > 1 and Ju, 3v, V(v,, v,), is true in a K,,-system 6°. Since 
Th (K,, ) is complete, we have A = W(f,, 4) forsomef,, f € A’. 
Since UY EH afl = fL, we have fh # 4% for some } € w. From 
the filtration of & A... A ®, we get Me Vb, 44). 

(b) As was shown in the proof of Theorem 14, every countable 
K,,-system is saturated. Since any K*-system %* is an expansion 
of some K,,-system 2% by two constants, %* is saturated. By Prop- 
osition 28.4 therefore it suffices to show that any K*-systems %, B 
are elementarily equivalent. Let »™(c,) = a,, ™ (c,) = a, v8 (c,) 
= b, and v¥(c.) = b,. Since quasi-identities }(c,, c,) — 
— vu, = v, are equivalent to the sentence — ®(c, , c,) in Th(K%), it 
follows from the axioms of K* that a mapping assigning to 
elements @,, a, elements b,, b, respectively is extended to an 
isomorphism f: % = 8), where % = A(a,,a,) b Land B = 
= B(b,, b,) | L. Then f is extended to an isomorphism of 
K,,-systems A ¢ ye t Land Be c B tf L. Hence (Ay, a, 
a,) = (By, b,, b,) and from the model completeness of Th(K,, ) 
we get (WU | L,a,,a,) = (Bet L, b,, b,). The model com- 
pleteness of Th(X,,) also implies that (¢ / L, a, a) = 
= (O61 2,5,, b,) andhenceY = B. 0 
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In what follows it is assumed that the signature © con ains the 
constants c,, c, and that the sentence 4c, = c, is true in any 
K , -system. Such an assumption for the proof of Theorem 15 may 
be made by Lemma 3. In this way we define for any K,, -system a 
K , -system &(@) whose carrier consists of the values in %& of the 
enstuat terms. It follows from Lemma 1 (a) that A(@) = B(@) 
for any K,, -systems & and B. A set X C A is said to be atomically 
minimal i in a K-system Y if |X| > 1 and for any atomic formula 
&(y, x), any ae A the set X NM H(A, a) is empty, one-element or 
equal to X. 

LEMMA 4. There is a filtering formula ®*(u, ) such that for any 
K,, -system & the set &*(Y) is atomically minimal in X. 

proor. Let Be K, . By Lemma | (b) a K, -system B = B(©) 
is finite. Consjder a conjunction $*(v, ) of atomic formulas such 
that 1@*(®,)! > 1 and for any atomic formula #(v,) the set 
$*(B,) M &(B)) is empty, one-element or equal to B*(By). Let 
(y, x) be an atomic formula. Since any element b € B, is the 
value in %, of a constant term, the set *(@)) N @(B, by i is emp- 
ty, one-element or equal to ®*(%,) for any be B,. By Lemma 2(b) 
there arenoa, be B, such that 6*(B,) ¢ 5®,, b) and $*(B)) 0 
N $B, a) is one- Selene: Thus one of the following quasi- 
identities is true in By: _ 

(a) (B*(u,) A B(u,, xX) A O*(u,) A O(v,, x)) — Uy = Vy; 

(b) (@*(u,) A Blu, , x) A B*(v,)) — B(v,, x). 

By Lemma | (a) one of these is true in any K, -system YY. Since 
$*(Y) 2 S*(U(S)) and A(S) = B, we have |@*()| > 1. Hence 
®*(Q) is atomically minimal in &. 0 

Let Wek, .Aset X¥ C $*(Y) is said to be a basis for Y if the 

following conditions hold: 


(1) UX) = Uy; 
(2) ifa,,..., a, are pairwise distinct elements of X and YW & 
= @(a,, ..., 4,) for some atomic formula P(v,, .--, u,), then the 


quasi-identity (@*(u,) A... A &*(u,)) + O(u,, ..., v,) is true in any 
K,, -system., 
LEMMA 5. (a) If ®(y, x) is a filtering formula and &(X, a) = 
= (b} fora K, -system UY and ae A, then t® (a) = b for some 
term t(x). 


(b) Every K, -system & has a basis. 
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PROOF. Let % = (a). If (a) does not hold, then the sentence 
ay®(y, a) is false in the K,,-system % and true in A* 2 We. This 
contradicts the model completeness of Th(K, ). 

(b) Let X ¢ *(%) be a maximal set satisfying condition (2). 
By Lemma 2(a) it suffices to show that 2 (X) contains $*(Q). Sup- 
pose that there is a) € 6*(Y) \ A(X). LetU & O(a, a,, ..., a,) 
for an atomic ®(y, v,,..., u,) and pairwise distinct a,,...,a@, EX. 
By (a) and the atomical minimality of *(Q) we have $*(%) ¢ 
C (A, a, ..., a,). Since b*(Y(O)) # GD, we have AE O*(h) A 
A ®(f, a, ---, @,) for some constant term 4. Since X satisfies con- 
dition (2) and ®*(f,) « Th(K, ) (Lemma 1 (a)), the set *(B) A 
A &(%, b,, ..., 8) is not empty for any K, -system 8 and any 
b,, ++, B, € &*(B). It follows from Lemma 2(b) therefore that if 
IP(U, a, ...,4,) A B*(W)! > 1 and 6*(B) is atomically minimal, 
then $(Q), b,, ..., B,) is true in any K, -system B for any by, b, «-. 
..., b, € &*(B). Hence X U {a} satisfies condition (2), which 
contradicts the minimality of X. 

PROOF OF THEOREM 15. Let 2, 8 be two K,, -systems of the same 
power x and let _X, Y be their bases. It follows from the definition 
of a basis that any distinct-valued mapping f: X — Y is extended 
in a natural way to an isomorphism of & onto B(f (X)). By prop- 
erty (1) of a basis therefore it suffices to notice that |X! = | YI. If 
x > w, then from Lemma 1(b) we get LX| = |Yl =x. If x < w 
and |X! < IYI, then % is isomorphic to a subsystem B, ¢ 8. 
Since |B, | = |Al = IBI, we have 8, = 8.0! 


Exercises 


1. Show that a theory 7p of dense linear orderings without the first and the 
last element is categorical in no infinite uncountable power. (Hint. Suppose % is a 
model of Jy of power x > w and % is a countable model of 7) for which Ay O 
MA = &; consider a model %, with carrier A? and relation (a, b) <"“(od)e 
® (a <%c or (@ = cand b <* d)) and a model Y, with carrier A U A) and rela- 
tion 
a <2 b & (ae A and be Aj) or (@,b€ A and 

a <% 5) or (a, be Ay and a <* b)); 

then 9%, and % are nonisomorphic.) 


2. Show that a variety of Boolean algebras is categorical in all finite powers 
and noncategorical in all infinite powers. 
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3. Prove that a variety M with the axioms (universal quantifiers omitted) 

(1) F(8; (x), 82 (x) = x, 

(2) f(x, ¥) = £(8 (x), 820), 

(3) 8, F(g1 (*), 810) = 8100), 

(4) 8&2 (F(& (x), 8:0) = 80), 

(5) 8, (8 (x) = 8 (x), i, ke (1, 2} 
is categorical in all powers. (Hint. Show that »%(/) for any & € M is a distinct- 
valued mapping of (g?!{A]? onto A? and that any distinct-valued mapping A: 
gil [A] - ge [B] for any %, 8 € Mis extended to an isomorphism of a system % on- 
to B(h (g?! [A])) transforming a into fB (hg? (a), hg (a)).) 

4. Construct an example showing that one cannot state in Theorem 15 that K 
is also categorical in power 1. 

5. Generalize Proposition 2 to theories categorical in an infinite power x and 
thus obtain the Lindstrém theorem in full extent. (Hint. Use the method of Pro- 
position 2, with w replaced by x, and show that if the formula % is not preserved in 
going to the submodels of a theory 7, then @ is not preserved in going to sub- 
models of a power ~.) 


Chapter 6 


PROOF THEORY 


30. THE GENTZEN SYSTEM G 


The calculi studied earlier are natural formalizations of the 
rules of logic. For a deeper study of the very concept of proof 
other forms of calculi are more convenient. In this section we shall 
study one of such calculi, G, similar to the calculus proposed by 
Gentzen. 

The alphabet of the calculus G differs from that of the 
calculus of predicates of Chapter 4 in that it has no implication 
sign and no equality sign. It is assumed in this and further sections 
(up to Sec. 33) that the signature of G is arbitrary but fixed. In 
Sec. 33 the signature of G will be extended by adding some new 
function symbols. Bearing this in mind, no references will be 
made to the signature of G. The definition of the notion of a for- 
mula of G differs from the definition of a formula in Sec. 16 in 
that (1) point 2 of that definition is missing (it concerns the equali- 
ty sign =~), (2) in point 3 of the definition of a formula the case 
(@ — W) is left out and (3) it is required of a formula that it should 
have the property that its variables are unmixed. This last proper- 
ty is defined as follows: a formula of the calculus of predicates 
satisfies the condition that it should have unmixed variables if any 
variable of a formula © has either only free or only bound occur- 
rences in ®. Sequents of G are expressions of the form I’ + 9, 
where I and @ are arbitrary finite sequences of formulas of G and 
for the sequence I’, © the condition that the variables should be 
unmixed, formulated similarly to the condition that the variables 
of formulas should be unmixed, holds. The conventions about ab- 
breviating the notation of formulas and some of the symbols used 
below have the same meaning as in Chapter 4. 

DEFINITION. Axioms of G are sequents of the form $, P+ 60, ®, 
where ® is an atomic formula, T and © are sequences (possibly 
empty) of atomic formulas. 

DEFINITION. Rules of inference of G are the following: 
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TrO,@TroO,Y 2 ¢,¥,rro 
TRO,¢Ayv ’ “ @AV,TEO ’ 
TrO,¢ ¥ 4 2Fr Oy Tre 
‘TRO,év¥’ “ @v¥,TrO ° 
Pr O re o,é 
“PRO, 436’ “36,TrO’ 
rr 0, (*)* @)*,Trroe 
pelea a y 7 8. ents? ! , where y does not occur free in 
Tr O, ax ax?,Tr O 
the formulas of I, 0; 
rr 0,[e]}¥ ; 
. ——___~ , where y does not occur free in the formulas of Ir’, 0; 
Ib 0, vxe 
ie (*)7,T +O 7 TrA,¢%,¥,9 
“wxe, Th 0’ ‘TEA, Y, 4,0’ 
2 T,¢,¥,Ar9 13 Tt O, 4%, o 
‘T,V,¢,440° "TRO ’ 
jg Ee 
@Trroe 


Rules 1 to 10 are called basic and Rules 11 to 14 are structural. 
The notion of (linear and tree form) proof (derivation, quasi- 
derivation) is defined as for the calculus of predicates. 

Note some features of this calculus. One is a large symmetry of 
right and left hand sides of the sequent I + © (called the conclu- 
sion or succeedent (8) and a hypothesis or antecedent (I) respective- 
ly). Second, (unlike the structural rules) each basic rule contains 
below the line a more complicated formula obtained from the for- 
mulas of the hypothesis (this formula will be called the principal 
formula of the rule). The third property, that of being a subfor- 
mula, involves new concepts. 

We define an operation / on occurrences J of sequents in a tree 
of sequents D as follows: if J is a final occurrence in D, then 
I) = I; if Tis contained in a passage P above the line, then /(J/) is 
an occurrence of a sequent in the passage P below the line (/(Z) is 
the lower sequent of the passage P). If D is a tree form proof, 
then we define an operation s on occurrences J of formulas in D as 
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follows: if J is contained in an occurrence J of sequents in D, then 
S(J) occurs in a sequent /(1); if J occurs in a sequence I or 0 (or 
A) of a sequent J, then s(J) is equal to the same occurrence of a 
formula in I’ or © (or A), but this time in the sequent /(/); for the 
basic rules, if J does not occur in I’ or 0, then s(J/) is the principal 
formula of the corresponding passage; for the structural rules, if J 
does not occur in I’ (6 or A), then in the symbols of Rules 11 to 14 
we have s(*) = #, s(¥) = W. If for some positive n we have 
I"(Z) = 1(... 1) ...) = 2, then we say that the occurrence J ina 


ees 
n times 


tree D is above the occurrence & (and & is below 4 ). If for occur- 
rences J, and J, of formulas in a proof and a positive n we have 
s"(J,) = J,, then we say that J, is the ancestor of J, and that J, isa 
descendant of J, . 

If @ is a formula of the calculus G, x is a variable, ¢ is a term, 
then we shall say that the term f¢ is free for the variable x in the for- 
mula @ if @ has no free occurrences of the variable x or if no 
variable of the term ¢ has bound occurrences in ®. If tis free for x 
in ®, then the condition on the notation (®)* holds and the for- 
mula (®)* is a formula of G. 

We introduce the notion of generalized subformula by defin- 
ing inductively for every formula @ of Ga set GS(#) of generaliz- 
ed subformulas of the formula ® as follows: 

(1) if ® is an atomic formula, then GS(#) = {4}; 

(2) if 6 = AV, then GS(*) = {&} U GS(¥); 

(3) if 6 = &7h (7 € {V, A}), then GS(%) = [%} U 
U GS(%) U GS (4%, ); 

(4) if 6 = Ox¥(QO € {v, 3}), then GS() = {6} U U 
U {GS ((¥)*) It is free for x in ¥}. 

Remark. If ¥ is a generalized subformula of a formula ® (i. e. 
W € GS(®)) and a variable v has a bound occurrence in ¥, then it 
has a bound occurrence in ® too. 

The following property of being a subformula is true: 

LEMMA !. The ancestor-descendant relation satisfies the 
following conditions: if an occurrence kh of a sequent is above an 
occurrence J, in a proof D, then for any occurrence of a formula 
in , there is its only descendant in I, ; for any occurrence of a for- 
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mula in I, there is at least one of its ancestors in h. Any ancestor is 
a generalized subformula of the descendant. 

PROOF. The validity of the lemma is easy to prove by induc- 
tion. O 

Although in the definition of the concepts of formula and se- 
quent of G it was required that the variables should be unmixed, 
this was not required in the definition of a (tree form) proof. 
Nevertheless it may be assumed without loss of generality that this 
condition holds in proofs. We may go even further. We shall say 
that a (tree form) proof D possesses the property of the purity of 
variables if the condition that the variables should be unmixed 
holds for the tree D and if for any passage in D corresponding to 
Rule 8 or 9 the corresponding variable y occurs only in the 
sequents above the lower sequent of that passage. 

LEMMA 2. For any provable sequent of G there is a proof of that 
sequent with the property of the purity of variables. 

The proof makes use of a ‘‘rearrangement”’ of a given proof 
of a sequent into a proof with the property of the purity of 
variables which consists in replacing the ‘‘subtrees’’ of the proof 
by other trees. The concept of subtree of a tree of sequents is 
defined inductively. If D consists of a single sequent, then D is 
itself its only subtree. If D has the form: 


Dio De 


then the subtrees of D are: the tree D itself and all the subtrees of 
the trees Dy, ..., D,. The subtrees of the tree D are in a natural 
one-to-one correspondence with the occurrences of the sequents in 
the tree D. 

Notice that two different subtrees of a tree D may not differ as 
trees, which can be seen from the example of the tree 


6+ OO+O 
PrEPAG 


Let us turn directly to the proof of Lemma 2. Let D bea proof of 
a sequent C in G. We shall say that a variable y vanishes in a 
passage P of D if y has at least one free occurrence in the sequent 
above the line and has no free occurrences in the sequent below 
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the line of that passage. Notice that a variable may vanish in a 
passage provided that passage corresponds to one of the rules, 7 
to 10. We shall say that a variable y vanishes properly if y vanishes 
in some passage and has occurrences in D only in the sequents 
above the lower sequent of that passage. Note that if a variable y 
vanishes properly, then it has only free occurrences in the tree D. 
If all vanishing variables in D vanish properly, then D possesses 
the property of the purity of variables. If D has improper 
vanishings of variables, then we consider a passage P in which 
some variable y vanishes improperly; let D’ be a subtree of D cor- 
responding to the lower sequent of that passage. We choose a 
variable z different from all the variables of D and replace in D 
the subtree D’ by a subtree [D’]¥ which is obtained from D’ by 
replacing each occurrence of a formula W in the occurrence of the 
formula [¥]?. It is easily checked that the resulting tree D* re- 
mains a proof and a proof such that the variable z vanishes in D* 
properly. Induction on the number of improper vanishings shows 
that in a finite number of such transformations we obtain a proof 
(of the very same final sequent) in which all the vanishings of 
variables are proper. 0 

The following lemma allows a useful admissible rule (the rule 
of revision) to be introduced in the calculus G. 

LEMMA 3. [fT + © is @ provable sequent and ® is a formula 
such that &,T + © is a sequent of G, then the sequents ?, + © 
andl + 0, ® are provable in G. 

PROOF. Let xX), ..., %, be all free variables of the formula ®. Let 
D bea proof of the sequent T + 9 with the property of the purity 
of variables. As is seen from the proof of Lemma 2, it may be 
assumed that all the vanishing variables of D are different from 
bE ae 

We prove the lemma by induction on the construction of the 
formula ®. If @ is an atomic formula and (D, ®) is a tree obtained 
by replacing each occurrence of a sequent A + A by an occurrence 
of asequent A, ® + A, then (under the above assumptions about a 
proof D) the tree (D, ©) is a proof of the sequent T, 6 + 9. Ap- 
plying the structural rule of interchange 12 several times we obtain 
a proof of the sequent + 0, ®. Similarly defined is the tree (#, 
D) (A & A is replaced by A + 9, A) which is a proof of 
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the sequent + ®, 0; we use Rule 11 to complete it to the proof 
of the sequent + 90, ©. 

Let 6 = & v ®, . By induction the provability of f + 0 yields 
the provability of &, I + O and % ,I + ©. Hence the following 
quasi-derivations: 

%,TrHO%,TKO Tr O, , % 
&V%,rr 0 TR O,&Vo, 


justify the provability of ® v%,, + Oandr'+ O, & vo, . The 
verification of the statement for 6 = @, A % and @ = 7®, is 
similar. For formulas of the form ® = 3ax¥(VxV) we choose a 
variable y without occurrences in the formulas 3x¥, T + © and 
apply the induction hypothesis to the formula [®]*. As illustra- 
tion, the provability of f + © then implies the provability of [}¥, 
I’ + © and the quasi-derivation 

[t]},% + O 

a3x?,T + O 


shows that 3x®, [+ @ is also provable. LJ 
In conclusion note a number of simple properties to be used 
implicitly in what follows. The formulations of the properties 
assume that all explicitly written out sequents are sequents of G. 
1. rt b ae A) ; 
inference, then for any formula © (such thatY + 8, BandAt ®, 
A are sequents of the calculus G) 
Tre OAtr GA T,dr OA, BEA 
and 2 
I’ + o, 0’ I',oér eo’ 


is a passage according to one of the rules of 


are passages corresponding to the same rule of inference. 
2. if TrO 


ference, ° isa a, seule such thatT, ® + © is a sequent of G and 
the passage under consideration is a passage according to Rule 8 
or 9, then the corresponding variables x and y are not free in ®. 
Hence 


— is a passage according to one of the rules of in- 


Tro¢,0 r,@+ 9 
———— and —’——_ 
I’ + $, Q’ V’,oér 0’ 


are passages corresponding to the same rule of inference. 
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3. a - O(AF A) 
ree 
inference and ® occurs in T’’(®’), then the passage 


T*t O(A*r A) + OF (AF AS) 
r’*- 6’ reo 


is a passage according to one of the rules of 


where '*, A*(@*, A*) is obtained by eliminating from T, A(®, A) 
the ancestors of the occurrence of ® inT’’(8’) andT'*(®’*) is ob- 
tained from T''(®') by eliminating the occurrence of ®, is either a 
passage according to the same rule of inference or a trivial passage 
(i. e. the sequents above the line coincide with the lower sequent 
of this passage). 


Exercises 


1. Show that for any formula of CP® there is an equivalent formula ¥ satis- 
fying the condition that the variables should be unmixed. 

2. Verify that a formula of CP¥ in prenex normal form satisfies the condition 
that it should have unmixed variables. 

3. Let us extend the language of the calculus G by permitting formulas and se- 
quents also without the condition that they should have unmixed variables. 
Establish that an identically true sequent P(x) + 3yvxP(y) is not provable in the 
resulting calculus G*. 


{ 
31. THE INVERTIBILITY OF RULES 


Most rules of inference of the calculus G possess yet another 
remarkable property that can be used in searching for a derivation 
in the calculus. It is the property of invertibility consisting (in 
somewhat rough terms) in that the sequent below the line in a rule 
is provable if and only if so are the sequents (so is the sequent) 
above the line. 

We first formulate and prove this property for the proposi- 
tional rules. 

PROPOSITION 1. (1) Ifa sequentT + 8, @®A W is provable, then 
so are sequentsT + 8, BandT + O, W; (2) ifa sequent $A ¥, 
I + O is provable, then so is a sequent ?, ¥,T + 0; (3) ifase- 
quent! + 0, @V W is provable, then so is a sequent? + ©, ®, ¥; 
(4) ifa sequent ®V ¥,T + 0 is provable, then so are sequents ®, 
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T+ Oand ¥,T + 9; (5) ifa sequentl + 0, 7® is provable, 
then so is a sequent ®, T + 0; (6) if a sequent 7%, + O is 
provable, then so is a sequentT + 0, ®. 

prooF. Verification of all the statements of the proposition is 
tedious and monotonous. Therefore we prove some typical cases, 
statements (1) and (6), for example. We shall carry out verifica- 
tion by induction on the height of a proof (See also the proof of 
Lemma 9.2). 

Statement (1) will be proved in a slightly more general form 
and only for a formula ©: if a sequent l + 6, ® A ¥, A is prov- 
able, then so is a sequent’ + 0, 9%, A, there being a proof of the 
latter sequent with fewer passages than in the proof of the original 
sequent. 

Let the proof D of the sequent + 8, ®A W, A be of the form 

Dy D, 
ae 

If & A ¥ is a principal formula of the last passage, then D, is a 
proof of the sequent + 0, ®, A (in this case A is an empty se- 
quence of formulas) and D, has fewer passages than D. 

If & A © is not the principal formula of the last passage, then 
the final sequents Cy and C, of the proofs D, and D, are of the 
form T, # ©, ®A YW, A, andl, +. 0, PAY, A, respectively, 
where the singled out occurrences of @ A ¥ in C, and C, are the 
ancestors of the given occurrence of the formula ® A ¥ in the se- 
quent C. By the induction hypothesis there are proofs Dj and D/ 
of the sequents Ty + 9, &, Ay and TI, + O,, ®, A, respectively. 
Then the tree of sequents 

Dy Di 
rro,o,A 


is a proof. (Since A VW was not the principal formula of the 


assage 
Tessas Tot OQ, PAV, Ag TT, +O, 8AY¥,A, 


PRO,SAYV,A 


’ 


the passage 


Ty 09, Ag Ty F 0), %, A, 
rrO,o,A , 


is effected according to the same rule as the first passage.) 
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Let the proof of the sequent C be of the form 


Do 
oe 
If the last passage is not effected by Rule 13 applied to B A Vv 
and GC, =I) + @, ®A ¥, A, is the final sequent of Dy, then by 
the induction hypothesis there is a proof D, of the sequent Ty + 
t+ ©), ®, Ap and the tree 
Do 
THO, A 
is the proof. 
Let the last passage in the tree D be 


TRO,PAV, PAY 
TRO,O®AYV 


By the induction hypothesis there is a proof D; of the sequent 
Tt 0, A ¥, &, the number of passages in D, being less than 
that of passages in D, . Again by the induction hypothesis there is 
a proof D,’ of the sequent T+ 0, &, &. Then 


Ds 
rr O,¢ 


is the required proof. 

We now prove statement (6). Let D be a proof of a sequent 
C)= 7#,I + 9; it may be assumed by Lemma 2 of the preceding 
section that the proof D possesses the property of the purity of the 
variables. Let us pass from the tree D to a tree D’ by making the 
following transformations: we replace each occurrence of a se- 
quent C = At A by an occurrence of a sequent C’ = A’ + 9, 
A’, where A’ and A’ are obtained from A and A by eliminating all 
the ancestors of the formula —® of the final occurrence of C, 
which have the form ® or 7&. (Remark, It is easy to verify by in- 
duction that an ancestor of the formula + of the form —¢ may 
be only on the left-hand side of the sequent and that an ancestor 
of the form ® may be only on the right-hand side.) We verify that 
D’ is a quasi-derivation of the sequent’ + ©, 0. This is obviously 
sufficient for the sequent + 0, @ to be provable. If{C =AtA 


The Invertibility of Rules 207 


is an axiom, then A’ = A; if the last formula in A is an ancestor of 
4 of the form #, then A’ + 9, A’ is obtained from the axiom 
A - A by applying only the interchange rules. If the last formula 
in Ais not an ancestor of —@ of the form ®, then A’ + A’ isan 
axiom and A’ + 9, A’ is obtained from it by the rule of revision 
(Lemma 3 of Sec. 30) and by interchanges. 

We now look at the passages of the tree D’. It is easily verified 
that if in a passage of the tree D no ancestor of the formula — of 
the form ® or ~@ is the principal formula, then the correspond- 
ing passage in D’ is effected by the same rule of inference. Now 
consider cases where an ancestor of —@ of the form © or 7@ is 
the principal formula of a passage. Then that passage may be ef- 
fected only by Rules 1, 3, 5, 6, 7, 9 or by the structural rules 11 
to 14. 

An analysis of every case is not necessary. Let us consider the 
cases of applying Rules 1, 5, 6, 9, 13. 

Let a passage in D be of the form 


AFrFA,Y AFRA,X 
AFA, VAX 


and @ = W A X be an ancestor of 49, then the passage in D’ is 


A’'t A’, A’ OG A’,X 
A’ +t @, A’ 


and the lower sequent can be obtained from the upper ones by the 
rules of introducing a conjunction (1), of interchange (11) and of 
abbreviation (13). 

Let a passage in D be of the form 


WAEFA 
AtaA, nV 


and let = —W be an ancestor of —®, then the passage in D’ is 
V,A’ FA’ 
A’ 6, A’ 


but since 6 = —W, the lower sequent is obtained from the upper 
one by applying the rule of introducing a negation (5), by the in- 
terchange rule (11) and the abbreviation rule (13). 
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Let a passage in D be of the form 


AFA,® 
A@ AFA 


and let 6 and -@ be ancestors of the formula —@ (in the final se- 
quent), then the corresponding passage in D’ is 
A’ +t &, A’ 
A’R @, A’’ 
i. e. is trivial. 
Let a passage in D be of the form 


AF- A, [¥]¥ 
Atk A, VWx¥ 


and let = vx be an ancestor of “@, then the corresponding 
passage in D’ is 
A’ F 8, A’, [W]e 
A’ 6, A’ 
and the lower sequent is obtained from the upper one by applying 
Rules 9 (this application is legitimate since A’ and A’ are parts of 
Aand A and y is different from all free variables of the formula ® 
in that it has the property of the purity of variables in D), 11 
and 13. 
Finally, let a passage in D be { 


ALA, 4, 
AFA,® 


and let be an ancestor of 4, then in D’ the corresponding 
passage 
A’ &, A’ 
A’ rr 4, A’ 
is trivial. 1 
Let us now turn to the quantifier rules. 

PROPOSITION 2. (1) If @ sequent 4x®, I + 0 is provable in G, 
then for any term t such that Cs , I & 9 is a sequent of G that 
sequent is provable in G; (2) if a sequent + O, Vx® is provable, 
then for any term t such thatT + 9, (®)¥ is a sequent that sequent 
is provable in G. 
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The proofs of these statements are similar and therefore we 
shall give only a proof of statement (2). 

Let yy, .--, 4 be all free variables of a term ¢ and let D be a 
proof of a sequent I + ©, vx@ that possesses the property of the 
purity of variables and is such that any variable vanishing in that 
proof is different from the variables y), ..., ¥,. Let []%, ..., [B15 
be all ancestors of the form [®]; of the occurrence of the formula 
Vx@® in the final sequent. We construct a tree of sequents D’ as 
follows. Each occurrence of a sequent C in Dis replaced by an oc- 
currence of a sequent C’ obtained from C by replacing all 
ancestors of the formula vx® of the form vx® by (#)¥ and by 
substituting a term ¢ for all occurrences of the variables z, ..., z,. 
It is easily verified that all initial sequents of the tree D’ are axi- 
oms and that all the passages of D’ are either performed by the 
same rules as those in the corresponding passage of D or are trivial 
passages. The latter happens when the corresponding passage in 
Dis 

AF A, [®]¥ 
Atk A, VWx® 


and Wx®@ is an ancestor of the formula Vx® in the final sequent. 
Thus D’ is a quasi-derivation of the sequent + 0, (#)7. 0 

COROLLARY. Let y have no occurrences in any of the formulas 
of a sequent! + 0, vx; that sequent (the sequent 3x®, ! + O) 
is provable if and only if so is a sequent. + 9, [$]; (a sequent 
[@]¥, T+ O). O 

For Rules 7 and 10 there is no good formulation of invertibili- 
ty (see Exercise 1) although this property is true in some form 
“‘distributed throughout a proof”’ (cf. the proof of theorem on 
the elimination of section in the next section). 


Exercises 


1. Prove that there are no terms &, ..., & such that a sequent xP t (Py), «. 
va, (PY, is provable although the sequent 2xP + axP is provable. 

2. Prove in G the sequent 3zP(z) F 4ayVxP(y). 

3. Show that Proposition 2 is not true in the calculus G* (see Exercise 3 of 
Sec. 30). (Hint. Use Exercise 2 and Exercise 3 of Sec. 30.) 
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32. COMPARISON 
OF THE CALCULI CP*® AND G 


In this section we prove that a sequent of CP® which is a se- 
quent of G as well (i. e. does not contain the implication sign — 
and the equality sign ~ and satisfies the condition of the purity of 
the variables) is CP® -provable if and only if it is provable in G. 

The proof of this statement is based on the following impor- 
tant theorem of the calculus G. 

THEOREM | (Cut Elimination). Let! + 0, @ and, A + A be 
provable sequents of G. IfT, A + A, © isa sequent of G, then it is 
provable. 

PRooF. We first prove this theorem for an atomic formula by 
induction on the number of essential passages in a proof of the se- 
quent I. + 0, understanding by essential passages those that are 
performed by rules other than the interchange rules 11 and 12. If 
I'+ 0, © has a proof without essential passages, then’ + ©, ® 
differs from an axiom only in the interchange of formulas. Con- 
sider two possible cases. 

1. @ ET; then the sequent I, A F A, © can be obtained from a 
(provable) sequent ®, A + A by applying a derived rule of 
strengthening (Lemma 3 of Sec. 30) and the interchange rules. 

2. There is a formula W such that ¥ ef and W € O. Then the 
sequent I’ € 9 is provable (interchange of an axiom) and the se- 
quentl, At A, 9 is obtained from it by strengthening and inter- 
changes. 

Suppose that for sequents ! + ©, © having a proof with less 
than n > Oessential passages the theorem is true. Let D be a proof 
of a sequent + 0, © having 7 essential passages; it will be as- 
sumed that the proof D has the property of the purity of variables. 

Let us consider the lowermost essential passage in D. There are 
two possibilities: 

1. The passage has the form 


Ty + 6§,%, 0% T, + 0,4, 07 
r’ + 0’,.&, 6" 


(*) 


Here I’ is an interchange of [; 0’, O” is an interchange of 9; the 
indicated occurrences of the formula ® are ancestors of occur- 
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rence of @ in the final sequent T + ©, &. The sequents Ty + ©), 
0,.’, andl, + 7, 0,”, ® have a proof with a number of essen- 
tial passage <n (since they are obtained by interchange from the 
sequents T, + ©), &, 0,’ andl, + OY, ®, 0,”). Therefore se- 
quents I), At A, @ , 8, andT,, At A, @,, ©," are provable. 
The tree of sequents 
Ty, Ab A, 3, 0 T,, AF A, 6/, 07 
T’,At A, 8’, 0” 
~ T,AFA,O 


is a quasi-derivation, since the atomic formula ® is not the prin- 
cipal formula of the passage (*). 
2. The passage has the form 
IY b 0',6,0. 
r’+ 0’, ’ 


I’ is an interchange of I, 8’ is an interchange of © and the in- 
dicated occurrences of ® are ancestors of the occurrence of ® in 
the final sequent. If D’ is a subtree of the tree D defined by the oc- 
currence in D of a sequent l’’ + 9’, ®, , then we let D” be ob- 
tained from D’ by eliminating in each sequent all ancestors of the 
right-hand occurrence of a formula ® in the final sequent '’ + 
t 0’, &, . At the tops of D” are sequents that differ from ax- 
ioms only in interchange. The passages are either trivial or corre- 
spond to the same rules as in D’. A simple rearrangement of D” 
yields a proof of the sequent ’'’ + 90’, # (and hence a proof of the 
sequent [+ 0, ©) with a number of essential passages equal to 
the number of essential passages in D’. Since there are fewer 
essential passages in D’ than in D, by the induction hypothesis the 
sequent I', A + A, @ is provable. 
3. The passage has the form 


Ty F Of, 8, Of 
I’ + 0’, %,0”’ 


I’ is an interchange of T; 0’, 6” is an interchange of 9; the in- 
dicated occurrences of © are ancestors of in the final sequent of 
the tree D and 9 is not the principal formula of the passage. 


14* 
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The sequent I, + ©, , 8,’, ® is obtained from Iy + © , ®, 6,’ 
by interchange and therefore it has a proof with the number of 
essential passages n — 1. Then by the induction hypothesis the se- 
quent I), At A, 6,, 8,’ is provable. The tree of sequents 


Th, Ak A, 89, 89 
T’,Ar A, 9’, 0” 
T,AtrA,9 


is a quasi-derivation. 

So for sequents T + O, ® with an atomic formula ® the 
theorem is established. 

We proceed by induction on the construction of a formula ®. 
Assuming that for the proper (i. e. not equal to ) generalized 
subformulas of a formula and anyT’,, A, 8, A the theorem is true 
we establish the validity of the theorem for ® as well. 

Let @ = WAX; + O, ®and 4, A + A be provable sequents 
and let !, A F A, © be a sequent of G. Also provable, by inver- 
tibility (Proposition 1 of Sec. 31), are the sequentsl + OY; Tb 
+t O, X; ¥, X, AF A. It follows by the induction hypothesis that 
also provable are the sequentsl’, X, At A,O;X,T,ArA,O;T, 
Tr, At A, 9, O and, finally, the sequent, A + A, 9. 

The cases ® = WV X, 6 = “VW are treated similarly. 

Now let 6 = vx¥; [T+ 0, &; 6, A + A be provable sequents 
and let’, A + A, 9 be a sequent of G. Let D bea proof of the se- 
quent , A + A. It is assumed that D has the property of the puri- 
ty of variables and that any variable y vanishing in D is different 
from all the variables of the formulas in the list ', ©. We establish 
by induction on the depth of an occurrence in the tree D that for 
any occurrence of a sequent A’ t A’ in D the sequent A’*,T + 
t 0, A’ is provable, where A’* is obtained from A’ by 
eliminating all ancestors of a formula @ in the final sequent of the 
form ®. 

It is clear that for the uppermost occurrences (A’ + A’ is an 
axiom) the corresponding sequent (A’, I! + 0, A’) is provable (is 
obtained by applications of the rule of strengthening). Let us con- 
sider a passage in D 

Mgt Ag AFA, 
Aik A’ 
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and suppose that the sequents A¥, "t+ 0,4); A*, t+ 9, A, cor- 
responding to the upper occurrences are provable. Then 


is easily seen to be a passage according to the same rule of in- 
ference and hence a quasi-derivation. The situation is similar for 
one-hypothesis passages, except for passages of the form 
(HF, Ag & Ao 
vx¥, Ag k Ap 

where the occurrence of @ = VxW in the lower sequent is an 
ancestor of the formula ® of the final sequent of the tree D. Cor- 
responding to the occurrences in that passage there are sequents 
(Y)*, AT, + 8, A, and A*,I + ©, A, . Suppose that the sequent 
(v)*, At, PF + ©, A, is provable. Under the hypothesis of the 
theorem the sequent [! + O, WxW is a provable sequent and 
therefore so is the sequent + 9, (¥)* by Proposition 31.2. Since 
(¥)* is a proper generalized subformula of the formula @ = vx¥, 
applying the induction hypothesis on the validity of the theorem 
for proper generalized subformulas of a formula # to the prov- 
able sequents (¥)?, A*, P + ©, A, andr + 0, (¥)* we conclude 
that the sequent I’, A¥, P + ©, A), O is provable. Using the rules 
of interchange and abbreviation we obtain from the provability of 
the last sequent the provability of the sequent A*, + 0, A. 

So for each occurrence of the sequent A’ + A’ in D the cor- 
responding sequent A’*, I’ t 9, A’ is provable. Corresponding to 
the final sequent of the tree D there is a provable sequent A, TP 
t+ 9, A. From this, using the interchange rule we obtain the prov- 
ability of the sequent f, At A, 9. 

The case where ® is of the form 3x¥ is treated similarly. U0 

Remark. It may be assumed that Theorem | establishes that 
the following rule (the cut rule) is admissible 

rHeO,? @%ArA 
rArAO - 


We now proceed to prove the main statement. If 0 = ®,, ... 
..., ®, is a list of formulas, then by +0 we shall denote the list 
76,,..., 7. 
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PROPOSITION 1. If a sequent C = I. + @ is provable in G, then 
the sequent C' = 1, 70+ is provable in CP*. 

PROOF. By induction on the height of the proof in G. If @, lr 
t+ 0, ® is an axiom, then the sequent ?,', >O + @is provable in 
CP®* using the axiom @ + ® and the rule of adding an extra 
hypothesis; finally 


®,r,7>O@+ do 7Ad+ 7A 
@,T, 30, 7>@br 


is a quasi-derivation in CP® of the required sequent. 

Now it is necessary to verify for each rule of inference that if 
the sequents C, (and C, ) above the line in the rule are such that Cy 
(and C/) are provable in CP*, then so is the sequent C’ cor- 
responding to the sequent C below the line. Checking all the rules 
is rather tiresome and therefore we shall check only Rules 2, 3, 5, 
7, 8, 10. 

(2) Let asequent 6, ¥, I, ~O@+ be provable in CP». Then the 
following tree of sequents is a quasi-derivation in CP*: 


PAVYF EAS 6,¥V,T, 7Or 


AVES ¥,T, nOF 46 
PAVE GAY @AV,¥,T, 7OF 
GAVEL bAV,T, 7OF AV 


“@AV,T, OF. 
(3) Let a sequent lr, 70, a, —W¥+ be provable in CP®. 
Then the following tree of sequents is a quasi-derivation in CP*: 


T, 70, 7%, 7>Wr 
@+ Tr, 76,7>@rtY 


Tr, -OFeVY¥ A(PVV)E AVY) 
r, 70, A(@v WE , 


(5) Let a sequent 6, ©, ~@+r be provable in CP». Then 


®,T, 7O@r 
Tr, n>@+ 7% a7n@+ rane 
r, 30, 77h 


is a quasi-derivation in CP®, 
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(7) Let a sequent ', ~@, —(#)* + be provable in CP». Then 


r, 70, 7(@)*e+ 

Tr, 30 (®)F 

T,7O@r axe 39 3ax@b 74axe 
T, 70, 73axdb 


is a quasi-derivation in CP®. 
(8) Let a sequent [%]¥, T, >Ot be provable in CP* and let y 
have no free occurrences in I’, 10. Then 


[@]}, PT, 3Or 


) axdt ay[O]s 1, nO b aaylO]¥ 
ax, PT, 5Or 


is a quasi-derivation in CP®. 
(10) Let a sequent (#)*, ', 1+ be provable in CP*. Then 
(®)3,T, 7Or 
vxd, TP, 7OF 
is a quasi-derivation in CP®. 

Verification of the remaining rules is quite similar. Induction 
on the height of a proof in G completes the proof of the proposi- 
tion. 0 

PROPOSITION 2. If a sequent C of G is provable in CP®, then it is 
provable in G too. 

PROOF. We first establish the provability in G of axioms @ + ® 
of CP® by induction on the construction of a formula ®. If @ is an 
atomic formula, then @ + ® is an axiom of G. Let sequents ® + ® 
and ¥ + YW be provable in G for formulas ® and VY. Consider the 
following quasi-derivations in G: 


@+ WVrRY Ce WrY 
Vt 6b OEY @r ov Wrey¥ 
PAVE GAVEYV @reovv Wroeovye 


PAYrFOEVYE @VVbLOVY 
br & [e]yr (ly [elf [ely 
Ko, 4 (P]f + axe vxd [6] ¥ 
hk ae, & 3x + 3x Wx F WX®. 


A®@ bt 7A 
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In the last two quasi-derivations the variable y is chosen to have 
no occurrences in &. These quasi-derivations show that it is possi- 
ble to complete the inductive proof of the fact that all sequents of 
the form ® + 9%, with # a formula of G, are provable in G. 

Now it is necessary to verify for each rule of inference of CP® 
(except for the rules concerning implication) that if the sequents 
above the line are provable in G, then the sequent below the line is 
also provable in G. Rules 1, 11, 13 to 16 of CP® are instances of 
the rules of inference of G. For Rules 2 and 3 


TReAY TreeayYF 
ree rey 


the required statement follows from the corresponding property 
of invertibility (Proposition 31.2). For Rule 4 (5) 


Tr @ Tey ) 
Troevy Trevy 


a quasi-derivation in G 


Troe TRY 

Trev Trvy,® 

Troevy Teo,yv 
TRevy, 


{ 
establishes the required property. We now consider Rule 6 


Treéevv¥ T,o@+X T,v¥eX 
Tex : 


If the sequents above the line are provable in G, then the follow- 
ing tree which makes use of the admissible cut rule (see the remark 
following the proof of Theorem 1) is a quasi-derivation in G 


Corresponding to Rule 9 there is the statement about the inver- 
tibility of the rule of introducing a negation. 
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For Rule 10, if ! + @andP + 7 are provable in G, then so 
is (by invertibility) the sequent ®, '+ and (by Theorem 1) the se- 
quent I’, 't and hence the sequent !t. The admissibility of Rule 
12 in G has been established earlier. 

Induction on the height of a proof of the sequent C in CP* 
completes the proof. 0 

A consequence of Propositions 1 and 2 is the main statement 
of this section. 

THEOREM 2. A sequent of CP® which is a sequent of G is pro- 
vable in CP® if and only if it is provable in G. 0 


Exercise 


1. Show that Theorem 1 is not true in the calculus G* (see Exercise 3 of 
Sec. 30). (Hint. Use the results of Exercise 2 of Sec. 31 and Exercise 3 of Sec. 30.) 


33. HERBRAND THEOREM 


In this section we shall establish a very important theorem of 
Herbrand which is, in particular, a theoretical basis of modern 
machine methods of searching for a proof in the calculus of 
predicates. One of such methods is based on the calculus of 
resolvents which is to be discussed in the next section. Herbrand’s 
theorem justifies finding by this method the provability of any 
provable formula of CP; the latter property is called the com- 
pleteness of the method. In addition this theorem gives certain 
constructive meaning to arbitrary sentences of the calculus of 
predicates. 

We begin this section by studying some syntactical relations. 

We associate with every term ¢ and every variable x some set 
F(t) of function symbols: 

(a) if x does not occur inf or f = x, then F.(t) = ©; 

(b) if x occurs inf and ¢ # x, then?’ = A(t,, ..., t,) for some 
function symbol # and some terms f,, ..., ¢,; we then set F,(t) = 


= {h]}U U FU). 
r=) 
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LEMMA 1. If x # y and x does not occur in t; then for any term t 
Fi((ty.) = F(t). 

proor. By induction on the construction of a term ¢. C) 

PROPOSITION 1. If Ox ¥ (Q € {V, 3}) is a generalized subformula 


of a formula ®, then for any term t, of a formula Y we can find a 
term t, of ® such that 


F(t) = F,(t,) 


and t, is within the scope of the quantifier Qx. 

PROOF. Since QOx¥ is a generalized subformula of a formula ®, 
there is a sequence of formulas #, = %, $,, .... ®, = QxW such 
that for any i < 1 one of the following conditions holds: 

(1) % = 78,53 

(228 = @,,7%,,( = ¥,,,78%, ,) for a suitable for- 
mula ¥, , , and7e [{V, N}; 

(3) & = Q; X,;, ® , , = (X,)? for a suitable formula X, and a 
suitable term ¢ free for a variable y in X, and Q’ € [{Vv, 3}. 

We now suppose that this proposition is true for — 1. If we 
take as ® the formula ®, of the sequence = , %,, ..., ®, = 
= Q.¥, then by the induction hypothesis we can find for any 
term 4 of the formula ¥ a term 4, in ®, such that F. (4) = F,(t,) 
and ¢, is within the scope of the quantifier Qx. If the passage from 
®, to ®, satisfies condition (1) or (2), then ®, is a subformula (and 
not only a generalized subformula) of a formula ® = @,, and 
therefore we must take as the desired ¢, the corresponding term f,. 
If condition (3) holds, then we consider three possible subcases. 

Subcase (3a): y = x. Then @ = Q’xX, $, = (X)* fora 
suitable formula X. Since @, (and hence X) has (by the induction 
hypothesis) free occurrences of the variable x, by the property of 
the purity of variables x does not occur freein X and #, = X,@ = 
= QO, ®,; %, is a subformula of &. 

Subcase (3b): y # x and x occurs in ¢. Then @ = Q; X,%, = 
= (X)/ for some formula X. The formula ®, has bound occur- 
rences of the variable x; if X had free occurrences of y, then this 
would violate the condition that the term ¢ should be free for the 
variable y in X. So y has no free occurrences in X and ®, = 
= (X) = X,¢= Q; @,; &, is a subformula of ®. 
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Subcase (3c): y # x and x does not occur in f. Let X be a for- 
mula such that @, = (X)?, ® = Q, X. For any term ¢, of ®, there 
is a corresponding term ¢t, of X such that rt, = (¢,)?, and if ¢, is 
within the scope of some quantifier in $,, then ¢, is within the 
scope of the same quantifier for the same variable. By Lemma 1 
we have Fy (t,) = F,((t,)? = F,(¢,); if. a term ¢, is chosen in , for 
f) in accordance with the conclusion of the proposition, then the 
corresponding term ¢, will satisfy the conclusion of the proposi- 
tion for the formula ®. 

The proposition is thus proved. 0 

We shall say that a function symbol g has a bound occurrence 
in a formula ¢ if @ contains a subformula of the form Ox¥ and ¥ 
has an occurrence'of a term ¢ such that g € F,(f). 

We give two corollaries of Proposition 1. 

COROLLARY 1. If W is a generalized subformula of a formula ® 
and a function symbol g occurs bound in ¥, then g occurs bound 
in ® as well. 0 

COROLLARY 2. If Dis a proof of a sequent C in G anda function 
symbol g does not occur bound in any of the formulas C, then g 
does not occur bound jn any of the formulas of the tree D. 

PprooF. By the property of being a subformula and Co- 
rollary 1. (1) 

We fix a term 4, which begins with a function symbol g, anda 
variable x,. Now we define a transformation s (heavily relying on 
the choice of a pair (f), x) >) of terms as follows: 

(a) if ¢ is a variable or a constant (distinct from g), then 
sSHO=6; 

(b) if ¢ = f(t,,..-,,) and t # &, thens{t) = f(s(z,), ---, s(,)); 

(c) if ¢ = f, then s(t) = xp. 

REMARK. If a term ¢ has no occurrences of f,, then s(t) = ¢. 

The following lemma shows mutual relations of a transforma- 
tion s and a substitution. 

LEMMA 2. If x # x, and g ¢ F,(t), then for any term t’ 


s((t)E) = (S(t) ey: 
ProoF. We shall prove this equation by induction on the con- 


struction of the term f¢. If x does not occur in ¢, then neither does x 
occur in s(t) and therefore s((t},) = s(t) = (s(t) Kir) Let x occur 
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int. Thent # 4, sinceift = 4 = g(t,,..., ¢,), theng € F, (ft). If 
t = x, then s(x) = s(t’) = Oar « If t= A(t,, ..., ¢,), then 
(= ACY, GF) and sty) = s(A(qye, os (LE) = 
= A(s((t,)%., ---, S((G,)%) since h € F(t), g ¢ F(t) and hence 
A((t,)%,, «++» (t,)%,) # to. By the induction hypothesis h(s((t, )%., ..- 
ey SUE )E) = AGE eye 9 CG Rey) = COKE O 

REMARK. Under the hypotheses of the lemma s(t) = t according 
to the remark following the definition of a transformation s. 

A transformation of terms s can be extended in a natural way 
to formulas, sequents and trees of sequents by setting, for exam- 
ple for formulas, 

(a) s(@) = P(s(t,), .-., s(f,)) for an atomic formula @ = 
= P(t,,-.4)5 

(b) s(#) = as(¥) for’ = AY; 

(c) s(&) = s(®))Ts(®,) for 6 = $)7%,, TE [V, A}; 

(d) s(®) = Oxs(¥) for @ = Ox, Qe {v, 3}. 

A consequence of the preceding lemma is 

PROPOSITION 2. If a variable x, does not occur bound in ® and 
x # xX, isa variable such that g ¢ F,(t) for any term t of ®, then for 
any term t’ free for x in ® 


s(@)E) = CON 


(this relation also includes the statement that s(t’) is free for x in 
s(€)). 0 

Obviously we have also the following 

PROPOSITION 2’. [f a variable x, does not occur bound in ® and 
X15 +++) X, are variables distinct from x, and such that g ¢ F,,(t), 
i= 1,..., for any term t of ®, then for any terms t,, ..., t, free 
for X,, «+, X, in & respectively 


SOY rn = COME uy O 


We establish the following important property of a transforma- 
tion s operating on proofs. 

PROPOSITION 3. If D is a proof in G, a variable x) does not ap- 
pear in D and g does not occur bound in the final sequent of D, 
then the tree s(D) is a proof in G. 

proof. If C = #, I + 0, ® is an axiom, then s(C) = s(®), 
s(C) & s(9), s(®) is also an axiom. 
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For every passage corresponding to a propositional or struc- 
tural rule, it is easily verified that the corresponding s-passage 
(i. e. the passage in s(D)) is performed according to the same rule 
of inference. For example, let a passage in D be as follows 

TrO,o? TROY 


rrRO,fAY 


’ 


then the corresponding passage in s(D) is 


s(T) + s(8), s(@) S(T) & (8), s(¥) 
s(T) F s(®), s(@ AV) . 


But s(® A ¥) = s(*) A s(¥). Hence this passage is effected 
according to the same rule (introduction of a conjunction into the 
conclusion). 
Now consider passages corresponding to the quantifier rules. 
Let a passage in D be as follows: 
Tr, @) 


Te 0, axd 


Then the corresponding passage in s(D) is 


sO) & 5), s(#)7) 
s(P) # s(Q), s(ax®) © 


According to Corollary 2 of Proposition 1 g does not occur 
bound in the formula 3x; hence for any term t’ of we have g ¢ 
¢ F(t’). By Proposition 2 therefore s((®)*) = (s(®))x,). So the 
passage in the tree s(D) is 

s(T) F s(9), SCP) 5 | 
s(T) F s(9), axs(®) 


but this is a passage effected according to the rule of introducing 
an existential quantifier into the conclusion. 
Now consider a passage in D according to Rule 8: 
Bd pa eae ca 
axd, Tr O 


where y does not occur free in I’, 8. The corresponding passage in 


5(D) is 
s((]3), s@) & 5) 


s(ax®), s(T) & s(9) ; 
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It is established as before that s([#]}) = (s(®))%,) = (s(#)); = 
= [s(®)]; and that no variable y occurs free in s(U). ’ 50). The last 

statement follows from the fact that for any formula ® a formula 
s(®) may contain only one new free variable, namely Xo» which 
does not appear in D, in particular x, # y. The passage in s(D) is 
then of the form 

[s(®)]¥, s(P) + 5(8) 

axs(®), s(T) F (8) ’ 


where y does not occur free in s(I'), s(@). Hence this is a passage 
effected according to Rule 8. 

Similarly treated are Rules 9 and 10. 0) 

We now proceed to consider the main statement of this sec- 
tion. For brevity a sequence of terms ¢,, ..., ¢, will be denoted by ts: 
3x will denote ax)... 3xX,; 718 a gcguicnice Cee a 

THEOREM 3. Let a sequent C=T+ 0, © be such that = 
= axvyWV(x, y, Z) and no n-place function symbol g occurs in C. 
The sequent C is provable in G if and only if so is a sequent 
Ct =I 0, ax¥(x, g(x), Z). 

Necessity. A marked formula is any formula ®,) of G of the 
form 


(AX, gop IX VIVO OY 0 << a, 


which is a generalized subformula of a formula ®. If , is a mark- 
ed formula, then ®¥ denotes a formula 


GX 4 3%, FO, CO), 2 

Let D be a proof of the sequent C with the property of the 
purity of variables. Let a tree of sequents D* be obtained by 
replacing each occurrence of each marked formula ®, which is an 
ancestor of the occurrence of © in the final sequent C by a for- 
mula &¥. Notice that the final sequent of the tree D* is C*. We 
show that D* is a quasi-derivation. 

At the tops of D* are the same axioms as in D, since marked 
formulas are not atomic (contain a quantifier Vy). All passsages 
in D have corresponding passages in D* performed according to 
the same rules of inference, except for passages of the form 
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Ar A, (YY, 2) hk 
Ar A, (W(x, ys a 


(*) 


where the principal formula of the passage is a marked formula 
and ancestor of the formula ®. 
The corresponding passage in D* is 
Are AY, (ve, MP 
AYE AY, (Ye, 8), ZF 


(* *) 


We use induction on the depth of a derivation and suppose 
that the sequent above the line in the passage (* *) is provable. 
Since uw does not occur in A, A and A’, A’ have the same variables 
as A, A, u doesnot occur in A’, A’; hence the sequent A’ + A’, 
vy(W(x, y, ze is provable. Then so is (by Proposition 2 of 
Sec. 31) the sequent 


Nob d'," (¥C, Jy DY ’ 


but (W(x, ¥, Z)E Ri = (W(X, B(x), Z))F 
and therefore the sequent below the line in the passage (* *) is 
provable. 

Necessity is thus established. 

SUFFICIENCY. A marked formula is any formula of the form 


(4x. 


ip peat ROLE OO Sr, 


Let D be a proof of the sequent C*. We construct a tree of se- 
quents D* by replacing each occurrence of a sequent C’ = [T’ + 
Ft QO’ byasequent Ct =I’ + OF, where the list of formulas 6* 
is defined as follows. Let Q) be a list of all formulas of 6’ not 
simultaneously marked formulas and ancestors of a formula 
3x ¥(x, g(x), Z) in the final sequent C*. Let 7!,..., /,/ > 0, be all 
n-collections of terms such that the terms g(¢’) do not occur in C’; 
then we set 0, = @(= axwy¥(x, y, z)), HA, g(t), z), WA, 
g(t’), z) and ‘ot = = 6, 9,. 

We establish by induction on the depth of a derivation that all 
sequents of the tree D* are provable (notice that the final sequent 
of D* is the sequent C). 


224 Proof Theory 


At the tops of D* are the sequents that can be obtained from 
the axioms by strengthenings and interchanges. 

If a passage is performed in D by one of the Rules | to 6, then 
the corresponding passage in D* can be obtained by several 
strengthenings, interchanges and by applying the same rule. This 
is an easy consequence of the fact that a marked formula which is 
an ancestor of the formula 4x V(x, g(x), z) of the final sequent 
may be the principal formula of the passage according to one of 
the Rules 1 to 6 only if s = n and then that formula must 
necessarily be in the list ©,. 

If a passage in D is performed according to a structural rule 
(11 to 14), then the corresponding passage in D* is obtained by ap- 
plying structural rules as well. 

Consider the case where a passage is performed in D according 


to Rule 8: 
[Bol To t G0, Vis ees Ve 


, (+) 
Iu®o, Tp & 8p, ¥, eee i 7 


where V,, ..., V, is a list of all marked formulas of these sequents 
that are ancestors of the formula 3x V(x, g(x), Z) of the final se- 
quent C*. 

The passage in D* is then 


[Polk Ty Op, BY, (C1, Bt"), Z)y ees WOO, BE), Z) 
4uG, Ty & Op, & VE, a0), Z)y one VEL BW), 2) 


l<gm (**) 


We sah that a variable v does not occur in any of the terms 
g(t!), i 1, ..., m. Suppose the contrary. Let v occur in g(f'); 
then af) iets Becis in one of the formulas of the sequent [®,]”, 
Ty Oo Vy 5 veer Y- Hele ) occurs in one of the formulas ofa se- 
Guent Ty 9), Yy, ++) ¥,, then v occurs free in that sequent since 
otherwise g would ne bound in D, which contradicts Corollary 
2 of Proposition 1. But then the passage (* ) according to Rule 8 is 
impossible. If, on the other hand, g(t’) occurs in [,]“, then the 
formula au, has a bound occurrence of a symbol g, which is im- 
possible. Hence uv does not occur free in the sequent I) + ©,, ®, 
wel, g(t'), z), ..., V(t", 2(t”), Zz); in addition the sequents 
[$)]¥ ,T) + ©; v, .., W, and Jud, Ty + 8, V,,--.. & have 
the same occurrences of terms of the form g(f). But thei /=m 
and the passage (* *) is performed according to Rule 8. 
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Similarly treated is the case of a passage according to Rule 9. 
Now consider the case of a passage according to Rule 7. Sup- 
pose D has a passage 


Ty H Qo, ¥ys eves Ves (®p)f 
To H O01 Via vey Ver 3xPy 


(*) 


where W,, ..., V, are marked formulas that are ancestors of the 
formula ax V(x, Be), z) of the final sequent and the list 0, con- 
tains no such formulas. 

Two cases are possible: (1) 3x®, is neither a marked formula 
nor an ancestor of the formula 3x x V(x), 2(Xx), Z); (2) it is. Con- 
sider case (1). Any term of the form g(f) in the lower sequent of 
the passage (*) is simultaneously a term of the upper sequent. 
Therefore the corresponding passage in D* is 


Tp t Op, (€9)%, &, HE, (7), Zz), HCO, V(t"), Z) 
Tp F Qo, xb, & ¥(F, g(t), z), HOE, af), Zz) 


(* *) 


Let us consider the following tree of sequents instead of (* *): 


Tp Op, (€9)%, & HE! a(t"), 2), -, VOE™, 27 ™), 2) 
Ty & Qo, ax, &, ¥(EI, a(t !), 2), 5 HCE, BE), 2), 
Ty Qo, ax, & ¥(t!, g(t!), Zz), oe WE, a(t!), 2) 


In this tree the upper passage corresponds (up to an interchange) 
to an application of Rule 7. Before considering the lower passage 
we prove the following lemma. 

LEMMA 3. Jf a sequent 


Tb 0, axwy¥(x, y, Z), WG a(t), Z) 
is provable in G, the symbol g does not occur bound in that se- 


quent and g(t) does not occur inT + ©, axvyW(x, y, 2), then 
provable in G is a sequent 


Tb O, axvy W(x, y, Z). 


proor. Let D be a proof of the sequent ! + O, ax vy V(x, y, Z), 
W(t, g(t), Z); let x be a variable not appearing in D. If s is a syn- 
tactical transformation defined by a pair (x, g(t)>, then by 
Proposition 3 the tree s(D) is a proof (of the sequent fr + 0, 
axvyW(x, y, Z), W(t, X, Z) by Proposition 2). Hence the sequent 


15—191 
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rb O, axwyW(x, y, Z), (YR, %, zy is provable. It is easy to 
verify that the following tree of sequents 


Ph O, axwy h(x, y, Zz), (YO, Y, ZF Yo 
Tb O, axwy¥(x, y, Zz), (WY (x, On 


eae 


T+ O, axwyV(x, y, Z), G% WRI 


Tr O, axvy¥(x, y, Z), xv (x, y, Z) 
Tr 0, axvy¥(x, y, Z) 


is a quasi-derivation. 0) 

coROLLARY. Jf a sequent T + 0, axwyW(x, y, z), ¥(C', 
ga(t!), z), WW, e(0), Z) is provable in G, the symbol g does not 
occur bound in that sequent and g(t') does not occur inT + 0, 
axvyW(x, y,z),i = 1, ..., /, then provable in G is a sequent 


Tb O, axvy¥(x, y, Z). 


To prove this it is necessary to arrange the terms g(t’), 
..., 2(¢/) in nondecreasing order of their length and apply the in- 
duction hypothesis on / and Lemma 3. 0 

To return to the case under consideration, since the terms 
g(t'), ..., g(t’) occur in the sequent I, + @,, 3x®, and the terms 
g(t’ +!), ..., g(t”) do not, nor do the latter oscar. in the sequent 
Ty 0,, ax®,, &, VP, g@), 2), «... VE, g@), Z). To establish 
that the last sequent is provable it : ‘enough therefore to use the 
corollary of Lemma 3. 

Case (2), where 4x, is a marked ancestor of a formula 
ax V(x, g(x), Z), is treated similarly (even in a simpler way). 

The case where a passage in D is performed according to Rule 
10 is treated similarly to the case corresponding to Rule 7. CJ 

Let us associate with every formula ® in prenex normal form 
some 3-formula ®,,, called a Herbrand form of , by the follow- 
ing rule. If is an 3-formula, then ®,, = 4; if ® is of the form 
3X, 3X, wyW (x, y, Z) and gis an n- Olde function symbol not 
occurring. in $, then ®, = (ax, ... 4x, W(x, g(x), 2) It is 
established by ineuctOn. on the number ‘of universal quantifiers 
that this definition is correct. 
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Theorem (Herbrand). Let ® be a formula in prenex normal 
form and let ®,, = ax, ... 4x, V(x, Z) be a Herbrand form of ®, 
where ¥ is a quantifier-free formula. The formula ® is provable if 
and only if there are sequences of terms t! = Ly ey dle inc tk= 
= th, ..., ( such that a formula 

WO, z)V.. Vv (ER, Zz) 
is provable. 

ProoF. By induction (on the number of universal quantifiers) 
and the preceding theorem ® is provable if and only if ®,, is. To 
complete the proof we establish the following. 

PROPOSITION 4, A formula ® = 4x, ... ax, V(x, Z), where WV isa 
quantifier-free formula, is provable if and only if there is a se- 
quence of n-dollections of terms t}, ..., t* such that a formula 
Wt!, z) Vv... V ¥(t*z) is provable. 

PROOF. By invertibility (Proposition 31.1) the formula 
ve, 2) Vi. V ee z) is provable if and only if a sequent 
EW(t!, z), ..., W(t, z) is provable. 

Let that sequent be provable. Then a repeated application of 
the rule of introducing an existential quantifier yields a provable 
sequent F ax V(x, z), ..., ax V(x, Zz). From this sequent via the 
rules of abbreviation we obtain a sequent + 3x W(x, z). This 
establishes sufficiency. 

NECEssITY. Let D be a proof of a formula & in G with the prop- 
erty of the purity of variables. Let ¢', ..., f be all n-collections 
of terms ¢ such that there occurs a formula W(f, z) in D. Notice 
that all formulas of D are ancestors of the formula ®. Let a tree 
D* be obtained from D by replacing each occurrence of the se- 
quent I, + A, by asequent I) + ¥(t1,z), ..., ¥(¢*, z), A,, where 
A, is obtained from A, by eliminating all formulas of the form 


(ax, , we AX, W(x, zy me ‘ 5,0 <s < a. It can be verified 


without difficulty that thie resulting tree D* is a quasi-derivation 
(of the sequent + W(f!, z), ..., ¥(t*, z)). Indeed, there are se- 
quents at the tops obtained from the axioms by revisions. A 
passage corresponding to the propositional rules has correspond- 
ing passages according to the same rule (possibly with an ab- 
breviation and interchanges). No quantifier rules are used in the 
tree D, except for Rule 7; the passages according to Rule 7 have 


15* 
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corresponding trivial passages in D*. The passages according to 
the structural rules have corresponding passages obtained by ap- 
plying structural rules. So D* is a quasi-derivation of the sequent 
EW(t!,z), ..., W(t*, z) and necessity is established. O 

The strength of the Herbrand theorem is in that the question 
of provability of an arbitrary formula is reduced to the question 
of provability of some effectively generated sequence of 
quantifier-free formulas. And it requires only propositional (and 
structural) rules to show the provability of a quantifier-free for- 
mula. 

More precisely, let ® be a quantifier-free formula and let 
Wy, ..-, W, be all distinct atomic subformulas of ®, then the pro- 
positional form of ® is the formula ©, of the propositional 
calculus, which is obtained from ® by substituting everywhere a 
propositional variable P,, i = 0, ..., 2, for a subformula ¥,. 

PROPOSITION 5. A quantifier-free formula ® is provable in G if 
and only if its propositional form ®, is provable in the proposi- 
tional calculus. 

proor. Immediate from the property of being a subformula. ( 


34. THE CALCULI OF RESOLVENTS 


The calculi of resolvents are used to search for a derivation in 
the propositional calculus and in the calculus of predicates. We 
begin with the propositional variant. 

Formulas of propositional calculi of resolvents are proposi- 
tional variables or their negations. 

If ® is a formula, then 6* is —® when @ is a propositional 
variable and P when ® = -P. 

The basic syntactical notion is that of a list of formulas. An 
empty list is denoted by @. The calculi of resolvents have the 
same rules of inference and differ only in axioms. If I); ...; I, are 
lists of formulas, then R,(I,; ...; I.,) denotes the (propositional) 


calculus of resolvents whose axioms are the lists; ...; T,. 
The rules of inference of the calculi of resolvents are: 


Tr, & 0, &* rT, ¢, ¥, 06 Tr, 6,6 
: r,e “T, ¥, 4,0" “Ti é6 ¢ 


, 
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The notion of (tree form) proof is defined in the usual way. If 
T is a nonempty list of formulas, then AI’ denotes a conjunction 
of formulas of [. AI is a formula of the propositional calculus, 
but generally speaking it is not a formula of the calculus of 
resolvents. 

LEMMA 1. If D is a proof ofa list in Rp(T; ...;T,,) andT,, oc- 
curs at the top of D, then for any list T’ in Rp; ..3T, — 3T', 
Y,) @ list P', V is provable. 

prooF. By induction on the number of lists of the tree D. If 
D=TYP,,thenl =T, andI’’,TisaproofinR,(o;..3T,,_ 30’, 


— 
ey 
Let D = ees and suppose that the last passage is eae 
then by the induction hypothesis there are proofs Dj, Dy in 
Rog ei lycap nt) oP) ot lists DP Top (or r°, Gif F, does 
not occur at the top of D)) andI’’, I'!, &* (or I'!, &* if I’, does not 
occur in D,) respectively. Since I, occurs at the top of Dy or at the 
top of D,, then at least one of the trees 
Dy D Dg Di Do Dy 
rirorm,rl’ or’, rer’ ror,r 


’ 


isa proof inR,(I;...5T,, _,, 1’, T,). From the final list we easi- 
ly obtain I’, I’ with the aid of the structural rules. 

If the last passage in the tree D is effected by Rules 2 and 3, the 
induction step is obvious. (1 

We now prove a statement relating the calculus of resolvents 
to provability in the propositional calculus. 


PROPOSITION 1. Jf Ty; ...; I, are nonempty lists of formulas 


(of the calculus of resolvents), then the formula \/ (AT;) is prov- 
i=0 

able in the propositional calculus if and only if the empty list of 
formulas © is provable in the calculus Rp(Tp; -+-3 T,,)- 

proor. Let D be a tree of lists of formulas such that its tops 
contain nonempty lists of formulas 0); ...; 8,, each passage is a 
passage according to one of the rules of inference in the calculus 
of resolvents and @ is the final (possibly empty) list of formulas. 
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k 
We prove that then a sequent 9 # V (AQ,) is provable in the 
i=0 
propositional calculus. We shall proceed by induction on the 
number of lists of formulas in the tree D. 
Let D consist of a single (nonempty) list ©, then the sequent 
@ + AQ@ is obviously provable in the propositional calculus. 


Let the tree D be of the form 7°! ; 68; ...; Of, be the lists at 


the tops of Dy; 04; ...; O} be the lists at the tops of D,. Let the 
final passage be 


Q,% 0, o* 
) 


(then © = ©), O,). By the induction hypothesis the sequents Q), 
k 


@ + #° and 0,, * + &!, where 6° = Y (AO?) and $! = 
1=0 


Ay 
= V (A@!), are provable in the propositional calculus. Then 
1=0 
the tree 
Go, Pt 9 6,,o*  &! 
FOV G* 8, OVE! O,,o*F Ove! 
7 8), 8; F Bo v o! : 


is a quasi-derivation of the required sequent for the tree D. 

The case where the last passage in the tree D corresponds to 
the structural Rule 2 or 3 is obvious. It follows from the proved 
statement that if the empty list of formulas is provable in 


Rp(Iy; ---3 T,), then the formula yy (AI;) is provable in the 
1=0 
propositional calculus. 
To prove the converse we shall use the propositional variant 
G, of the calculus G. We show by induction on the number of 
conjunctions in a sequent 


 AQ,, «+, AG, (*) 
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that if that sequent is provable in G,, then the empty list is 
provable in R,(Q); ..-; &)- 

Let the sequent (*) contain no conjunction sign. Then it has 
the form + ®p, ..., &,, where ®, are propositional variables or 
their negations. Such a sequent is provable in Gp if and only if 


there are i, j < k such that @ = $ and so 


& o 
@ 


* 


\ 


is a proof in Rp(®p; ...; ®,). 

Let the statement be true for sequents of the form (*) with the 
number of A signs less than 7. Let a sequent (*) have 7 A signs 
and let 0, = 6°, 0,, where 6? and ©] are nonempty lists of for- 
mulas. By invertibility, if a sequent (*) is provable, then so are 
the sequents KF AQp, ..., AQ, _ ;, AO? and FAQ,, ..., AO, _ 5, 
AQ}. By the induction hypothesis the empty list @ is provable in 
R (Ooi 22 Oy. 4s Op) and Rp (953.078) 4) OP). ket Dy and), 
be the corresponding proofs. If 6} does not occur at the tops of 
the tree D,, then D, is a proof (of the list O) in Rp(Op; ...; 8, _ ,) 
and all the more in Rp(@); ...; O, _ ;; O,). If Of does occur at the 
tops of D,, then by Lemma | there is a proof Dj of the list Of in 
Rp(Gy; «3 & _ 3 8, = Of, OF). Substituting a tree Dy for all 
tops of the form ©? in D, yields a proof of the empty list in 
Rls oot O,). 

To return to the proof of the required statement. By inver- 


tibility the formula Y (AT;) is provable in G, if and only if so is 
1=0 
the sequent FAI), ..., AI. According to the statement just prov- 
ed, it fo.lows from the provability of the sequent FAT, ..., AT, 
that the empty list of formulas © is provable in R, (I; ...;T,,).O 
We now proceed to study the calculi of resolvents for the 
calculus of predicates. 
Formulas of a calculus of resolvents are atomic formulas of 
the calculus G or their negations. For a formula ® we define $* as 
above. The rules of inference are Rules 1, 2, 3 and Rule 


pe 
ry’ 


232 Proof Theory 


where x = X,) +++) X;, is a list of distinct variables and i= Cisse 
is a list of terms. 

Calculi of resolvents differ in axioms. A calculus of resolvents 
with axioms (with lists) I; ...; I’, is denoted by R(T); ...; I, ). The 
relation of a calculus of resolvents to provability in the calculus of 
predicates is established by the following statement. 


PROPOSITION 2. Let ®@ = 4x, ... 2x, ( V ar) be a closed 
i=0 


formula of the calculus of predicates and let T,, i = 0,..., n, be 
nonempty lists of atomic formulas or of their negations. A for- 

mula ® is provable in the calculus of predicates if and only if so is 
the empty list of formulas in the calculus of resolvents R(T; «.. 


“eT ). 
’ n Si 
prooF. Let @ be a formula provable in G. Then by Proposition 
31.3’ there are collections of terms tf! = fl, ..., thy 5 th = 
= tt, ..., { such that the following sequent is provable 


K(v any))" aaas ( V ny)” : 
1=0 if p= 0 tk 


The provability of this sequent is equivalent to the provability of 
the formula 
® = Vi (AT). 


0 
1 


NIN 
NIK 


t n 
isk 
By Proposition 33.4 ®’ is provable if and only if so is the proposi- 
tional formula @,. Using Proposition 1 we conclude from the 
provability of @; in the propositional calculus that in the calculus 
of resolvents R(...; (I;)*/; ...) the empty list is provable making 
use of Rules 1 to 3 only. (To do this it is necessary to replace the 
propositional variables by the corresponding elementary formulas 
in the proof of the empty list in the propositional calculus of 
resolvents associated with the formula ,.) But since lists (I;)*/ 
are obtained from lists I’; by Rule 4, it follows that the empty list is 
provable in R(I; ...; T,,). 

As in Proposition 1, to prove the converse we shall establish 
the following statement: if D is a proof ofa list © in R(T); ...;T,) 
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and x = X, , +++) %, is a list of all variables in the formulas of lists 
Ty; .-3 I,, then there are collections of terms ¢/ = ¢/, ..., 4,7 = 
k n 
= 1,...,k,suchthatasequentOt Y ( V (AC; Ft) )is prov- 
i=l Y=o 
able in the calculus G. 
We proceed by induction on the number of lists in the proof 


D. When D is simply a list T,, the following tree is a quasi- 
derivation of the required sequent: 
TEAM 
: : 
re V on) 


Jt 


Let the proof D be of the form % and let the last passage be 
ae where © = (0). 


By the induction hypothesis a sequent 


k n 
C=O0'r V (v (0) 
i=! \,=0 


is provable for some collections of terms f!, ..., t* in the calculus 
of predicates. 

It is obvious that the provability of the sequent C implies that 
of a sequent C’ = (C)# (it is necessary to take a proof of the se- 
quent C in G and substitute (D)+), but then a sequent C’ = 

k n 
=O'’r VY ( V (Wty), where ¢ / = (t/)#, is provable. 
r=] i= 0 

The cases where the last passage in the proof D is perform- 
ed according to Rule 1, 2 or 3 are treated as in Proposition 1. 
So if the empty list © is provable in R(I,; ...; T',), then there 
are collections of terms ¢!; ...; ¢* such that a sequent 


kh n 
kK VY (v )) is provable. Then a_ sequent 
r= 


224 
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x 


n x n 
bk ( V a) eaaes ( V (AT; ’) is provable. It is easy to 
7! peo 7 


j=0 
derive from the provability of such a sequent that a sequent 


b ax, .. 2x, ( Vr, ) 
J=0 


is provable too. 0 

We now show how to reduce the question of the provability in 
G of an arbitrary formula ® of G to the question of the provabili- 
ty of the empty list in a suitable calculus of resolvents. 

If @ contains free variables z), ..., Z,, then it is easy to verify 
using the corollary of Proposition 31.2 that ® is provable if and 
only if so is the universal closure €° = wz, ... vz, of the formula 
®, 

Let 6° be a closed formula. Then we can find for it effectively 
an equivalent formula @! in prenex normal form. By the Her- 
brand theorem the provability of the formula 6! (and hence of the 
formulas 6° and ®) is equivalent to the provability of the Her- 
brand form $1, of &!. The matrix of $1, is in disjunctive normal 
form, i.e. has the form Y (AT,), where I; are some lists of 

1=0 
atomic formulas or of their negations. But then @!, is a closed 
3-formula and hence by Proposition 2 its provability is equivalent 
to the derivability of the empty list © in the calculus of resolvents 
RG 34 Ty): ; 

From what we have just proved, from Theorem 23.11 and 
Theorem 32.2 we see that the question of provability of an ar- 
bitrary formula @ in the calculus of predicates reduces to the ques- 
tion of provability of the empty list in a suitable calculus of 
resolvents. 

Machine realizations of a search for the provability of the 
empty list in a calculus of resolvents make use of various deter- 
ministic (and sometimes also nondeterministic) methods of suc- 
cessive transformation of lists so that all provable lists are obtain- 
ed in such transformations. Such methods are called strategies of 


The Calculi of Resolvents 235 


a search. Any discussion of strategies is beyond the scope of this 
textbook. 

To get at least a feeling of what problems may arise here the 
reader should prove the following statement. 

’ PROPOSITION 3. There is an algorithm which finds out from two 
Jormulas, ® and ¥, of a calculus of resolvents if there are collec- 
tions of terms t = ty, «+, ¢, such that formulas (#)* and (¥)* 
coincide and if there are, en it finds such a universal collection t. 

Universality means that for any collection t’ such that (®):, = 
= (VY, there is a collection of terms?” = Hh Yl correspond- 
ing toa list u = to» ..., uy Of free variables of the terms of ¢ such 


that 7’ = (He 


Chapter 7 


ALGORITHMS AND RECURSIVE FUNCTIONS 


35. NORMAL ALGORITHMS AND TURING MACHINES 


In the preceding chapters we have repeatedly referred to an 
algorithm & operating on some set of objects X, understanding by 
this an exact prescription determining from any object ae X some 
well-defined sequence of elementary operations performing which 
we either never terminate the process (of computation) or the pro- 
cess terminates and we obtain an object (a) called the value of U 
at a or the process terminates without yielding a value. If a process 
determined by an algorithm 2% from an element a does not ter- 
minate or terminates without yielding a value, then it is said that Y 
is not applicable to a. Examples of algorithms are the rules of ad- 
dition, multiplication and division operating on the set of pairs of 
natural numbers. Notice that the division algorithm is not ap- 
plicable to a pair of natural numbers (n, m), if n is not even 
divisible by m. Another example is the algorithm, described in 
Sec. 20, for finding from a formula of the calculus of predicates 
an equivalent formula in prenex normal form. The number of 
elementary operations required for a value of an algorithm to be 
obtained may be very large. At this level of study, however, we 
shall abstract from practical possibilities of realizing algorithms 
and proceed from the assumption that we have an unlimited store 
of time and materials when realizing a process of computation. 
This assumption is called the principle of potential realizability. 

As a rule, an intuitive understanding is enough to establish 
whether or not a given prescription is an algorithm. One cannot 
do without a precise definition of an algorithm, however, if one 
attempts to prove that there is no single effective procedure (an 
algorithm) for solving a certain class of problems. But is it possi- 
ble to find such a mathematical definition for the notion of 
algorithm which would both embrace the various already existing 
algorithms and effective procedures accumulated by mathematical 
and computational practice and ensure that any future intuitively 
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acceptable algorithm does not demolish that definition? Posed so 
broadly, this question could hardly be given a positive answer. 
However, the actual development of mathematics has led to a 
satisfactory solution (it would be more precise to say settlement) 
of this problem. Namely, several formalizations of the notion of 
algorithm were proposed differing in their scope, collection of ad- 
missible elementary operations and possibilities of composing 
prescriptions (programs) for computation. The study of these for- 
malizations has shown that they possess the properties of being 
closed under all possible combinations (superpositions, iterations 
and so on), have a great power of reproducing to a reasonable 
degree of similarity (adequacy) all known algorithmic procedures 
and methods. The most essential to the justification of the defini- 
tions has turned out to be the coincidence of classes of com- 
putable functions for all these notions. Therefore at least the con- 
cept of (algorithmically) computable function (with natural 
arguments and values) has turned out to be invariantly defined 
and this is quite enough for theoretical purposes. The existence of 
a number of different definitions (strengthenings) of the notion of 
algorithm has its advantages as well, since it is convenient to use 
different ad hoc definitions in solving different problems. There is 
a similar phenomenon in programming: the existing multiplicity 
of programming languages is to a large extent due to the 
multiplicity of problems facing human computers and program- 
mers. In this section we shall give definitions for two different 
classes of algorithms, normal algorithms and Turing machines. 
No detailed study of these concepts is envisaged here. We restrict 
ourselves to precise definitions, examples and formulations of the 
main statement about the relation of these concepts. In the subse- 
quent sections we shall study in more detail a class of computable 
functions and give it yet another (already a third) definition. 
Before proceeding to precise definitions consider an example. 
EXAMPLE |. Construct an algorithm Y% operating on the set of 
the words of the alphabet of PC and computing the characteristic 
function of the set of formulas of PC, i. e. an algorithm YW such 
that U(a) = 1 if w is a formula of PC and U(a) = O otherwise. 
Let y bea letter distinct from all the letters of the alphabet of 
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PC. The following transformations will be performed with each 
word a in the alphabet of PC: 

1. We replace every occurrence of a propositional variable in 
the word a by a letter y; let the word obtained be a,. 

2. We construct a sequence of words a, , a), ..-, a, Such that 
every word a, ,, 0 < i <n, is obtained from a word a, by 
replacing one subword of the form 7g, (¢ A gy), (v V ) or 
(¢ — ¢) by y; and the word a, contains no subword of this form. 

3. If @, coincides with y, then we set U (a) = 1. If a, is distinct 
from gy, then we set %(a) = 0. 

Letting the reader see for himself that this algorithm is ap- 
plicable to any word and that it is correct, we note that the 
elementary operations in this algorithm are successive 
replacements of the occurrences of subwords of special form by 
other words. An important feature of the algorithm is a possible 
ambiguity (indeterminacy) in the process of computation, the se- 
quence of words a,, a, ..., a, not being determined uniquely 
from a@ (although the number n is easily seen to be uniquely de- 
fined). The concepts of normal algorithm and Turing machine de- 
fined below also have replacements of subwords by words as ele- 
mentary operations, but the sequence of the operations is unique- 
ly defined. 

Each of the algorithms defined below operates on the set of all 
words of some alphabet B. A part of the letters of that alphabet 
plays an auxiliary technical role. To distinguish the essential part 
A of B(A C B), therefore, any algorithm & operating on the set 
of words of B is said to be an algorithm over A. 

Algorithms 8 and © over A are said to be equivalent with 
respect to A if for any word a of A two conditions hold: 

(a) if B is applicable to a word a of the alphabet A, then © is 
applicable to a and B(a) = €(a). 

(b) the condition obtained from (a) by interchanging % and ©. 

We proceed to formulate the concept of normal algorithm 
proposed by A. A. Markov. In what follows we let A be a finite 
alphabet. 

DEFINITION. A schema S in an alphabet A is an ordered collec- 
tion of triples 


CC Bict is cas COBO. 


Normal Algorithms and Turing Machines 239 


in which the first two elements a,, 8, are words of A and the third 
element, 6,, is in the set (0, 1}. A normal algorithm in A is a pair 
<A, S) consisting of the alphabet A and a schema S in the 
alphabet A. 

Let a be a word in A, let % = (A, S) be a normal algorithm 
and let S = (<a, B,,5,),--., (a,,8,, 5, >). If none of the words 
Q,, «++, a, is a subword of a, then we shall say that the word a 
does not lend itself to the algorithm . If ig is the least number for 
which a, is a subword of w and if @ is the result of the replacement 
of the first occurrence of a;, in a by a word 6;,, then we shall say 
that & simply converts a into B if 6;, = 0 (we write U: a + 6) and 
that & finally converts « into B if 6;, = 1 (we write Y: a F - B). OF 
course, it is assumed that the signs F and - are exterior to the 
alphabet A. If 2% simply or finally converts a into G, then we say 
that 2% converts a into B. We shall say that Uf transforms a word a 
into a word B (we write U(a) = @) if there is a sequence yo, -.., %; 
of words of A such that the following conditions hold: 

(a) 79 = wandy, = 8B; 

(b) if k = 0, then a does not lend itself to Y; 

(c) & simply converts y, into y,, , fori < k — 1; 

(d) ifk >O0 UW: y% _ , Hy, does not hold, then U%: y, _ jh. % 
and y, does not lend itself to Wf. 

If a sequence yp, ..., yj satisfies conditions (a) to (c), and the 
condition U: y, 1) F yy, Ql: y% 1; FH *y%), then we shall write 
Wak BW a EB). 

It follows from the definition that if a normal algorithm con- 
verts a word a into a word @, then @ is uniquely determined from 
WY and a. If WY finally converts a into GB, then Y& cannot simply con- 
vert a into @. It is also clear that if w does not lend itself to 2, then 
% does not convert a into any word. From these properties we see 
that if a normal algorithm YY transforms a word a into a word 8, 
then @ is uniquely determined from Y% and a (this justifies our 
writing & (a) = 8). If anormal algorithm does not transform a in- 
to any word, then we say that the algorithm Y is not applicable to 
the word a. Notice that if a normal algorithm & = <A, S) is not 
applicable to a word a@ of A, then there is an infinite sequence of 
WOrdS Yo = Os ¥y+ Yz1 -++2 Yqo +> fOr Which WU: y,  ¥,4 1,/E€. 

In what follows the triple (a, 6, 5) of a schema S in A will be 
represented more graphically a — Bif6 = Oanda —-@ifd = 1, 
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assuming, of course, that — and - are exterior to. A. The schema S$ 
is given by enumerating such words. 

EXAMPLE 2. Let A = ({Q),Q,,A,V, 7,(,), @}]. Consider a nor- 
mal algorithm Y% = <A, S) with the following schema: 

(1) aQ) — Qa, 

(2) aQ, an 2, a, 

(3) aA — Aa, 

(4) av — Va, 

(5) aa —~ 14a, 

(6) at = (a, 

(7) a) — )a, 

(8) a ~-VQ)), 

(9) A — (a. 

It will be left for the reader to verify that if @ is a formula of 
PC in the alphabet A \ {a}, then (#) = (@ v Q,). To illustrate 
how the algorithm works we write out a number of successive 
substitutions realized by the algorithm 2% beginning with the for- 
mula (Q, A 7Q,). The part of the word to be replaced at a given 
stage is given in a bold type: 

(Q A 7Q,) ~ @Q A 7Q,) — (a@Q A 7Q,) — 
— ((Qa A AQ) — (Q Aa7Q,) — (QA 7aQ,) - 
— ((Q A 7Q,a) ~ (Q A 7Q,)a —*((QH A 7Q,) VQ). 

At first sight the definition of a normal dlgorithm does not 
allow us to hope for any universality of that concept. A little ex- 
perience is enough, however, to see the really ample possibilities 
of normal algorithms. To illustrate, the class of normal 
algorithms is closed under a composition. 

Let&, = <A, S)>,U, = <A, S, >) be two normal algorithms in 
an alphabet A. A normal algorithm 8 over A is said to be the 
composition of algorithms U, and UX, if for any word a in A ® is 
applicable to a if and only if {, is applicable to w and YI, is ap- 
plicable to &) (a), and then B(a) = W, (Ay (a)). 

PROPOSITION 1. For any two normal algorithms U, and U, in an 
alphabet A there is a normal algorithm & over A which is the 
composition of U, and X, . ; 

PRooF. It is assumed that the alphabet A does not contain the 
letters 0, O’, 1 and 1’. The algorithm 8 we are constructing is in 
the alphabet A U {0, 0’, 1, 1’}. For further purposes, it may be 
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assumed without loss of generality that the schemata S, and S, of 
%, and %, respectively contain triples of the form ¢A, 8, 1). In- 
deed, it is easy to verify that if we add another triple, (A, A, 1), as 
the last one in the schema S, of the algorithm Y,, / = 0, 1, then the 
resulting algorithm %,’ will be equivalent to %, over A; therefore 
the composition of the algorithms %, and Y/’ will be the composi- 
tion of the algorithms %) and Y%, as well. 

Let S$ be an ordered sequence of triples obtained from the 
schema S, by replacing each triple (a, 6, 6) by a triple (a, 8, 5°, 
where 


{(0’a, 08,0) if 6=0 


> ,o% = 
Kee Pre? ee if 38 


Let S} be an ordered sequence of triples obtained from S, by 


replacing each triple (a, 6, 6) by a triple (a, B, 6>!, where 
(l’a, 16,0) if 5=0 

> » 6 | = 
Sep Bie? One 6,1) if 6=1. 


Let A = {a,a,,...,@ }. Then a schema S of 8 is the follow- 
ing ordered sequence (with the external brackets ¢ ) omitted): 


(a0, Oa), 0), .-., (a0, Oa,, 9), 
50, 0" a) m0" 095 x... (0G, @, 0", 0); (0; 0, 0), 
(dy 1, 1a), 0), 0.21 (a, 1, la, 0), Sf,<1"Q, a1", 0); -.. 
sie WL Ops G1 OF Cl A's 0), 4A, 05 0). 
To write this more graphically ‘‘in a column’’, 
£0 = 0& eA, 


SS. 

Cree kOs, Eb eu, 
— 0’ 

gle Te? Rel 
AY 


ie ance a de me irs 


16—191 


242 Algorithms and Recursive Functions 


The normal algorithm 8 = <A U {0,0’, 1, 1’}, S> is precise- 
ly the composition of the algorithms %) and U,. Leaving a com- 
plete check of the details to the reader, we list the main points in 
the work of the algorithm %. 

Let a be a word in A. Then 

(1) 8: ak 0a; 

(2) ifU: at a’, then B: 0'a & 0'a’'; 

(3) B: Oa t 0'a; 

(4) ifUg: a boa’, then B: 0'a & la’; 

(5)B: lat l’a; 

(6) if Ur: ab a’, thenB: l’'atk 1'a’; 

(7) fU,:a@ Fee’, then B: l’a Bee’. O 

We now formulate the fundamental principle of the ‘‘univer- 
sality’’ of normal algorithms. 

NORMALIZATION PRINCIPLE. Any algorithm over a finite alphabet 
A is equivalent with respect to A to some normal algorithm over 
A, 

The reasons for the validity of this principle, which is not a 
mathematical statement, were discussed from the very beginning 
of the section as the material was presented. 

It may seem that the requirement that the algorithm should be 
finite prevents us from treating normal algorithms as an adequate 
representation of the concept of algorithm in mathematics. This is 
not an important limitation, however. The thing is that if some 
algorithm 8 operates on a set M, then the elements of M and those 
of 8(m) must be effectively defined, and hence the elements of M 
and ®(m) have a finite number of integral invariants, it being 
possible to evaluate those invariants and reconstruct an object 
from them using some ‘‘coding’’ and ‘‘decoding”’ algorithms. It is 
thus enough to restrict oneself to algorithms operating on se- 
quences of natural numbers and producing as values also se- 
quences of natural numbers. And sequences of natural numbers 
can be coded in natural numbers themselves (for example, by 


assigning to the sequence mM, ..., m a number 2no+! xX 
x gm ti-..spmkt+!) where po, Py, «++» Dy, are prime numbers 


written out in ascending order). Therefore the question of finding 
a more precise definition of the concept of algorithm reduces to 
the question of describing a class of functions f: X — w, where 


Normal Algorithms and Turing Machines 243 


X C€ a’, for which there is a computing algorithm in the intuitive 
sense mentioned at the beginning of this section. 

Throughout the following, by a partial function we mean a 
mapping f: X — w, where X C os” for some n € w. A partial func- 
tion f: X — w, X C w", is said to be computable if there is an 
algorithm % operating on w", not applicable to n-tuples a ¢_X, for 
which 8(a) = f(a), ae X. To represent a natural number m we 
shall use not the ordinary decimal notation, but a simpler nota- 
tion, 11... 1, where the number of units ism + 1. Such a number 
will further be called the notation of a number m and denoted by 
im. A collection of numbers (m,, ..., m,,) is represented by a word 
a= m0m0, ..., Om, and called the notation of an n-tuple 
a= (m,, po m,). 

DEFINITION. A partial function f: X — w, X € w”, is said to be 
normally computable if there is a normal algorithm Y = <A, S) 
such that 0, 1 € A for any n-tuple (m,, ....m,) €w (m,, «.. 
+m, ) €X @ YW is applicable to the notation (m,, ..., m, > and 
U(a) = f(a) for a € X. Such an algorithm Y is called a normal 
algorithm computing a function f. 

The normalization principle for partial functions will now 
read: the class of computable partial functions coincides with the 
class of normally computable partial functions. 

EXAMPLE 3. Construct a normal algorithm % computing the 
function x?. Let Y = (A, S), where A = (0,1, a, b,c, d,e} and 
the elements of S are arranged in the following order: 


(1) cl — Oac, (7) ad — d, 
(2)a0— 0a, . (8) Od — d, 
(3) ea — ae, (9) be — +1, 
(4) 0a — ae0, (10) bd —-1, 
(5) Oc — d, (11) 1 — be. 
(6) ed — dl, 


To illustrate the work of this algorithm we write the number 2: 


111 — bell — bOacl1 — bOaQac — bOOa@ac — bOae0ac — 
— baeQeQac ~ baeQeae0c — baeQaeeOc — baeaedee0c — 
— baaeeQeeOc — baaeeQeed — baaeeQed| — baaeeOd11 — 

— baaeed\1 — baaed\11 — baad1111 — bad1111 — 
— bd1111 —:11111. 
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We proceed to describe the class of algorithms introduced by 
A. M. Turing and E. L. Post in 1936. 

Let two finite sets A and Q be given containing no letters L 
and R. A set of quadruples P = [{ (x,,¥,,u;,u;)1i < m} is said to 
be a program with an exterior alphabet A and an interior alphabet 
Oifx,eQ,y,E€A,u,;e Qandv,;eA U {L, R} for anyi < m.In 
what follows the elements of a program (x, y, u, v) will be called 
instructions and denoted by xy — wu. 

DEFINITION. A Turing machine is a 6-tuple (A, Q, a), 99, 9;, P? 
satisfying the following conditions: 

(1) the sets _A, QO are finite, do not intersect and do not contain 
the letters L, R; 

(2) @ € A; GQ, 9, € OD; 

(3) P is a program with an exterior alphabet A and an iterior 
alphabet Q such that 

(a) there are no two distinct quadruples in P in which the first 
and respectively second terms coincide. 

(b) q is.not the first term in any of the quadruples of P. 

A machine word with an exteriur alphabet A and an interior 
alphabet Q (or simpply @ machine word in (A, Q)) is a word in 
the alphabet A U Q such that a is a word in an alphabet A U {q} 
for some g € Q and a contains exactly one occurrence of the sym- 
bol q. ( 

Suppose qa is a word in an alphabet B and ae B. A word aaa 
will be denoted by a’. If a = ba,c, where b, c € B, then a, will 
denote 

(a) a word a, if b = c = a; 

(b) a word a, cif b = aandc # a; 

(c) a word ba, ifc = aand b # a; 

(d)a wordaifb # aandc #a. 

Let a and 6 be machine words in (A, Q) and let an element 
q€Q occur in a. We shall say that a Turing machine M = (A, Q, 
Gs Io» 9» P.) converts a word a into a word B (we write a “ 8) if 
the following three conditions hold: 

(1) if w° = a,gaa, and qa > rbe P, be A, then B = 
= (a, rb, Jags 

(2) if a” = a,aqba, and qb — rL € P, then B = (a, rabay ay: 

(3) if a = a, gaa, and qa — rRe P, then B = (a, ara; )go- 
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Note that a machine M can convert a word a@ only into one 
word. This follows from condition 3(a) of the definition of a Tur- 
ing machine. If a machine word a in (A, Q) is not converted by a 
Turing machine M = (A, Q, a, dy, 9, P) into any word 8, it is 
said that a is a no-go word for M. Notice that condition 3(b) of 
the definition of a Turing machine implies that if a machine word 
a contains a symbol q, then it is a no-go word for M. 

Let a be a machine word in an alphabet B. A word obtained 
from a by replacing all occurrences of a symbol b by the empty 
word is denoted by a/b. 

DEFINITION. Let M = (A, Q, &, q, q,, P) be a Turing 
machine and let a, 8 be words in an alphabet A\ {a }. We shall 
say that the machine M transforms the word a into the word 6 (we 
write M(a) = 8) if there is a sequence yp, ..., y, of machine words 
in <A, Q) satisfying the following conditions: 

(1) ¥o = 9,05 

(2) B = (7%) 7%; 

B)y = ¥4 8 < 7. 

Notice that if conditions (1) to (3) hold for the sequence yp, ... 
.+) Yq» then y, contains an occurrence of qp since #8 is a word in 
AN {a}. 

It is clear that the machine M can transform a only into one 
word. If M does not transform q@ into any word, then we shall say 
that Mis not applicable to a or that the value of M(q) is not defin- 
ed. In this case either there is an infinite sequence yo, .-., ¥,5 + 


.+,1€w, for some yy = g,a and y, = Y 44/1, or there is a 
finite sequence yo, ..., y, Satisfying conditions (1) and (3) and y, is 
a no-go word not containing q@ . 

DEFINITION. A partial function f: X — w, X ¢€ w", is said to be 
Turing computable if there is a Turing machine M = (A, Q, @, 
9 9; P) for which the following conditions hold: 

(a) 0,1¢€A,a, #0, a) #1; 

(b) M is applicable to the notation of an n-tuple a @ @e€ X; 

(c) M(a) = f(a) forae X. 

Such a machine will be called a Turing machine computing the 
function f. 
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It is obvious that all Turing computable partial functions are com- 
putable. 

EXAMPLE 4. Construct a Turing machine M computing a func- 
tion f(n) = 2n. Let M = (A, Q, a, Gy, g;, P), where A = 


= (0, 1, @], OQ = {Gos Qs Gs G3, G,} and P consists of the 
following quadruples: 


q,1 — q,0, q,0 — q3R, q31 — q,0, 
q,0 ae QoL, q,a — q;9, q,a— QL, 
q,0 oe q4), ql a QL, Qa — Qa. 


Let the reader see for himself that this machine does in fact 
compute the function f(m) = 2n. To illustrate its work we write 
out the ‘‘process of computing’’ f(2): 


q,111 ~ g,011 ~ 09,11 ~ 0g,01 ~ g,001 * 
“ q,a001 ~ g,0001 ~ 0q,001 ~ 00g,01 ~ 000g,1 ~ 


M 


“ 000g,0 ~ 00g,00 ~ 0g,000  g,0000 ~ g,a0000 ~ 


“ g,00000 ~ 0g,0000 ~ 00g,000 ~ 000g,00 ~ 
~ 0000g,0 ~ 00000g, ~ 0000g,0 ~ 0000g,1 — 
~ 000g,01 = 000g,11 ~ 009,011 ~ 00q,111 — 
“~ 0g,0111 = 0g,1111 * g,o1ldd “= gai = 


“qa  qoaliiii. 


The following theorem holds. 

THEOREM 1. The class of Turing-computable partial functions 
coincides with the class of normally computable partial functions. 

The proof that Turing-computable functions are normally 
computable will be left as an exercise to the reader. The proof of 
the other part of the theorem is rather cumbersome, consisting 
essentially of writing out a great number of programs, and so is 
omitted here. 

By virtue of Theorem 1 the following thesis is equivalent to the 
normalization principle for partial functions: any computable 
partial function is Turing-computable (Turing’s thesis). 
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Exercises 


1. Construct a normal algorithm equivalent with respect to the alphabet 
{Qo, Q;, 4, V, 7, —, (,)} to the algorithm of Example 1. 

2. Construct a normal algorithm Y over an alphabet A such that for any word 
ain A U(a) = aa. 

3. Prove that the class of Turing computable functions is closed under a 
superposition. 


36. RECURSIVE FUNCTIONS 


This section presents a method for refining the concept of 
countable function, which may be called algebraic since the class 
of functions to be defined is generated from some elementary 
functions with the aid of some operations. 

Recall that by a partial function we mean here any mapping 
Sf: X — w, where X ¢ w” for some n ew. In this case n is called the 
number of places in a partial function f and denoted by v(/). If 
Jf: X — wis a partial function, then fis said to be nowhere defined 
when X = © and completely defined when X = w’)*, In what 
follows the completely defined partial function is called simply a 
function. A partial function with a number of places 7 is an 
n-place partial function. The case n = O is possible. Then the 
0-place function f: w° — w consists of a single pair (@, n) for 
some 1 € w and is often identified with the number n. Throughout 
the following the letters m, k, iand/, possibly with indices, denote 
natural numbers. 

Let f: X — w be an n-place partial function. If (m,,...,m,) € 
e X, then f(m,, ..., m,,) is the value of fon an n-tuple (m,, ... 
+) m,>. If (m,, ..., m,) ¢ X, then we shall say that f(m,, ... 
..., m,) is not defined or that f is not defined on an n-tuple 
(M,, +++, M,)>. 

It is clear that to define an n-place partial function fit suffices, 
for any n-tuple <(m,, ..., m,), to say whether f(m,, ..., m,,) is 
defined and if it is, then to find the number k = f(m,, ..., m,,). If 


* Note that if fis a partial function, then 7 is defined for f uniquely when / is 
not a nowhere defined function. Nowhere defined functions with numbers of 
places n and im for any a, #7 € w are equal. 


248 Algorithms and Recursive Functions 


jf and g are partial functions, then we write 
S(m,, ++, M,) = B(m,, ---, M,) 


when both sides of the equation are defined and are equal or when 
both sides are not defined. 

Let 5, be the family of all n-place partial functions and let 
5 = U F,, be the family of all partial functions. 

We define on the family §& of all partial functions operators S, 
R, M which preserve the computability of functions. 

Suppose n, k € w, fis an (n + 1)-place partial function and 
8o, +++ &, are k-place partial functions. We define a k-place partial 
function h as follows: h(m,, ..., m,) is not defined if at least one 
of the partial functions gp, ..., g, is not defined on (m,, ..., m,), 
and if all gy, ..., g, are defined on (m,,..., m,), then 


A(my, vey My) = S (By (My » 02s My ds vs By (My +++) M,))- 


We shall say that h is obtained by regular superposition from f, 
8» «++» &, and designate this as follows: h = S©"(f, gy, 5 &,): 
The operator (of regular superposition) S*." is a completely defin- 
ed mapping of F, , , x 52+ | into ¥, and preserves computabili- 
ty, i.e. if partial functions f € 5,413 8 «+ & € TS, are com- 
putable, then so is the partial function S*" (jf, By» +) &,)» The 
superscripts of S will be omitted and as a rule we shall use the 
more customary but less precise notation f(g), ..., i) instead of 
3 (fy 25 soe00 8) 

Letnew,fes,,ge5, , ,. Wedefine for fand gan (n + 1)- 
place partial function A so that for any m,, ..., m, € @ 


A(m,, ...,m,, 0) = f(m,, ..., m,)3 


A(m,, ---, m,, k + 1) is not defined if h(m,, ..., m,, k) is not 
defined and A(m,, ..., M,, ™M,, K + 1) = gm, «5 Mys k, 
A(m,,...,m,,k))ifh(m,, ..., m,,, k) is defined. It is obvious that 
A is uniquely defined for f and g and is computable if f and g are 
computable. This definition of A from f and g gives an operator 
R"*!1:E> x F,4.—- 5, 4 , called primitive recursion operator. 
The function h = R" + '(f, g) is said to be obtained by primitive 
recursion from f and g. The superscript of the operator R” + ! will 
be omitted. 
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Letnew, fess, , ,. We define for fan n-place partial func- 
tion g such that for any k, m,,....m, €wg(m,,....m,) =k if 
and only if f(m,, .... m,,0) = Oandk = Oork > Oandf(m, , ... 

.,m,,0), 5 f(m,, --., 7, ,k — 1) are defined and are not zero 

and f(m,,...,m,,k) = 0. It is clear that such a function g exists 
and is uniquely defined for /; moreover, if fis a computable func- 
tion, then the computability of g is obvious from the definition of 
g. Thus we are given an operator M", the minimization operator, 
from §, , , into &,; if g = M”(f), then we shall say that g is ob- 
tained from f by minimization. 

Basis functions are o, s, I” (1 < m < n), where o is a one-place 
function assuming a value 0 on any n, s is a one-place function 
assuming a value m + 1 on a number 7 and J” is an n-place func- 
tion assuming a value k, onacollection <k,, ..., k, ). Itis obvious 
that the basis functions are computable. 

DEFINITION. A partial function fis said to be partially recursive 
if there is a finite sequence of partial functions gy, ..., g, such that 
&, = fand every g,,i < k, is either a basis function or is obtained 
from some previous functions by regular superposition, primitive 
recursion or minimization. The sequence gp, ..., g, is the deter- 
mining sequence for f. If for a completely defined partially recur- 
sive function f there is a determining sequence consisting only of 
completely defined functions, then fis said to be recursive. 

In the next section we shall prove that any completely defined 
partially recursive function is recursive. 

It readily follows from this definition and the above remarks 
on the preservation of computability by the operators S, R, M 
that any partially recursive function is computable. 

The converse statement is called Church’s thesis: 

Any computable partial function is partially recursive. 

Historically it is this assertion that was the earliest precise 
mathematical definition of an (algorithmically) computable func- 
tion. , 

We have the following theorem whose proof is omitted 
because of its being too cumbersome. 

THEOREM 2. The class of partially recursive functions coincides 
with the class of Turing computable functions. 

Thus Turing’s thesis is equivalent to Church’s. 
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Let k, n € w, let w be some mapping of a set {1,...,k} intoa 
set {1, .... 4} and let f be a k-place partial function. An n-place 


partial function g is said to be obtained from f by substituting a if 
for any m,, ..., m,€o 


g(m, EP akey, m,) =, S(m,, : aes } M,)- 
This will be denoted by g = f*. 
PROPOSITION 1. If f is a partially recursive function and g is ob- 


tained from f by substituting a, then g is partially recursive. 
PROOF. It is easy to verify that if g = f°, then 


g=Smk-lef am, mt). 0 


PROPOSITION 2. The following functions are recursive: 
(1) zero-place functions n,n & w; 
(2) the two-place addition function +; 
(3) the two-place multiplication function °; 

(4) the two-place truncated-difference function + defined as 
follows: 

i" —n if ngm 
m>n= 


0) otherwise; 


(5) one-place functions sg and sg defined as follows: 


_ (9 f n=0 
Sel) f otherwise; 
oie afd af nao 
sé (n) = { otherwise; 


(6) the two-place identification function 6 defined as follows: 


s(n, =f if n=m 


1 otherwise. 


prooF. We show that the zero-place function {(@, n)} is 
recursive by induction on n. The function {{(@, 0)} is equal to 
M(o). If {(@, n)} is recursive, then the recursive function 
s({{@O,n)}) = {(O,n + 1)}. Sincen + 0 = nandn + (m+ 
+ 1) = (n + m) + 1, then the function + equals R(/}, s(/3)). It 
follows from n:0 = Oandn:(m + 1) = n-m + n that the func- 
tion - equals R(O, J} + /3). 
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To show that the truncated difference + is recursive, consider 
the one-place function +1 defined as follows: 


0 if n=0 
n+l= : 
n-1 if n#0. 


It equals R (0, /?) and is therefore recursive. Sincen + (m + 1) = 
= (n + m) ~ 1, the function + equals R(/{, J? + 1) and hence is 
also recursive. 

The recursiveness of functions (5) follows from the equations 
sg = R(0, s(o(/?))) and sg = R(1, o(?)). 

Let a: {1,2} — {1, 2} be such that a(1) = 2, a(2) = 1 and let 
Jf be a function obtained from the function + by substituting a. 
Then for the function 6 the equation 6 = S (sg, S(+, +, f)) is 
true. It follows from the recursiveness of the functions sg, + and 
Proposition | that the identification function 6 is recursive. LJ 

To define recursive functions and study their properties it is 
convenient to use a special formal language Ry similar to that 
described in Sec. 16. Let V = {u,1i € w} be a set of variables 
whose elements are denoted by x, y, Z, w, and wu possibly with 
‘indices. 

Suppose © = (R, F, ») is some finite signature such that F D 
2 Fy = {0,s, +, +}, where 0 is the symbol of a zero-place func- 
tion, s is the symbol of a one-place function, + and - are the sym- 
bols of two-place functions; R 2 Ry = {<}, where < is the sym- 
bol of a two-place predicate. 

Defining the expressions (the syntax) of the language R,, will 
also depend on the semantics of this language. Therefore the syn- 
tax and semantics will be defined simultaneously; but first assume 
a fixed algebraic system 0, of a signature L with basic set w and 
such that the values of the symbols of Ly = (Ro, Fo, ug) coincide 
with the functions and the predicate denoted by these symbols 
earlier (for example, to the symbol - there corresponds the opera- 


tion of multiplication of natural numbers). 
So by simultaneous induction we shall define the notion of 


L-term, of L-formula (it would be more precise to speak of 
Q,,-terms and Q, -formulas), sets of free variables FV(t) (FV(¢)) 
of a L-term ¢ of a L-formula y, a natural number f[y] and a truth 
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value y[n] € {7, F} for any interpretation 7: X — w, where X ¢ 
CV, FV(t) C X, FV(e) CX: 

(a) the symbol 0 is a L-term, FV(0) = © and O[y] = 

(b) a variable x e Vis a L-term, FV(x) = {x}, x[n] = n(x); 

(c) if fe Fis an n-place function symbol, ¢,, ..., 4, are L-terms, 
then f(4,, ..., 4,) are L-terms; FV(f(t,, ..., 6,)) = FV(t,) U ... 

UV FV(t); f(t, 5 6 In) = f(t In], ..., t,[n]), where f° is 
an n-place operation of Q, corresponding to a signature symbol /; 

(d) if Q is an n-place predicate symbol in R and, ..., ¢, are 
L-terms, then Q(¢,, ..., 4,) is a L-formula, FV(Q(4,, ..., t,)) = 
= FV(t,) U.. U FV(L); OG, 5 4 )In] = u © Ct [n], ... 

., t, In]) € O%, where OQ": is an n-place predicate corresponding 
in 0, to a predicate symbol Q; 

(e) if t,, 4, are L-terms, then 4, = 4 is a L-formula, FV(t, = 
= h) = FV(t,) U FV(g), (4 = Qin = 4 @ & [nl = Gln: 

(f) if g and yw are L-formulas, then — 9, (y7wW) for 7 € {A, V, 
— } are also L-formulas, FV(7¢) = FV(¢), FV(ery) = FV(y) U 
U FV(Y) and (~¢)[n] = 7(¢ln]), (e7)In] = ¢ln)]ry[n], where 
3, A, V, — are defined on the set { 7, F'} by table (1) of Sec. 6, 
with ‘‘0’’ replaced by ‘‘F’’ and ‘‘1’’ replaced by ‘‘7”’; 

(g) if » is a L-formula, x e€ V and for any interpretation 
n,: X — w for which x ¢@ X and FV(y) C X U {x} there isnew 
suet that g[n] = T for» = n, U (<x, n)}, then pxg is a L-term, 
FV(pxe) = FV(~)\ {x} and (ux¢)[n] is the least My Ew for which 
yln’] = T, where 7’ = (n \ (Xx, nx) J) U {dx Ny}. 

It is easily established by induction on the construction of a 
£-term (of a L-formula) © that for any interpretations ny: X) — «, 
ni X, - w such that FV(®) C X)  X, and for all x € FV(®) 
1 (X) = 7, (x) we have Bln] = Oln,]. 

As usual we shall write (¢, + 4,)((4,°t)) instead of +(4,, 
b)(-(t,, )) and (t, < t,) instead of <(¢,, ¢,). In addition we shall 
use the usual abbreviations for terms and formulas accepted in 
arithmetic and the propositional calculus (for example, instead of 
(x + ((z°z) + (x: y))) and ((g A W) — ¢) we shall write respectively 
x +274 xy and ((y Ay) — ¢). 

For a £-formula ¢ and an interpretation 7: X — w, FV(y) C 
cC_X, we shall often write ‘‘[n] is true’’ or simply ‘‘y[n]’’ instead 
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of ‘‘y[n] = T’ and ‘‘y[n] is false’? or ‘‘ay[n]’’? instead of 
“oln] = F?. 

Let 8 be a L-term or a L-formula. An occurrence of x in O is 
said to be free if it is not in a subword of the form pxy which is a 
term. If the occurrence of a variable in @ is not free it is said to be 
bound. It is easy to verify that the set FV(@) consists precisely of 
variables with free occurrences in 9. 

Suppose 0 is a X-term (a L-formula), x,, ..., x, € Vare distinct 
variables, ¢,, ..., 4, are L-terms such that for any/e {1,...,1} and 
any x, € FV(¢) no free occurrence in 9 of a variable y is contained 
in a term of the form pyg which is a subword of 0. Then 


variables x,, ..., x, by L-terms ¢,, ..., 4, respectively. 

By induction on the construction of a L-term and a L£-formula 
it is easy to establish the following 

PROPOSITION 3. [f © is a L-term (a L-formula), x, , ..., x, € Vare 
distinct variables, t,, ..., 4, are &-terms such that for 0, x, , «5X,» 
t,, «++ 6, the above conditions hold, then 

(1) 8, = (0 in coin is a U-term (a U-formula), FV(8,) © 


t, 
CHEVO) Sol Xe, I EG) OD ae PVE): 

(2) for any interpretation n: X — wsuch that (FV(®) \ {x,,.- 
wy XJ) UFV(t,) U.. U FV(Z,) © X we have 9, [yn] = Oln’), 
where n’ = {<y, nv) ly € FV(8), y € (x, %, J) Uy, 
t[nli=l,..,n}.0 


from © by substituting L-terms t,, ..., 6, for the variables x,, ... 
Unfortunately, the conditions for L-terms to be substituted for 
variables do not always hold. To be always able to substitute we 
introduce the following notions. A L-term (a U-formula) 9 is said 
to be obtained from a L-term (a L-formula) ©, by replacing a 
bound variable if © is obtained from ©, by replacing the occur- 
rence of a L-term pxy by uy(y)} » where y ¢ FV(y). L-terms 
(Z-formulas) 6 and 9’ are said to be congruent if there is a 
sequence 9,, ..., 0, such that OQ, = 0,0, = 0’ andO,,,,/> A, 
is obtained from 9, by replacing a bound variable. 
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It is obvious that the congruent relation is an equivalence on a 
set of L-terms and L-formulas. 

PROPOSITION 4. If @ and 9’ are congruent L-terms or 
L-formulas, then FV(9) = FV(9’) and for any interpretation 
ni FV(Q) — w we have O[n] = 9’ [y], 

PROOF. It is easy to show by induction on the length of © that if 
90’ is obtained from 0 by replacing a bound variable, then the 
statement of the proposition is true. We then proceed by induc- 
tion on the length of the sequence ©), ..., 8, of the preceding 
definition. 

Note that for any L-term (Z-formula) ©, any collection of 
pairwise distinct variables x,, ..., x, and any L-terms 4, ..., 4, 
there is a L-term (a L-formula) 8’ such that @’ is congruent to 8 
and satisfies the conditions for the substitution (0’ | Sag : ae . Us- 


ing this property and Proposition 4 we shall heneeraeth esiey 
the notation (Oyf? . wr without caring about satisfying the condi- 


tions on bound ie assuming that if these conditions do not 
hold, then (OY is (0 Yew for a Z-term (a L-formula) 


congruent to 9, with all Sater for the substitution already 
satisfied for 0’. 

Recall that a subset _X C A” is called an n-place predicate on 
A, In what follows by predicates we mean predicates on w. If X is 
an n-place predicate, then an n-place function 7, defined as 
follows: for any m,,..., mM, €w 


O if <(m,,..,m,) 6X 


Ty (M, 5 +, M,) = : 
x(™ n) f otherwise, 


is said to be a representing function for X. 

Besides the representing function 7, of the predicate X one 
often uses the characteristic function x, of X which is related to 
™, by the equation x, = sg (ty). 

A predicate X is said to be recursive if its representing function 
Ty is recursive. 

An algebraic system (2, is said to be recursive if all functions 
and predicates corresponding to the symbols of ¥ are recursive. 
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In what follows, speaking of L-formulas and L-terms (whose 
definition depends on a fixed algebraic system , ) we shall always 
assume that Q, is a recursive algebraic system. 

Notice that the predicates =, < are recursive, since the 
representing function for = is the identification function 6 and 
the representing function for < is the recursive function 
sg(s(I?) + 13). 

It is possible to associate with every L-term (Z-formula) a 
family of functions (of predicates) which are realized by that 
L-term (by that <L-formula). To denote these functions 
(predicates) we shall use an extension of R, , adding another pair 
of symbols, the square brackets [,]. 

We proceed to precise definitions. 

If tisa ¥-term and FV(t) C {%,....%,) OC Vix # x,» for 
i #j then t[x,, ..., x,] will denote an n-place function assuming 
on an n-tuple (m,, ..., m,) € w’ a value f[n], where 7 = 
= ((x%, m)li = 1, ..., nj}. If ¢ is a L-formula and FV(g) ¢ 
©. (ps ase SV x; for i # j, then g[x,, ..., x] will 
denote a predicate {<(m,, .... m,>l¢[n]) = T for n = [{<x, 
m)li=1,..,n}}. 

Notice that the same L-term ¢ realizes many functions; for ex- 
ample, if FV(t) ¢ {x, y}, then ¢[x, y], tLy, x] and ¢[x, y, z] are in 
general different functions. The symbol [x,, ..., x,] plays a role 
similar to that of quantifiers, it relates the variables x,, ..., X,; 
thus if FV(¢) ¢ {x,, ..., x, } and y,, ..., y, are pairwise distinct 
variables, then we have 

OL te hy = 


PROPOSITION 5. Any function and any predicate realized by a 
L-term and a u-formula respectively are recursive. 

proor. Let © be a L-term or a L-formula and let FV(®) C 
C {x,, ..) XJ; by induction on the construction of © we shall 
prove that O[x,, ..., x,] is recursive. 

(a) If © = 0, then O[x,, ..., x] = M(o(f)). 

(b) If 0 = xe V, then x = x, for some &j € {1, ..., K}; so 
Oliie Xe) = di 

(c) Let 0 = f(t, ..., 4,), where fis an n-place function sym- 
bol, ¢,, ..., 4, are L-terms; we have FV(Q) = FV(it,) U ... U 


o 
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U FV(t,) © {%, .-, %}3 by the induction hypothesis k-place 
functions g, = ¢,[%,---»%], ++ 8, = 61%, ---, %,] are recursive. 
If f* is an n-place recursive function corresponding in a model Q, 
to the function symbol f, then obviously O[x,, ..., x,] = SQ, 
Bi sont Be) HPP is oo Be) 

(d) Let © = Q(t,,..., ¢,), where Qis an n-place predicate sym- 
bol and ¢,, ..., 4, are L-terms. We have FV(®) = FV(t,) U ... U 
U FV(t,) © {%,, ..., % J; by the induction hypothesis k-place 
functions g, = f [%,, -+-) %], + &, = 4,14, «++» %] are recursive. 
If Q% is an n-place predicate corresponding in Q, to the predicate 
symbol Q, then according to our convention Q® is a recursive 
predicate; therefore 2,, the representing function of Q%, is 
recursive. It is easy to verify that the k-place recursive function 
S(t; &,+ +--+» &,) is the representing function for the predicate 
O[x,, --., %]; hence this predicate is recursive. 

(e) Let 0 = ¢, = t,, where t, , t are L-terms; the representing 
function for the predicate O[x, , ..., x,] isa recursive function S(6, 
by lXjia stan Meds Gy ys on HED 

(f) The case where 9 is of the form 9 or (yr) for re {A, V, 
-— } and for L-formulas ¢ and y is quite obvious and will be left to 
the reader. 

(g) Let © = pxy, where ¢ is a L-formula and conditions (g) of 
the definition of L-terms and L-formulas hold. Then FV(y) ¢C 
C [X,, «5 %, x}. It is assumed that x is distinct from all the 
variables x, , ..., X,; if this is not the case, then we choose y € V to 
be distinct from x,, ..., x, and to have no occurrences in y and 
consider a L-term 0’ = wy(v)y instead of 9. By the induction 
hypothesis it may be assumed that the (k + 1)-place function g 
representing the predicate y[x,, ..., X,, x] is recursive. Then it is 
easy to see that O[x,, ..., x,] = M(e). Hence O[x, ..., x!] is 
recursive. (1 

Our main task in the remainder of this section is to prove that 
any recursive function and any recursive predicate is realized by 
a X)-term and a ¥,-formula. Such terms and formulas will be 
called recursive. 

An important step in the proof of this statement is to consider 
the following situation: a signature L’ is obtained from © by ad- 
ding one k-place function symbol f; an algebraic system 0, is a 
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restriction of an algebraic system ,,. Notice that in this case any 
L-term is simultaneously a L’-term. 

PROPOSITION 6. If there is a L-term t, such that a function fe 
corresponding in Q,, to the symbol f is realized by a term t,, then 
from any X'-term t' and any &'-formula »' we can effectively 
construct a u-term tand a\-formula ¢ such that FV(t) = FV(t'), 
FV(y¢) = FV(¢’) and for any interpretation n: X — w, FV(t) ¢ 

Cc X(FV(¢) ¢ X) we have t’[n] = t[n] or o’[n] = vn] respec- 
tively. 

proor. Let f®’ = 4[x,, ..-, %,]. For any L’-term (any 
L’-formuia) O we define inductively a word r (0) as follows: (a) if 
© does not contain the symbol f, i. e. if O is a L-term or a 
L-formula, then r(@) = 9; 

(b) if g € F’ is an n-place function symbol distinct from f and 
t,, ., 4, are L’-terms, then r(g(¢,,..-, 4,)) = e(r(4), «+, r(t,))5 

(C) th t4. sat, ate Le -terms, then rG Gi. 2+. 43). = 
= (gris rea) > 

(d) if Q is an n-place predicate symbol of R’ = R,1,,..., f, are 
r’-terms, then r(Q(t,, .-.,4,)) = Q(r(4), «5 rt,))3 

(e) r(t, = 4) = (r(,) = r(t,)) if, & are L’-terms; 

(f) r(>¢) = ar(¢), r(ery) = (r(¢)rr(y)) for re [A, V, — Jif 
yg, w are L’-formulas; 

(g) r(uxy) = pxr(y) for a L’-formula ¢. 

By induction on the construction of L’-terms and L’-formulas, 
using Propositions 3 and 4 and the definition of L-terms it is not 
hard to prove simultaneously the following statements: 

(1) for any &’-term t r(t) is a U-term and FV(t) = FV(r(t)); 

(2) for any £'-formula y r(g) is a L-formula and FV(y) = 
= FV(r(¢)); 

(3) if 8 isa L’-term or a L-formula, FV(Q) C X, 9: X — wis 
an interpretation, then O[n] = r(®)[n]. 

It is clear that these statements imply the conclusion of the 
proposition as well. 1) 

It is proved quite similarly that a predicate symbol of a 
signature can be eliminated from R’\R when there is a 
L-formula without that predicate symbol that realizes the cor- 
responding predicate in an algebraic system Q,,. We shall 
therefore refer to Proposition 6 for the case of a predicate too. 


17—191 
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If a L-formula ¢ is given, then px¢ is not always a L-term, and 
L-formulas with quantifiers Jx~ and Vxg were never assumed by 
us. It is, therefore, convenient to use at least ‘‘limited’’ analogues 
of these operators. 

DEFINITION. Let y be a L-formula, ¢ be a L-term, xe Vandxé¢ 
¢ FV(t). We introduce the following notation: 

(a) ux < te = wx(p VX = S(t); 

(b) ax < fe = (ux < Ie) < S(t): 

(c) WX < tp = 74x < tre. 

It is obvious that ux = te, Ix < teand Vx = ty area L-term 
and L-formulas, FV(ux < te) = FV(ax < ty) = FV(Wx < ty) = 

= (FV(yv) U FV(t))\ {x}, and for an interpretation y: (FV(t) U 
U FV(y)) \ {x} — w we have 


the least n < t[n] for which 
gln’], where n’ = 7 U {(x, n)}, 


gt = 
ad etal if there is such an n 


t([n] + 1 otherwise; 
(ax < ty)[n] = T @ (there is nm < ¢[n] for which y[yn’] = 
where 7’ = 7 U {<x, n)}); 
(vx < ty)[n] = T @ (for all n < ¢t[n] we have y[n’] = 
where n’ = 7 U {<x,7)}). 


We introduce a number of recursive functions and predicates, 
adding corresponding symbols to L,. We add to L, the symbols 
for the functions defined in Proposition 2 and not contained in 
XY: 

: (1) the two-place function symbol ~ coinciding with the nota- 
tion of the corresponding function on w; 

(2) the two one-place function symbols sg and sg; 

(3) the two-place function symbol 6. 

In addition we shall use the abbreviation n for the L)-term 
5(...S(0)...), where s occurs 1 times, 1 € w. 

An algebraic system Q, of the signature obtained is defined in 
a natural way. Notice that each symbol we have introduced 
satisfies the conditions of Proposition 6: 
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(1) = = pz(Z = OAW AE XVX<Y)VO<xXAV+Z=xI)IxX, I; 

(2) sg = (1 + x)[x]; sg = (1 + sg (x) Bd); 

(3)5 = pz(x = VAZ=OV(AX = VA AZ = O))[X, Y]. 

Notice that on the right-hand sides of these relations new func- 
tion symbols are also used for which a term expression has already 
been given. We introduce yet some more recursive functions and a 
recursive predicate, and the corresponding symbols, important 
for our further purposes: 

(4) < is a two-place predicate having its usual meaning on w; 
the signature symbol will coincide with this notation; 

(5) a two-place function [/] realized by a term as follows: 


[/] = pz < (s(@) vy) VO = ONZ = x))Ix, ¥], 


j 
the signature symbol will be the same; instead of writing [/] (m, n) 
we shall write [m/n]; the term [/](¢,, f,) will also be written as 
[t, /t]; 

(6) a one-place function [V ] realized by a term as follows 


VV] = wy < 50), 


the signature symbol being the same; instead of [V ](n) we write 
[Vn] and instead of [V ](t) we write [Vf]; 
(7) a two-place rest function realized by a term as follows: 


rest = (x + ([x/y]-y))Ix, ¥], 


rest being the corresponding signature symbol; 
(8) a two-place c function realized by a term as follows: 


c= [(x + y? + 3x + y)/2] bx, y], 


c being the corresponding signature symbol; 
(9) a one-place function / realized by a term as follows: 


1 = (x + [([(lV8x + 1 + 1)/2]) x 
x ([(IV8x + 1] + 1)/2))/2)E1, 


/ being the corresponding signature symbol; 
(10) a one-place function r realized by a term as follows 


r= ([(IV8x + 1] + 1)/2] + 1x))Ex], 


r being the corresponding signature symbol; 


17* 
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(11) a two-place function 6 defined by a term as follows: 
B= pz <r(x\(aw < I) + (c@, y) + Ir) w= 
= 1(x)))[x, y], 


8 being the corresponding signature symbol. 

We denote by XL, a signature (R,, F,, u,), where F, = {0,5, +, 
-, +,sg, sg, 5, [/), [V ], rest, c,/,r, 8} and R, = (<, <}. 

Using Proposition 6, it is easy to show that from any L,-for- 
mula , and any L,-term t, we can effectively construct a recur- 
sive formula y, and a recursive term t, such that FV(¢)) = 
= FV(e,), FV()) = FV(t,) and if FV(g) © (x, 
vey XV (ty) © (2, --, %, 3), then gy lx,, 5 %,) = oy, -- 
wy X, ] and ty [X%,, 5%] = [4 14, +. %, ] respectively. 

Now note some properties of the functions introduced above. 


For any m,n €w, [m/n] is the integral part of the fraction he 
n 


ifn # Oand [m/n] = mifn = 0. 
For any m,n€w, rest(m, n) is the remainder of a division of m 
by nifn # 0; rest(m,n) = mifn = 0. 
For any m € w [Vm] is the integral part of the square root of m. 
We consider the functions c, /, r together. 
PROPOSITION 7. For the functions c, l, rand any m,n € w the 
following equations hold: - : ' 
(1) cm), r(m)) = n; 
(2) (c(m, n)) = m; 
(3) r(c(m, n)) = 7. 
In particular, c maps w* onto w in a one-to-one manner. 
PROOF. The usual arithmetic notation will be used below to 
compute c, /, and r. 
(n + my +3n+m 


It follows from the equation c(n, m) = - that 


8c(n, m) = 4(n + m) + 12n + 4m. 


The right-hand side of this equation permits the following two 
representations: (2n + 2m + 1) + 8n — 1 and (2n + 2m + 
+ 3)? — 8m — 9. Hence we obtain the relations: 


(2n + 2m + 1) < 8c(n, m) + 1 < (Qn + 2m + 3S, 
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2n + 2m+ 1 < [V8c(n, m) + 1] < 2n + 2m + 3, 
2n + 2m + 2 < [V8c(n, m) + 1] + 1 < 2n + 2m + 4, 


n+ msi < [08m MeN) ont m+ 2. 
Therefore 
ee ee ae fee ae 1) + =| 
nine = ee ee oe eo [Meee LR ae les ‘] ; 
2 2 
Since 
2 
c(n, m) = (1 +m) +3n+m = (n+ m\(n +m + 1) ape 


2 2 


we have 


n=c(n,m)+ 


1 ply8c(n,m) +1) +1 [v8c(n, m) +1] +1 
; (RORY x pe 


ee [ere aa 7] ee 


Hence we get /(c(, m)) = n, r(c(n, m)) = m. 

If n = c(i, /) for some i, / € w, then from /(c(i, /)) = i and 
r(c(i, /)) = j we get c(/(n), r(7)) = n. Hence to prove the equa- 
tion c(/(n), r(n)) = n for any n € wit suffices to show that for any 
new there are/, j €w for whichn = c(i, /). From the definition of 
c we get c(0, 0) = 0. If c(i, 7) = mand j > 0, then it is easy to 
verify thatc(i t+ 1,7 -— 1) =m + 1.Ifc(i,j) = mandy = 0, then 
cO,i+ lI) =m4+1.0 

We now turn to the (technically) very important function £. 

PROPOSITION 8. For any kK € w and any no, ..., Ny, € w there isa 
number m & w Such that 

B(m, i) = 7; forall i<k. 


PROOF. Suppose c = max {c(n,,/) + 1li Sk} anda = c!. We 
show that for0 < / < / < cthe numbers 1 + jaand 1 + /aare 
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coprime. Suppose the contrary and let a prime number p divide 
1 + ja and 1 + /a. Then p divides their difference (1 + /a) — 
— (1 + ja) = ( — /)a; then p divides / — jor a, but since/-—j < 
< c,/— j divides a = c!, so that in any case p divides a. But then 
a = pa’ and 1 + ja = (ja’)p + 1, and this number cannot be 
divided by p, a contradiction. 

Suppose s = (1 + (c(™, 0) + 1)a)-(l + (c(1,, 1) + Ia): ... 
(1 + (cy, k) + 1a) = I] (1 + (c(m,;, 7) + 1)-@) and 

t<gk 


m = C(s, @). 

We show that it is this m that satisfies the conclusion of the 
proposition. Let i < k. Then (1 + (c(m,, i) + 1)a) divides s(a = 
= r(m), s = /(m)). Suppose that for some z < n; (1 + (e(z, /) + 
+ 1)a) also divides s. Since z < n,, we have c(z, i) < c(n;, 1) < c. 
From this and from the above fact that numbers of the form 
1+ jaand1+ /a,j #/1< c, arecoprime it follows that c(z, J) + 
+ 1 must coincide with some c(n;, J) + 1,7 < k. But if c(z,i) + 
+1= c(n;,J) + 1, then c(z, i) = c(m;,J), 1 = jandz = n;. Thus 
n, is the least z such that (1 + (c(z, /) + 1)a) divides s and n, < 
< c(n;, 1) < c(4,, 7) + 1 < ¢ < @ = c! = r(m) and therefore 
B(m, i) = 1n,.0 

In what follows L)-terms and £,-formulas will be called recur- 
sive terms and formulas. The following theorem provides the 
characterization of recursive functions that was pointed out 
earlier. 

THEOREM 3. For a function f: ow” — w to be recursive it 
is necessary and sufficient that f be realized by some recursive 
term t,. 

PROOF. Sufficiency was established earlier (Proposition 5). To 
prove necessity we proceed by induction on the minimum length 
of the determining sequence of recursive functions for f. In view 
of the foregoing it is only necessary to prove the existence of 
X,-terms that realize functions. The basis functions o, s and /” are 
realized by the L)-terms py (x = x), s(x) and x,, as follows: 


o= wx = x\[xX], s=six)[x], I = x, [y, --5 %,]. 


Suppose f = S(h, 8), ..-, &,) and L, -terms f, do, «++, G, realize 


A, 8, +++) &, Tespectively as follows: h = t[xp, «+ Xm], & = 
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=p [Zy 5 eer Ze] vee) Be = Wg [2y +++» %]. Then the ©, -term = 
= BWAX) K dy os DXig S Iq Xq = Iq Noe NXg ~ Im NW = t) Ob- 
viously realizes fas follows: f = EZ 5 +++ Zl. 

If f = M(g) and g = £,[X%, «.., x,] for L,-term é,, then it is 
easy to verify that for the :, -term f, = px, (t, = O0)f= U[Xys + 
65 Xp g J 

Suppose f = R(g, A) and g = L(x, wy XA = Gy, 
.+) X, 4. 2] for suitable L, -terms t, and ¢,. Consider a L, -formula 
y defined as follows: 


BO, 0) = A VW , ¢ (BO, SCH) = (IEE els DD 


where uv # w are variables distinct from the variables in {x,, ... 
.) X, 4')} and from all the variables occurring in t, and ¢, . Since 
FV(t,) C {X,, +, %, 3, PVG) © (x, ., X42), we have 
FV(y) © {u, x,, ---, %, 4 ,). The preceding proposition shows 
that for any interpretation of variables y: {x,, ..., x, ] — w there is 
a value n € w of the variable u such that for n’ = 7 U {<u, 72) J e(n’) 
is true. Consequently we can forma lL,-term¢t, = wug; FV(t,) © 
© {xX,,-..5%, 4 1}. If we now set y= Bt» X, 44) then FV (¢,) E 
C {x,,.-.,X, 4 ,} and it can easily be established by induction on 
the value of the variable x, 4+, that f = Lx, Recerca peed 

COROLLARY |. For any finite signature &% and any recursive 
algebraic system Qy there is an effective procedure of changing 
every L-term or L-formula © into a recursive term or recursive 
Jformula ©) so that FV(Q) = FV(®,), and if FV(®) © {x,, ... 
+X, J, then O[%,, ---) X%,] = OolX,, --, X, 1 

This follows from Proposition 6 and Theorem 3. CL] 


Exercises 


1. Prove the recursiveness of a two-place function ex such that for m, n & w, if 
n # 0, then ex(m, n) = m" and ex(m, 0) = 1. 

2. Prove the recursiveness of a two-place function | —! such that for any 7, 
mew |n — ml is the absolute value of a difference of these numbers. 

3. Prove that the one-place predicate {nln €w, nis a prime number } is recur- 
sive. 
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37. RECURSIVELY ENUMERABLE PREDICATES 


In the preceding section we defined a recursive predicate to be 
a predicate whose representing function is recursive. Thus recur- 
sive predicates are precisely such predicates R C ow” for which we 
can effectively solve the problem of occurrence, i. e. the problem 
of determining from a given n-tuple of numbers (/,, ..., ™m,,) 
whether it is in the predicate R. 

However, algorithmic procedures can be used for the process 
of generating a predicate (a set) R C w” itself as well as for 
recognizing the membership of the predicate. There are in general 
more such effectively generated predicates than recursive 
predicates. In this section we shall give a definition to the notion 
of recursively enumerable predicate which is an appropriate 
mathematical refinement of the concept of effectively generated 
predicate and study some basic properties of recursively 
enumerable predicates. 

In the next section we shall see that there are indeed more 
recursively enumerable predicates than recursive ones. 

We extend the class of recursive formulas to the class of 
recursively enumerable formulas using the following definition: 

1. If » is a recursive formula, then » is a recursively 
enumerable formula. 

2. If » is a recursively enumerable formula and x € V, then 
3xy is a recursively enumerable formula and FV(axy) = 
= FV(¢) \ {x}. 

In other words, recursively enumerable formulas are obtained 
from recursive formulas by quantification. For any recursively 
enumerable formula ¢ and interpretation 7: X — w, FV(y~) ¢ 
Cc X C V there is a value y[n] € {T, F'} defined in a natural way; 
viz., if g is representable as 4x, 3X, ... 4X, %), where g, is a recur- 
sive formula, FV(~)) C FV(¢) U [Xxp, ..-, x, 3, then g[n] = Tif 
and only if there is an interpretation 7’: FV(~)) — w such that 
7’ (v) = nv) for all ue FV(g) and g[n’] = T. 

Notice that according to Corollary 36.1 instead of recursive 
terms and formulas we may (and shall) use arbitrary L, -terms and 
©, -formulas as well. 
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With any recursively enumerable formula » and a sequence of 
pairwise distinct variables x,, ..., x, such that FV(g~) ¢ [x,, ... 
w+, X,} we can associate an n-place predicate y[x,, ..., x,] as 
follows: 


Oy 25 EY Sr tin lel) ST 
for = (6) ml = lyn nds 


The predicate y[x, , ..., x, ] is said to be realized by a recursive- 
ly enumerable formula ¢. 

DEFINITION. A predicate R C w" is said to be recursively 
enumerable if it is realized by some recursively enumerable for- 
mula. 

It can be seen from this definition and the results obtained 
earlier that any recursive predicate is recursively enumerable. 

The notion of partially recursive predicate can be used to 
characterize partially recursive functions via the notion of graph. 
The graph of an n-place partial function f is an (m + 1)-place 
predicate v7; defined by the relation: for m,, ...,m,,k€w 


{M,, ..5 m,, Kk) el, # f(m,,...,m,) = k. 


THEOREM 4. (Graph). A partial function f is partially recursive if 
and only if its graph ¥; is recursively enumerable. 

We begin our proof with an auxiliary statement. 

LEMMA. For any n-place partially recursive predicate R there is 
a recursive formula g such that FV(p~) © {Xy, X,, «+, X,} and 
R = (8X) ¢)[X,, ---, x, ]- 

The lemma asserts that it may always be assumed that a recur- 
sively enumerable formula realizing a recursively enumerable 
predicate has only one existential quantifier. The proof of the 
lemma is obtained by induction on the number of existential 
quantifiers in a recursively enumerable formula using the follow- 
ing easily verifiable property: 

For any recursive formula g, FV(y) © (x,y, X15 5 X55 


(Axa EIA, 6%) = (X(N, po) > es HI: 


Notice that (yj) ,(,) is a U, -formula. 0 
To prove necessity inductively we establish the following facts: 
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(1) The graphs of the basic functions are recursive: 
Ni = & = x&y = O)[x, y]; 
TD, = (s) = y) ix, y]; 
Lg = Oem Dee ad) 


(2) Suppose f = S(A, gy, ..., g,), the graphs T,, T,,, .-., Py, of 
functions A, gp, ..., g, respectively are recursively enumerable and 
Pp» Pgor «++» Pg, are recursive formulas such that 


LT, = (329, [Ms + Wy I; 
P55 = (32 Yeo) LY,» ny Veo Uo]; 


Ven = (BZ, Pe Vices Yes ds 


with the variables Z, 2, 06-5 Zys Ys Vys se+s Yes Uys «++ U,, being pair- 
wise distinct. Consider a recursive formula ¢: 


C= O,N Peo Ns AN Gen 
Then verification shows that 
v7 = (323%) ... 9Z, 3g --- 3U, Y)D,» 1 Yer YI]: 


Hence I’; is recursively enumerable. 
(3) Suppose f = R(A, g) and the graphs T’,, Te of functions h, 

g respectively are recursively enumerable. Let y, and Lg be recur- 
sive formulas such that 

Ty, = (826) 1%. +) Xp» Yods 

Ty, = (82,9) Bs Xn ee M4 ae M1 
and let the variables Zr Zp Myr vy Mae Xe 19 Xp + 29 Yor y, be 
pairwise distinct. Let us form the following L, -formula ¢: 
p= WX ix 4 mes =OA (% YBtu, 0) Biv, 0) ) Vv 


Xn +2 


a ly > Ji, cal 
V (9x = OA (et Blt x = 1), BGs. 0, Blu, 0 )) A 
Ay = BU,X, 4 4) 


here u, v, y are pairwise distinct and differ from all the variables 
of the formulas ¢, , Py and from %, 2) Xj. +) % 42° Then 


FV(¢) ¢ {u, UV Xp, 0 Xp gy de 
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Let 9: {U,v, ¥,X,,...,%, 4 } — w be such that y[y]. We show 
that then f(nx,, ..., 1X, 4 a is defined and f(nx,, ..., 1X, 4 4) = 
= B(nu, nx, , 1) = ny. It will be shown by induction on / < 

7X, 1, that f(nx,, .-., 1X,, /) is defined and f(nx,, ... 


IN 


»7%,,!) = B(nu, /). 
Let/ = 0. SaceEeN to 0 we then see, since y(n) = 7, that 


a formula Ay Blu, 0), Bly, o) [7] must be true. And this means that 


(X15 + , B(qu, 0)) € T,,. Hence h(mx,, ..., nX,,) is defined 
and is on io B(nu, 0). But feo very NXq_ > O) = A(NX,, «++, 1X) 
as well. Hence f(nx,, . , 0) is defined and equals G(nu, 0). 


Suppose it has albeadly a shown for/ < nx, , , that /(nx,, ... 
-, 7X, , /) is defined and equals 8(nu, /). Setting x equal to/ + 1 


con n + 1) We see that a formula (9, 2") 518 2 1) au, Sibu yeh ls 


where 7’ = » U {<x,/ + 1)}. In particular, 
(X15 +++) 1%, 5 4, Blnu, 1), Bu, i + 1) eT, 


ie: €: 81x), -. ; ,»/, B (qu, !)) is defined and equals B(yu, / + 1); 
but since by the! tfiuction hypothesis B(nu,/) = f(nx,,..-, 7X, 51); 
it follows that f(x, cen: pay fe TD) = ees wie ts 4, 
S (9X5 +++) 1X5 1), is defined anid equals B(nu, / + 1). 


Thus f(7x,, ..-, 1X,» 1X, 41) is defined and equals B(qu, 
X, + 1). But since (vy = B(u, x, 4 ,))[n] is also true, we have ny = 
ae Wena 

Using the properties of the function 8 noted in Proposition 
36.8 and the realizability of the graphs of the functions 4 and g by 
formulas 3z)¢, and 3z, Pg respectively it is easy to prove that if 
My, ++, M, 4 ;€w are such that f(m,, ..., m, , ;) 18 defined and 
S(m,, ---,M, 4 1) = k, then there are /, s € w such that for an in- 
terpretation 7 = {<{x,,m,)li=1,..,2 +1) U (ty, k), (ul, 
{v, S)} [ny] is true. 

Then from the above properties of a formula 9 we see that the 
graph of f has a representation Yr = (Judy) [%, + X41 Hd; 
i. e. the graph of f is recursively Chumarable 

(4) Suppose f = M(g) and the graph of 16 of a function g hasa 


representation ibe = (429, [X15 ++ X, 4 1, ], where Pg is a recur- 
sive formula. 
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Let » be a L; formula defined as follows: 


P= WU SL WC I *” Boru, Bor, wy 
A Bw, y) = OA(U< y = 7B(y, u) = 0)); 


here u, v, w are distinct variables not occurring in »,. Proceeding 
as in the previous case it is not hard to verify that for the graph ry 
of a function f the following relation is true: 


ry = (Jud wy)[X,, ---, X59], 


i. e. the graph of fis recursively enumerable. 

To complete the proof of necessity we proceed by induction on 
the length of the determining sequence, using facts (1) to (4) 
established above. 

Now we prove sufficiency. Suppose f is an n-place partial 
function and its graph ly is recursively enumerable. Let » be a 
recursive formula such that 


Dye = (A2p) ys 0 X,5 VI: 


Consider a recursive predicate y[x,, ..., X,,, ¥, Z]. By Proposition 
36.5 this predicate is recursive, i. e. its representing function g is 
recursive. By the definition of a representing function: 


for any m,,....m,,k, lew 
C1 rey My Ki LD € [Xy, - Xyr Wr Z] & ' 

# g(m,,...,m,,k, 1) = 0. 
A recursive (1 + 1)-place function A = gmt}, .., mt, 


i" +1),rd"+!)) for any m,, ..., m,,, & satisfies the relation 


A(m,, ...,M,, kK) = g(m,, ..., m,, ((k), r(k)). 
Let us consider a partially recursive function f, = /(M(h)) and 
show that it coincides with /f. 


Let m,, ..., m, € w be arbitrary. If f(m,, ..., ™,) is defined: 
S(m,, ..,m,) = te, then (mm, ...,m,,0) € Ty. Consequently 
there is s € w such that <m,, ..., 7,5 0,5) € GLX, 1 XY ZI. 
Then g(m,, ..., m,, ¢, S) = Oand for k = c(t, s) 


A(m,, .-5 M,,k) = g(m,, ..-, m,, UK), rk) = 


= g(m),, ..., m,, 
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Hence M(h)(m,, ..., m,,) is defined. Let M(h)(m,, ..., m,) = Ko. 
Then A(m,, ..., ™,, Ky) = O = g(m, ..., m,, (Ko), r(Ko))- 
Therefore (m,, ..., mys (Ko), P(Ko)) € GLX, «00s Xp Vs ZI), (My, 
veep M,, [(Kq)) € ZG), «5 X.Y) = Nand f(m,, wey M,) = 
= 1(ko) = A(m,, ..-, m,) since f\(m,, ..., m,) = (M(A\(m,, «.- 
vey M,,)) = (Ky). So if f(m,, ..., m,) is defined, then f(77,, ..., 7,) 
is defined and f(m,, ..., m,) = fo(m,, ..., m,). Suppose m,, ... 
+, Mm, €w and f\(m,, ..., m,) is defined. Then M(h)(m,, ..., m,,) 
is also defined and f\(m,, ..., m,) = (M(h)(m,, ..., m,)). Let k € 
€ w be such that M(A)(m,, ..., m,) = k. Then h(m,,...,.m,,k) = 
= 0 = g(m,,..., m,, I(k), r(k)). Hence (m,, ..., m,,, I(kK), r(k)) € 


CVX paitgr Is 2) Mo My AG) € GX) ay Hs DS 
= V7; and so f(m,, ..., m,) = [(k). 

Therefore if fy(m,, ..., m,,) is defined, then so is f(m,, ... 
ve, m,) and f\(m,, ..., m,) = (M(A)\(m,, ..., m,)) = L(k) = 
= f(m,, ...,m,,). Thus f = f, and hence f is a partially recursive 
function. 0 


COROLLARY 1. For any n-place partially recursive function f 
there isan (n + 1)-place recursive function h such that given any 


Missa 


S(m,, ...,m,) = (M(A)\im, ..., m,,)). 


It is immediate from the proof of sufficiency in the theorem. CJ 

COROLLARY 2. A partially recursive function is recursive if and 
only if it is completely defined. 

Necessity is obvious. Sufficiency follows immediately from the 
preceding corollary. 0 

We shall call one-place predicates simply sets. Accordingly 
recursive (recursively enumerable) one-place predicates are 
recursive (recursively enumerable) sets. 

We prove the basic structural properties of recursive and 
recursively enumerable sets. 

PROPOSITION 1. (a) Jf a set X is recursive, then X is recursively 
enumerable. 

(b) A finite set is recursive. 

(c) If X, Y are recursive (recursively enumerable) sets, then 
X U Yand X 1 Y are also recursive (recursively enumerable) 
sets, 
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(d) For a recursively enumerable set X w\X is a recursively 
enumerable set if and only if X is a recursive set. 

PROOF. Statement (a) was noted earlier for predicates with an 
arbitrary number of places. 

(b) If X = ©, then the representing function for X is sg(s). If 
X = {n}, then the function 6(m, x)[x] is the representing function 
for X.1f X = {m,7,, +... },k > 0, then the representing func- 
tion for X is a function 


(6(m, X)°d(m, , x)* «OC, X)) PX]. 


(c) If X and Y are recursive and g, A are the representing func- 
tions for X and Y respectively, then g-A is the representing func- 
tion for X U Y and sg(g + A) is the representing function for 
XN Y. 

Suppose X and Y are recursively enumerable sets and 9p, ¢, 
are recursive formulas such that X = (4z)¢))[x], Y = (42, ¢, [x] 
and x, 2), Z, are pairwise distinct variables. Then 


XU Y = (4%)32; (% V ¢,)) Ex]; 
XN Y = (3%)32;(% A ¥,))IXI, 


i.e. X U Yand X NM Yare realized by recursively enumerable for- 
mulas and so are recursively enumerable. 

(d) If X is a recursive set and g is the recursive representing 
function for X, then sg (g) is the recursive representing function 
forw \ X. 

Suppose now that X and w \ X are recursively enumerable 
sets. Let @ , ¢, be recursive formulas such that 


X = (32%) [x] and w\ X = (329, )[x]. 


It may be assumed without loss of generality that ¢) and ¢, con- 
tain no bound occurrences of x. Consider a recursive formula y = 
= (% V ¢,); FV(y) © {x, Zz}. For any value n of a variable x 
there is a value m of a variable z such that given n = {<(x,7), ¢z, 
m)} we have y[n] = T. Indeed, if n € X, then there is a value m 
for z such that ¢[y] = T. But ifn € w \ X, then we can find a 
value m for z such that ¢, [7] = 7. Hence yzy is a recursive term 
and (So Map is a recursive formula. We verify that XY = (Yo 5 2p LX]. 
Let h = pzp[x] be a recursive function. Then by construction for 
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any néw, forn = {<x,n), <z, h(n))} o[n] = T. Also note that 
for my) = [<x,7)} (Yo Rep [No] = ¢o[n}. If n €.X, then ¢, [ny] cannot 
be true, since otherwise n € w \ X. Hence ¢p[y] and CS [No] 
are true andne (Yo rey [x]. If new \ X, then ¢o[y] cannot be 
true. Hence (%)z., [79] = F and n € (¥))2,,, [x]. So the set X is 
realized by the recursive formula (¢,)* a Hence X is recursive. 

We now give a characterization of recursively enumerable sets 
using recursive functions. 

PROPOSITION 2. A nonempty set X is recursively enumerable if 
and only if there is a one-place recursive function f such that X = 
= (f(@In ew}. 

PROOF. Suppose X is recursively enumerable and n, € X. Let ¢ 
be a recursive formula such that _X¥ = (3yy)[x]. Then FV(¢) ¢ {x, 
y}. Consider a £,-formula ¥: 


y= (Site), ae) AZ = I(x))V (7 Sie), ree) AZ = No); 


FV(¥) © {x, z} and for any value k of x there is a value s of z 
such that given 7 = {<x, k), (z, s)}W[n] = T. Indeed, if given 
No = (<x, k)) Yin), ro) [79], then as s we may take /(k). But if we 
have 7 Pile, is [mo], then as s we may take n,. Hence pz is a 
X,-term and the recursive function f = pzy[x] it realizes satisfies 
the conclusion of the proposition. Indeed, if k € X, then there is 
s € w such that for 7 = {<x, k>, <y, s)} e[n]. Hence given t = 
= ck, $), 9 = (4x, £9} Gi, rey lol = eln] = T and so f(t) = 
= /(t) = I(c(k, s)) = k. Thus X ¢ {f(t)lt © w}. Conversely, if 
S(t) = k, then for n = {<¢x, t), (z, k)}W[n] and therefore either 
<l(t), r(t)) € glx, y] and sok = /(t)e X or (/(t), r(t)) € efx, ¥] 
andsok = n eX. Thus (f(t)lfew}) ¢ XandX = (f(tjltew}. 

Sufficiency will follow from a more general statement. 

The range of any one-place partially recursive function f, i. e. 
the set Ry = {kl there isn € w, f(n) is defined and f(n) = k}, is 
recursively enumerable. 

Indeed, let y be a recursively enumerable formula realizing the 
graph I, of a function /: Ty = y[x, y]. Then obviously R; = 
= (axy)p]. 0 
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Suppose given an n-place partial function f A; denotes the do- 
main of f, i.e. an n-place predicate {(7,,..., ™,) M,,-.-.M, Eo, 
S(m,, ..., m,,) is defined }. 

PROPOSITION 3. For any n-place partially recursive function f its 
domain A, is a recursively enumerable predicate. 

PROOF. Let ¢ be a recursively enumerable formula realizing the 
graph ry of a function /: I, = of[x,, ..., X,, ¥]. Then obviously 
A, = (aye) iy, sa Hy deed 

PROPOSITION 4. (Reduction Theorem). For any two recursively 
enumerable sets Ry. and R, there are recursively enumerable sets 
Ry and R, such that Ry © Ry, Ri © R,, Rg A Ri = S and 
Ry UR, = Ry UR. 

PROOF. Let gp, ¢, be recursive formulas such that Ry = 
= (4Z¢,)[x] and R, = (az¢,)[x]. Consider recursive formulas: 


%) = HAW < ZY = ZV 7,)%); 
YY =O AVY KZ 7(¥p);. 
Then Ry = (4z¢, )[x] and Rj = (ax¢,)[x] will be the required 
sets. Indeed, the inclusions Rj ¢ Ry and Rj C R, are obvious, 
since y,’ implies g,, i = 0, 1. Let ne Ry U R,. Then there is a 
least s such that (¢, V ¢,) is true for 7 = {<x, 7), <z,5)}. If go [n] 
holds, then so obviously does gy, [n] and therefore neR,. If, 
however, + ¢,[n] is true, then so is ¢/ [y] and therefore n € Rj . So 
Ry) UR, = Ry U R, . Suppose now that ke Ry M R/ and sy, 5, € 
€ w are such that for n) = {<x, K), <2, 59>}, m, = (¢x, k), «z, 
S,)} we have vg [np] and ¢; [7,]. Suppose first that s, < s). Then 
since Vy < ZY = ZV 7(¢,)£)[no] is true, so must be + ¢, [y, ] and 
of course ~¢/ [y,]. But if 5, < s,, then the truth of vy < 
< 27 (Gp) ln] implies that we have > ¢)[n)] and of course 
1 ¢9 [np]. A contradiction which shows that Rj N Rj = 0.0 

PROPOSITION 5 (Uniformization Theorem). Let R be an ar- 
bitrary (n + 1)-place recursively enumerable predicate. Then 
there is an n-place partially recursive function f such that v7 CR 
and A, = R’ = {<m,, ..., m,)! there is m, _ , € w such that 
(My, 5M, m, ER). 

PROOF. Let y be a recursive formula such that R = (a4y)[x,, ... 
++5%,5X, 4 1]. Let u # z be variables not occurring in y. Consider 
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¢ 
a recursive formula y defined as follows: 


Y= Y= IBA Fe AVY S Zu = ZV AWG” tay): 


Then Ry) = (4zY)I%,, -.., %,, ¥] is the graph I of some (partially 
recursive) function f, Ty ¢ Rand A, = R’ = {<{m,..., m, >| 
there is m, , , € w such that (m,,...,m, , ;) €R}. This follows 
easily from the following facts: 

(1) if <m,, ..., m, ) € R’ and k is a least natural number such 
that for 4 = (<x, IM, >, oes CH Ms Xn gs MDD, OY, KD) 
we have o[n], then [no] holds for nyo = {<x,, my), « 
wang (Xi MD, XZ, KD, KY, ADDIS 

(2) fig: (% 5 er Mr BI) Om! (%, 5%, ZV) — ware 
such that no(x;) = n,@;), 1 < i <n, and W[no], Yln,] are true, 
then ny = 13 

(3) if for ny: (X56 XH» 2% VY} — w we have p[n], then for 
7 = { (xy No} dy sees (X%,» No X,? {%, +1? Nos {y, r(Z)>} we 
have y[n]. , 

The facts are directly verified proceeding from the definition 
of y. O 

With every (n + 1)-place predicate R, n > 0, we can associate 
a family of n-place predicates obtained from R by cuts in the 
following way: 

given any Kew let R, = (<my, ..., m, 1k, m,, ...,m,) € 
e€ R}; the predicate R, is a k-cut of R. 

It can easily be seen that if R is a recursive or a recursively 
enumerable predicate, then for any k € w R, is also a recursive or a 
recursively enumerable predicate respectively. 

An (n + 1)-place recursively enumerable predicate R is said to 
be universal for n-place recursively enumerable predicates if a 
family {R, 1k € w} of cuts of R coincides with the family of all 
n-place recursively enumerable predicates. In the next section we 
shall prove the existence of universal (n + 1)-place recursively 
enumerable predicates for any n > 0. 

Similarly, with every (n + 1)-place partially recursive function 
J, n > 0, we can associate a family of n-place partial functions f, , 
k € w, assuming for m,, ....m, Ew 


SF, (m,, --.5m,) = f(k, m,, ..., m,). 


18—191 
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It is clear that if f is a partially recursive function, then so is f, 
for any k Ew. 

An (n + 1)-place partially recursive function f is said to be 
universal for n-place partially recursive functions if {f,|lk € w} 
coincides with the family of all n-place partially recursive func- 
tions. 

Now note that the existence of universal partially recursive 
functions is a consequence of the existence of universal recursively 
enumerable predicates. 

PROPOSITION 6. Jf R is an (n + 2)-place recursively enumerable 
predicate universal for (n + 1)-place recursively enumerable 
predicates, n > 0 and f is an (n + 1)-place partially recursive 
function uniformizing R, i. e. such that ry Cc Rand A,= R' = 
= {(m,, ..., m, , 1)! there is m,, .€ w such that (m,, ... 
seep M, 449M, 4 2) ER), then f is universal for n-place partially 
recursive functions. 

prooF. Let g be an n-place partially recursive function. Then 
the graph ie of g is an (n + 1)-place recursively enumerable 
predicate. Hence there is k € w such that, = R, = [(m,, ... 
very IM, 4 1 1CK, my, «-) M, 4 > € RJ. Consider a function f,. 
We show that g = f,. 

Suppose f,(,, ..., m,,) is defined and equals / € w. Then 


S(k, m,, .., m,) = land (k, m,, ..., m,,/> € R and hence 
(m,, 5 m,,1) ER, = ee Therefore g(m,, ..., m,,) is defined 
and equals /, Conversely, suppose g(m,, ..., m,) is defined and 


equals /. Then (m,,...,m,,/) ET, = R,, (k,m,,...,m,, IER, 
{k, m,, ...,m,) €R’ and hence f(k, m,,..., m,,) is defined and, 
as shown above, f.(7m,, ..., m,) = f(k, m,.5m,) =] = 
= g(m,,.-., M,). 

Thus g = f,. Since g is arbitrary, it follows that {f, lk € w} 
consists of all n-place partially recursive functions. 0) 

We conclude this section by considering a notion that can be 
used for a comparison of recursively enumerable sets with 
predicates in terms of their ‘‘algorithmic’’ complexity. This con- 
cept relates to the family of notions of reducibility in the theory of 
algorithms and is one of the best justified intuitively. 

Suppose R is an n-place predicate, n > 0, and X is a set. We 
say that R is m-reducible to X if there is an n-place recursive func- 
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tion f such that for any ,, ..., m, € 
(m,,..,m,), ER @ f(m, ...,m,) EX. 


Every recursive function f satisfying this condition is a reduc- 
ing function for R and X. 

If R is m-reducible to X, then this is designated R < ,,X. 

We formulate the simplest properties of this notion in the 
form of a statement. 

PROPOSITION 7. If R is an n-place predicate, X, X,, X, are sets, 
R < ,,X. Then 

(1) if X is a recursive or recursively enumerable set, then R isa 
recursive or recursively enumerable predicate respectively; 

(2) X < XX < Xs XS Xs thenX < ,,X3 

(3) any recursive predicate Q m-reduces to any set X distinct 
from @ and w. 

PROOF. (1) Let f be a reducing function (for R and X). If X is 
recursive and x, is the characteristic function of X, then x,(/) is 
the characteristic (recursive!) function of R. If X is recursively 
enumerable, then suppose that ¢ is a recursive formula realizing X 
as follows: X = (4zy)[x]. Let ¢ be a recursive term realizing a 
function f as follows: f = t[x,, ..., x, ]. Then it is easily seen that 


R = (axaz(t = x A y))[X,, ---, x, ]. 


Hence R is realized by a recursively enumerable formula. 

Statement (2) of Proposition 7 is obvious. 

(3) Suppose n,) ¢ X, n, € X and f is any one-place recursive 
function assuming a value n, at zero and a value n, at unity. If xp 
is the (recursive) characteristic function of R, then f(xp) is a 
reducing function for R and X. 0 

In the next section we shall show that there are sets among 
recursively enumerable sets that are greatest with respect to 
m-reducibility; more precisely, recursively enumerable sets X, 
such that for any recursively enumerable set X X < ,,X); such 
sets will be called m-universal recursively enumerable sets. 

Power-set considerations show that there can be no set among 
all sets that is greatest with respect to m-reducibility, since no 
more than a countable family of sets (a set of recursive functions 
is countable!) can m-reduce to a fixed set. 


18* 
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Exercises 


For a two-place predicate R ¢ u* we denote by c(R) a set {nln Ew, </(n), 
r(n)) ER}. 

1. Prove that a mapping R + c(R) is a one-to-one correspondence between all 
two-place predicates and subsets of w. 

2. Prove that R ¢ u is a recursive predicate if and only if c(R) is a recursive 
set. 

3. Prove that R ¢ w? is a recursively enumerable predicate if and only if c(R) 
is a recursively enumerable set. 

4. Suppose that no, ..., Mm € w are pairwise distinct and that Kg, ..., Kj, € ware 
arbitrary. Prove that there is a one-place recursive function f such that f(1;) < k; 
for all i = m. (Hint. Make use of the graph theorem.) 

5. Prove that there is no (m + 1)-place recursive predicate R,, universal for the 
family of all m-place recursive predicates. (Hint. For an (1 + 1)-place recursive 
predicate R, consider an n-place recursive predicate (<7), ..., M,)<m,, my, «- 
very Mn) ER, }.) 


38. UNDECIDABILITY 
OF THE CALCULUS OF PREDICATES 
AND GODEL’S INCOMPLETENESS THEOREM 


The question of decidability is one of the most important ques- 
tions when studying a calculus. 

A calculus J is said to be decidable if there is an algorithm that 
allows one to find out from any expression ® whether or not @ isa 
theorem of J. Otherwise the calculus J is said to be undecidable. 

A Godel numbering of a set X of words of an alphabet A is a 
distinct-valued mapping g: X — w such that there is an algorithm 
G computing from a word a € X its number g(a) and there is an 
algorithm G, writing out from a number n € w a word a ifn = 

= g(a) and producing a number Oif new \ [g(a)la € X}. 

It is clear that by Church’s thesis the question of decidability 
of acalculus J with a Gédel numbering g of all the expressions of J 
reduces to that of the recursiveness of the set {g(#)|® is a theorem 
of I}. 

Consider a signature Ly = (<?; +7, -7, 51, 0) consisting of 
the symbol < of a two-place relation, of the symbols +, - of two- 
place functions, of the symbol s of a one-place function and of the 
symbol 0 of a constant. By induction on the construction of terms 
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and formulas we define a Gédel numbering y: T(Z,) U F(Z,) — 
— w of the terms and formulas of Ly: 

(1) y@) = ¢(0, 1), 

(2) y(v,) = ¢(, 2), 

(3) y(s(t)) = ¢(2, v4), 

(4) y(t + g) = c(3, c(yt, vq), 

(5) y(¢-g) = c(4, e(yt, Yq), 

(6) y(t = q) = c(5, c(y, 1q)), 

(7) y(t < q) = c(6, cyt, vq), 

(8) y(@ A ¥) = c(7, ce(y®, y¥)), 

(9) y(@ V ¥) = c(8, c(7®, y¥)), 

(10) y(@ — ¥) = cQ9, c(y®, y¥)), 

(11) y(“#) = c(10, y®), 

(12) y(au,%) = e(11, c(i, y®)), 

(13) y(Wu,%) = c(12, c(i, y®)). 

Since the functions c, r, / are computable, it is easy to see that 
vy is a Gédel numbering of the terms and formulas of Z). 

In what follows a set X¥ ¢ T(Z,) U F(Z,) is said to be recur- 
sive (recursively enumerable) if y[X] is a recursive (recursively 
enumerable) set. 

We shall have to establish the recursiveness of a great number 
of functions below. Before proceeding therefore we first present a 
purely technical result to be constantly used in what follows. 

For any (n + 1)-place function f an (n + 1)-place function fis 
defined as follows: for any m,, ..., My. My 41 € w f(m,, ats 
vy M,, M, , ,) iS a least number k € w such that we have: 
B(k, 0) = f(m,, ..., m,, 0), BK, 1) = fm, ..., m,, 1D, 
woeyg BKKy My 4g 1) = LOM s 0005 My My y 1) 

If f is recursive, then so is f, for if f = [%,, ..-, Xa» Xn aa) 
where ¢ is a recursive term, then f = 1X15 6s Xn Xn 4 1], where 

= py(WZ < xX, , (BO, 2) = (tf) + !)) 


is a recursive term. Conversely, if fis recursive, then fis recursive 
since f(™,, ..-) My,M, 41) = BF (m,, weep M,, IM, 4 1), M, 4 1): 

PROPOSITION 1. Suppose we are given numbers k, ng, +++, My EW, 
recursive functions f" +}, fatnot+l, 1, fatme+, with the 
number of places shown by a superscript, one-place recursive 
Junctions 8,19 +9) Bo, no? +9 Beis ses Bk, me and recursive for- 
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mulas gy, ++» Pps FV(~;) S (X, - Xs VJ, i < kK. Let the 
following conditions hold for any interpretation n: {x,, ..., X,> 
y} ~ wandanyi < k: 

(a) if ¢;[n], then [ny] foranyj < ky j # i; 

a and n,; # 0, then 8 0) < 10) forallje {1,... 
wey Me}. 

Then there is a unique recursive function h satisfying the con- 
dition: for any m,,...,m,,1é, ifn = ({x,,m Il <ignj)U 
U {¢y, >}, then h(m,, ...,m,, 1) = 

Jo (mys wee My 1, ACM, , os Mys Bo, 2) --> 

vey ACM, , 015 My» 80, no !))), F y(n]; 
FAD, i ace5 Ag 1, RON 5.000, My 8,1 ())s + 

ney A(m, verry Ms Bk, ng (/))), if In]; 
S(m,, ..., m,, /) otherwise. 

PROOF. The existence and uniqueness of a function A satisfying 
the condition of the proposition are easily established by induc- 
tion on the last independent variable using the conditions on ¢,, 
i < k, and g, ,. It will be proved below that the function h is 
realized by some L, -term. Once this fact has been established, the 
recursiveness of h will follow from the relation between h and h 
noted above and from Proposition 36.5. 

Let the following relations hold for suitably chosen recursive 
terms @, ly, «0+ hs Toys ses Tk nk? 


f= qix,, was x,> N13 
Foo Tp es: sen Be Veh ok Sag 


ee ee eee eee eee ry 


Fe = te Xs veer Xa Vo Sy o veer Sigs 
8, = 7,0); ig k, je {l,..., 0}. 
Suppose s;; = B(z, Kj)» i<k,je{l, ee are L, -terms 


and FV(s; ;) © {z, y}. 
Consider the following £, -formula ¢: 


( A (¢; 7 BR, Y) = (i ie oe »)r 


i¢gk 


a( A 19; ~ BG, Y) a a). 


igk 
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Then FV(y) € {x,,...,%,,),7}.Sety = vw < yy), FV) = 
= FV(y). We show that 

for an interpretation n = {{x,,m;)li= 1,...,n} U {<y¥,1)} 
and for a number j € w the following conditions are equivalent: 

(1) ¥[n’] is true, where n’ = 7 U (42,73; 

(2) foranym <1 BU, m) = h(m,,...,m,, m). 

Suppose that for /’ < / the equivalence of conditions (1) and 
(2) has been proved (with / replaced by /’). We prove this 
equivalence for /. 

Let condition (1) hold. Then it is easily seen from the form of 
the formula y that if /' < Jn” =(@’ \ {¢y, DU (<9, 1}, 
then ¥[n”]. By the induction hypothesis therefore it may be 
assumed that B(/, m) = h(m,,...,m,, m) for all m < 1. 

Consider the case where there is / < k such that ¢,[n] is true. 
Then from the truth of ¥[y’] and ¢[n’] it follows that 


BG.) = 6@ Yn’) = Qe, 1] = 
= 0M yey Myr LS 12 dns os Sen lV D. 
Further, for y’ € {1, ..., nS, 7[1] = BU, r, ln’) = BU, 
8). jr (). Since ¢;{n] is true, by condition (b) of Proposition 1 
8 ZO) < / (ifn; # 0). Hence 6(, 8, 7) = A(m,, ..., M,> 
8;, ; (/)) and therefore 
BU, = fm, 5 Mas A (My, v0 Mys 8, Z)s 
vey ACM, ey My 8i, nj) = h(m,,...,m,, /). 
If for any i < k —9,[m], then from the truth of ¥[n’] we get 
BU, /) = B@, yn’) = ain’) = fm, «5 ms) = 


= h(m,, «+, Ms 1). (+#*) 


So whenever y¥[y‘] is true, for any m < /6(Uj,m) = A(m,... 
veey Mp, M). 

Conversely, let j € w be such that for all m < /8(U, m) = 
= h(m,,..., m,, m). Then, using these equations and relations 
(*) and (**), we see that y[n’] is true. If, however, /’ < / and 
n” =(n'N (dy, 1y})) U (Ky, 1D), then g[n”] is true by the 
induction hypothesis about the equivalence of conditions (1) 
and (2). 
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For 7 = {<x,, m,)li = 1, ..., mn} U {<y, /)} therefore 
(uz¥)[n] is a least j € w such that for all m <1 B(Uj,m) = h(m,... 
..+, m,, m). By the definition of A we get h(m,, ..., m,, 1) = 
= (uz¥)[n]. Hence h = (uzy)[x,, ..., X,, y]. AS was noted at the 
beginning of the proof, this already implies the recursiveness 
of h. 0 

The function A of Proposition 1 is said to be defined by 
reflexive recursion according to a piecewise scheme or to be defin- 
ed by piecewise reflexive recursion. In a definition according to a 
piecewise reflexive recursion, instead of formulas y; we shall often 
write conditions that can be easily expressed by a formula (for ex- 
ample, 3 < x < 9,x # 2 and so on). 

PROPOSITION 2. The following sets are recursive: 

(a) the set T(Z,) of terms of Ly; 

(b) the set F(Z.) of formulas of Xy; 

(c) the set A(Z)) of axioms of CP;°. 

PROOF. We write out the definition of a piecewise reflexive 
recursion for the characteristic function T of a set y(T(Z))): 


1, ifn = c(O, 1) or /(n) = 1 
T(r(n)) if I(n) = 2 
T(ir(n)):T(rr(n)) if 3 < I(n) < 4 


0 otherwise. 


T(n) = 


{ 
Notice that from the definitions of c, /, rwe get /(n) < n,r(n) < 
< nandk,m < c(k, m) fork 2 2. 
For the characteristic function F of a set y(F, (Z))) we define a 
piecewise reflexive recursion. as follows: 


T(ir(n)): Terr(n)) if 5 < 
Fiir(n)):F(rr(n)) if 7 < 

F(n) = ¢ F(r(n)) if [(n) = 10 
Fcrr(n)) if 11 < lq) < 12 
0 otherwise. 


l(n) < 6 
I(n) <9 


Consider a function Sb defined by a piecewise reflexive recursion 
as follows: 
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Sb(n, m, k) = 
k, if /(n) = landr(n) =m 
e(/(n), e(Sb(ir(n), m, k), Sb(rr(a), m, k))if3 < lm) < 9 
c(i(n), Sb(r(n), m, k)) if [(n) € (2, 10} 
c(l(n), e(ir(n), Sb(rr(n), m, K))) if 1A < ln) < 12 
and m # Ir(n) 
n otherwise. 


It is easy to verify that if 6 7(£,)) U F(L)) and te T(Lp), then 
Sb(y8, m, yt) = yO’, where 6’ is obtained from 6 by replacing all 
free occurrences of the variable v,, by a term f. 

We define by a piecewise reflexive recursion a two-place func- 
tion Fr possessing the following property: for any 6 € T(Z)) U 
U F(£p) we have Fr(y8, n) = 1ifv, occurs free in @ and Fr(y@, n) = 
= 0 otherwise. 


Fr(m, m) = 
sg (5(r(m), m)) if (nm) = 1 
Fr(r(n), m) if [(m) € (2, 10} 
= ¢ sg(Fr(ir(n), m) + Fr(rr(m), m)) if 3 < I(n) < 9 
Fr(rr(n), m) if 11 < /(n) < 12 andm # Ir(n) 


0 otherwise. 


Consider a function P defined by a piecewise reflexive recur- 
sion as follows: 


P(n, m,k) = 
1 if O</(n) <6 
P(r(n),m,k) if /(m) = 10 
Pi(ir(n), m, k):P(rr(n), m,k) if 7< l(n) < 9 
P(rr(n),m,k) if 11 < (nm) < 12 and 
Fr(rr(n), m)-Fr(k, ir(n)) = 0 


0 otherwise. 
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If de F(L)), te T(Xy), then P(y®, m, yt) = 1 when the con- 
dition on the notation (®)?” holds (see Section 18) and P(y®, m, 
yt) = 0 otherwise. 

With the recursive functions 7, F, Sb, Fr and P at our 
disposal, it is easy to construct the recursive characteristic func- 
tion A of the set of axioms of CP?: It suffices to construct a 
characteristic function A, for a set of axioms obtained according 
to a schema / for any/eé (1, 2, ..., 12}. We construct A, and A,,. 
Constructing A; for the other / will be left as an easy exercise to 
the reader. 


1 if F(@v) = 1, lm) = 9, Irr(n) 
A,(n) = Ir(n) 
0 otherwise, 
lif F(n) = 1, /(2) = 9, lr(n) = 12 and ®(n) 


0 otherwise, 


9 and 


rrrr(n) 


Ay, (1) = { 


where ; 
@®(m) = ax < n(T(X) Arr(n) = SBCrrir(n), 
lrir(n), x) A P(rrir(n), frir(n), x)). 


PROPOSITION 3. A set of theorem of CPro is recursively 
enumerable. 
prooF. Using functions F and Fr it is easy to construct defini- 
tions by piecewise reflexive recursion of a three-place function RI, 
and two-place functions R1,, R1, for which R1,(n, k, m) = 1, 
Rl, (a, m) = Land R1,(m, m) = 1 precisely when n = y?, m = 
= y¥,k = 7@ for $, ¥, © € F(Z) and ¥ is obtained from %, 0 
or ® by Rules 1, 2 or 3 respectively. For example, 
Lifl(m) = l(m) = 9, Irr(m) = 12, 
rr(n) = rrrr(m), F(n) = 1 
ir(n) = Ir(m) and Fri/r(n), (rrr(m)) = 0 


0 otherwise. 


R1,(”, m) = 


To define another very important function consider a 
signature © obtained from L, by adding to it the function symbols 
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!,r, B, A, R1,, Rl,, Rl, and the corresponding algebraic system 
Q,, where these symbols correspond to the recursive functions on 
w designated earlier by the same symbols. Let » be a L-formula 
defined as follows: 


Wx < r(uyABU(u), x)) = 
=1V3y < x37 x(7V ZF XA 7Z= 
= xA(R1,6((), ¥), BU), z), BU), x)) V 
V R1,(6C(4), »), BU), x) V R1,(8C(), »), BU), x); 


FV(¢) = {uw}. We now define a one-place recursive function Pr as 
follows: 
fornéw 


BU(n), r(n)) if ely] for n = (Ku, ny} 
(Up ~ vp) otherwise. 


Pr(m) = { 

It remains to verify (and this will be left for the reader to do) 
that the function Pr enumerates the set of theorems of CPPo. O 

Consider a collection I, of sentences which are universal 
closures of the following formulas of a signature Lp: 

(1) 7s(vp) ~ 0, 

(2) S(u9) = S(vy) — vy = vy, 

(3) up + 0 = ug, 

(4) uy + s(v,) = S(vg + vy), 

(5) u9°0 = 0, 

(6) ug *S(u,) = (ug *¥,) + U9, 

(7) au, < 0, 

(8) ug < S(v,) = (Up < vy V Ug = vy), 

(9) (vg < v, Vi vg = UY, = U9) < SCY), 

(10) sug = vy — (U9 < vy Vv, < v9). 
The set of sentences of Ly derived in CP¥o from the axioms I) is 
called a theory Ag. It is clear thatQ = (w; +, +, <, 0), where 
+, +, <, 0 denote the operations of addition, and multiplica- 
tion, the ‘‘less than’’ relation and the number 0 respectively, is the 
model A). In particular Aj is consistent. 

A term s(s(...5(0)...)), where the number of symbols s equals 
n, is, as in Section 36, denoted by n. 
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DEFINITION. A function f: w” — w is said to be representable in a 
theory A, if there is a formula ®(x,, ..., x, .¥) of Lp such that for 
any m,,...,m,,mMeéw 


Sim, 5 oop My) =m > AyD BUM, MyM), (1) 
S(m,,..,m,) #m = Ay > 78(m,,...,mM,, Mm). (2) 


If for an n-place function f and a formula ®(x,, ..., x, .¥) (1) 
and (2) hold for all m, m,, ...,m, €w, then ®(x,,...,X,,¥) is said 
to represent in Ay the function f. Note that this relation depends 
not only on the formula ® and the function f but also on the 
ordering of the variables x,, ..., x,,.¥. A formula ® will be said to 
represent an -place function f if ®(x,, ..., x,, ¥) represents f for 
some variables x,, ...,%,3 )- 

LEMMA |. Let n, m € w. Then 

(aj A, > x < s(n) —- (X= OV...VX = A); 

(b) ifn # m, thenA, > an = m; 

(c)ifn < m,thenA, > n < m; 

(d) ifn < m, then A, > am-—n. 

proor. If n = 0, then (a) follows from axioms (7) and (8). For 
n =k + 1 (a) follows from the truth of (a) for k and from axiom 
(8). Statement (b) for m = OQ follows from axiom (1). Suppose 
statement (b) form < k is proved and letn #k + 1. If n = 0, 
then (b) follows from axiom (1). If m = / + 1, then/ # k and 
under the hypothesis Ay > —/ = k. From axiom (2) we then get 
Ajy>P an=kK+1. 

Statement (c) will be proved by induction on m. If m = 0, then 
there is nothing to prove. If m = k + 1, thenn < korn = kand 
by the induction hypothesis A) > n < kK Vn = k. From axiom (9) 
we now get Ao >Pn<m. 

Statement (d) will be proved by induction on m. When n = 0 
(d) is axiom (7). If k + 1 < m, then by the induction hypothesis 
and (b) we get A, > ~m <kA-4m = k. From axiom (8) we 
then get 47> am <kK+1.0 


LEMMA 2. Formulas uy + uv, = v, and uy: v, = v, represent in Ay 
the functions of addition and multiplication respectively. 
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PROOF. We show that the formula m + n = m_+_n belongs to 


the theory A) by induction on n. For n = 0 this is axiom (3). The 
induction step follows from axiom (4). Condition (2) now follows 
from Lemma 1(b). Verification for multiplication will be left to 
the reader. 1 
THEOREM 5. Any recursive function is representable in Ay. 
PROOF. By virtue of Theorem 36.3 it suffices to construct for 


any recursive formula y, FV(y~) © [x,, ..., x, }, and any recursive 
term ?t, FV(t) ¢ {x,,...,x,J}, formulas f(x, veer Xs Os 
,X,,) of Ly such that for any m,,...,m,,m €w the following 
conditions hold: 
(My ey IM, > € G(X, 0 X,] 2 Ag > ®,(m,, very My), (3) 
(mm, 5M,» €O[X,, ---,X,] = Ay > 1O(m,, vy M,), (4) 
t[x,,...,X,]0m,,-...m,) =m >= Aye ¥,(m,, s1+5M,,™); (5) 
Ay & (YC, 5 e+ My VAY, (My 5 0005 My Z) > Y * 2). (6) 


We simultaneously construct Pe and ¥, by induction on the 
length of y and ¢: 

(a) ¥% =y ~ 0, 

(b) Vi =y~x, 

(0) Vou = 22(¥,)2 AY = S()), 

(d) ¥,, = 3zaw(Y A (Ye Ay = zrw),7TEft+,°}, 

(e) ®, ire azaw((¥, yi A (¥, YAzrw),rel=,<}, 

(f) @ ,= 7%, 

(8) P¥) = (®, ‘rb, ), TEA, V, ~), 
ane (@, Sx a wxte <yr 7®,). 

We must now "establish i in each of the cases (a) to (h) of the 
definition of formulas eee W, the validity of (3), (4) or (5), (6) 
respectively. Cases (a) to (c) and (e) follow from the induction 
hypothesis and Lemma 1. Case (d) follows from Lemma 2 and the 
induction hypothesis. Cases (f) and (g) are obvious. Let us verify 
(h). Since px is a recursive term, FV(uxy) ¢ {x,,..-,x, J, given 
any ™,, .. tt € w there is m € w such that g[y] for any 7 = { <x, 
m,)li = 1,...,2} U (<x, m)}. From axiom (10) we obtain the 


Ht 
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truth of (6). From the induction hypothesis and Lemma 1(a) we 
obtain the truth of (5). 0 
THEOREM 6. If T is a consistent theory of Land Ay © T, then 
the set X, = {y(®)|®@ e F(L,), T > PB} is nonrecursive. 
PROOF. Consider a one-place function Nm defined by the 


following schema: 


Nm(0) = c(0, 1), 
Nm(m + 1) = c(2, Nm(”)). 


It is clear that Nm is a recursive function and that for any n 
Nm(7) = y(a). We denote by Sby(x, y) a function Sb(x, 0, 
Nm(y)) (Sb is defined in the proof of Proposition 2). Notice that 
if be F(L,), n € w, then Sby(y(@), 2) = y(¥), where ¥ is obtain- 
ed from © by replacing all free occurrences of the variable uy by 
the term n. 

Suppose that there is a recursive characteristic function of X,. 
By the preceding theorem there is a formula ®(x, y, z) represent- 
ing in A, a function f(Sb,). On replacing, if necessary, the for- 
mula ® by a congruent formula it may be assumed that ® contains 
no bound variable uy. Let ny = y(7b)%7,). If F(Sby (My; 


v0, v0, } 
No)) = 1, then y(7 P(N, No» 1)) ¢ X,and therefore T > 70(N9, 


Nos 1). But this is impossible by virtue of the fact that f(Sb,) is 


representable in A, ¢ T bya formula ®(x, y, z) and the consisten- 
cy of T. Thus f(Sb, (7%), 2 9)) = 0. From the fact that ®(x, y, z) 
represents in A a function f(Sb,) and from the inclusion Ay ¢ T 
we get T > (79, Ny, 1). Hence y(7 (1, my, 1)) € X7 and 


F(Sbo (49, 29)) = 1, a contradiction. O 

coroLLaRy! (Church). The set of theorems of CP¥° is 
nonrecursive. 

PROOF. Suppose ®, is a conjunction of axioms (1) to (10) of a 
theory A, and &, = Wu) Vu, Vv, %. It is clear-'that for any formula 
W of L, we have 


A) > WV # (®, — Visa theorem of CP/?). (7) 
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Let the characteristic function f of a set X) = {y(#)|® is a 
theorem of CP? } be recursive. Then so is a function g = f(c(9, 
C(My , X))), where n, = y(®, ). By (7) g is the characteristic function 
of a set {y()|@e F (Ly), Ay > &} and by Theorem 6 it cannot be 
recursive, a contradiction. CJ 

From Proposition 3 and Corollary 1 we get 

COROLLARY 2. There is a recursively enumerable nonrecursive 
set. C] 

A theory T of Ly is said to be axiomatizable if there is a recur- 
sively enumerable set I’ of axioms for T. 

LEMMA 3. If T is an axiomatizable theory of a signature L, , then 
the set X, = {y(®)|®eE F(Ly), T > ®} is recursively enumerable. 

proor. Let f be a recursive function enumerating a set y(I], 
where I is the set of axioms for 7. Let Pr be the function of 
Proposition 3 enumerating the theorems of CP¥°. Consider a 
function g defined as follows: 


g(0) = f(0) 
a(n + 1) = c(7, c(g(4), f(n + 1))). 
Let f(i) = y(%), i€ w. Then g(n) = y(...(&) A %,) A... A%,) and 
X, = {[@lbe F(L,), P(A... AF,) — Bn Eo). 


Consequently the function Pr, defined by the schema 


rr(Pr(i(n))) if ((Pr(i(a))) = 9 
Pry(n) = and /r(Pr(/(n))) = g(r(n)) 


(Uy = Up) Otherwise 


will enumerate the set X,. 
Recall that a theory T of is said to be complete if it is consis- 
tent and for any closed formula ® of £ either @ e Tor 7G e T. 
LEMMA 4. If a theory T of X, is axiomatizable and complete, 
then the set X, = {y(®)|®@ € F(L,), T > ®} is recursive. 
PROOF. Consider a two-place function f defined as follows: 


S(m, 0) = c(12, c(0, m)), 
S(m,n + 1) = c(12, cn + 1, f(m, n))). 
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For @ € F(Z,) we then have f(7(®), n] = V(Wu, Vu, _ 1 «+. Wug®). 
Since c(k, s) > k, s, the subscripts of the variables occurring in 
do not exceed y(#). Hence a formula ¥ for which y(¥) = S(y(®), 
7(®)) is closed for any @ € F(Z,). Notice that for any e F(Zy)) we 
have 


Teo @e Toy, 


where y(¥) = f(y(®), y(®)). Let Pr, be the function of Lemma 3 
enumerating the set X,. The completeness of T yields n ¢ XxX; ? 
® (F(n) = Oorc(10, f(n, 2)) € X;), where F is the characteristic 
function of a set F(L)). Therefore the function g defined as 
follows: 


Gi es if Pr-(r(m)) = c(10, f(/(m), /(n))) or F((n)) = 0 


(49 = vg) otherwise 


will enumerate a set w \ X,. From Proposition 37.1 we see that 
X, is recursive. 0) 

THEOREM? (Gddel’s Incompleteness Theorem). Any ax- 
iomatizable theory T of &, which is an extension of Aj.is in- 
complete. 

PROOF. Immediate from Theorem 6 and Lemma 4. 0 

Gédel’s incompleteness theorem is of the utmost importance 
for the foundations of mathematics. While from Theorem 6 and 
Church’s thesis it follows that there is no universal method for 
_ proving the theorems of arithmetic, from Gédel’s incompleteness 
theorem and Church’s thesis we see that there is even no effective 
way of giving the axioms of arithmetic. (By arithmetic we mean 
here the theory of the system 2 = (w; +, +, <, 0).) 

In conclusion we prove, as promised in Section 37, the ex- 
istence of recursively enumerable predicates. 

THEOREM 8. For any n # 0 € w there is an (n + 1)-place recur- 
sively enumerable predicate universal for the family of all n-place 
recursively enumerable predicates. 

PprooF. Consider an (nm + 1)-place predicate R defined as 
follows: for any m), m,, ...,m, Ew 
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(M79, M,,--.,m,) ER # my is a Godel number of some 
formula ® of Ly and Ay > (®)pr 


\ + Mn 


Using the function constructed above it is easy to define an 
(n + 1)-place recursive function f such that for any m,...,m, €w 

(a) if F(m,) = 0, i. €. my is not a Gédel number of some for- 
mula, then f(m), ..., m,) = y(70 = 0); 

(b) if F(m,) = | and % is a formula such that y(@) = my, then 


f tgs Mis sas MS Ope (Os 


where ®, is the sentence defined in the proof of Corollary | of 
Theorem 6. 

If X, is a set of Godel numbers of theorems of CPi, then we 
see from the definition of a function f that the following relation 
is true: for any mm), m,, ...,m, €w 


(Mp, M1,,-,m,) ER @ f(my, m,, .,m,) € Xo. 


Thus the predicate R is m-reducible to the set X). By Proposition 3 
X, is recursively enumerable. Hence by Proposition 37.2 R is 
also recursively enumerable. 

We show that it is R that is universal for the family of all 
n-place recursively enumerable predieates. 

Suppose R° is an n-place recursively enumerable predicate and 
y is a recursive formula such that FV(¢) € [v9, ..., v, } and 


R= (3u, p)[Ug, 5 v, 4). 


TE B (ug, 5 Un) is the formula in the proof of Theorem 5, then 
for any Mp, ..., ™, _ 1», € w the following holds: 


C 1g s wees My — > IM) © lg, wees u,] > 
= AyD # (mo, ey IM, 4,,)5 


(Mg vee) M, — py 1,2 Plug, +s Uy] > 
= A, > 1 (M%, vey My m,,): 
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We consider the formula ®(up, ..., v, _ ;) = du, B, (U9, Pty Uh Says 
u, ) and prove the following relation: for any my), ...,m, _,;€w 


ER ea 


° Ao > Qt meet (=®(m, seey M, ))- 


vey Mn 


(Mg, 0 My 


Indeed, if (my, ..., m, _ ,;) € R°, then for some m, € w (mg, «-- 
vey M, 15M, ) € GlUp, --+» U,]. Hence Ay > ® (mM, very My _ 


m,) and 
Ay > b(m), wey M, _ (= du, P, (mM; ree (Ome ne) 


Conversely, let Ay > b(m, vey Mm, —,). ThenQ & du, &, (7m; sia 


w+) M, _ 1, U,) Since Q is a model of Ay. Therefore for some m, € 


EewQ E ® (1m, seep M, ys m,)- We now show that (m, ... 


sey M, _ 15M, ) € Glug, ---, U,,]. Indeed, if this were not the case, 
then Ay > TB (Migs +++) My — 1M, ) and henceQ E 7® (mo, ... 


veg IMD oo 
hence (im, «5 mM, 1) € R°. Let k = y(#). Then from the 
foregoing we have 

for any mM, ..., M, _ EW 


m,,)- So (img, «+, mM, _ 1, ,)> € lug, -, v,] and 


UQ, «+, Un = J 
(kK, My, +5M,  ,»€R @ Ayo (@ we | 


@ (My, ..,m, — ,> € R®. 


Thus R° = R,.0 

COROLLARY |. For.anyneéw,n # 0, there is an (n + 1)-place 
partially recursive function universal for the family of all n-place 
partially recursive functions. 

This follows from the theorem and Proposition 37.6. O 

In the course of the proof the following fact was in essence 
also established. 

COROLLARY 2. The set X, of Godel numbers of the theorems of 
CPro is an m-universal recursively enumerable set. 0 
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Exercises 
1. Suppose Tis a theory of L, Bo(x, Wy, ..., We), PECK, Ys Zs Why vey Wy ds P2lX, 
Ys 2) Wy, 1+) Wy) € F(Z). Show that if there is a model %& of T, elements c,, ..., Cs, 
@), +6-4 Gy, Oy, ++) By, € A and a mapping f: w — A for which the following condi- 


tions hold: 

(a) flo] = {alM & So(a@, c, ..., ¢5)], 

(bk +l=reHXe Ok, fl, fr, a), ...,a,), 

(kl = re We Ok, fl, fr, Oy, s Om)s 
then the theory Tis undecidable, i. e. the set X; = {@eF(L)!7 > #} is nonrecur- 
sive. (Hint. Apply Theorem 6.) 

2. Using Exercise | prove that the sets of theorems of CP*! and cp®2, where 
L, = ¢f2) and Y,= <r?) contain one two-place function symbol and one two- 
place predicate symbol respectively, are nonrecursive and that hence CP® is 
undecidable for any signature L containing not only one-place symbols. 
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e 15 

© 16 
{a),...,4,} 16, 65 
{aly(a)} 16 

A 16 

a * B17 

CX neg NS 
X, xX 1. XX, 18 
f(a) 18, 69 

f: X — Y 18, 69 
N,U,N\ 19 

U x; 20 

vel 

P(X) 20 

Risa- 0st X20 
Q; 22 

A,V,—, 1, 22 
(, ) 22 

PC 22 

@ = y 34, 126 
D(®&), K(®) 38 


A && Vo 2; 39 


7a | t=1 
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BA... .A®,, 
@,V...V&, 39 

Sa(®) 43 
TPS bs 
PC, 52 
> 52, 140 
Ip < 1, 56 
PC!) 57 
Pc(—: VY) §8 

1" 66 

a, b) 66 

w 65 
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id, 67 

(BC), B-C 67 
Ep, Rp 68 
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STA] 69 

ft A 69 

fi: A> B69 

sup (A, 2) 70 

inf (A,, #0 71 
ha uae 

OF, 7 
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[Al < IBI 82 

[Al = |BI 83 


., Py) 45 
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é(X) 84 

a + 1 84 

UX 85 

LX 1 87 

Vv, 90 

p(X) 90 

ZF, ZFC 92 

Y= (R,F, pn) % 
Y= (A, vy 97 

U £,, l£! 97 
fU=%B,Y = B97 
BX), Bla,,..., @,) 98 
U 4; 99 


rel 

T(Z) 102 

V = {v lie w} 103 
FV(t) 103, 251 

12 Ey] 103 

F(Z), = 104 

v, 3104 

FV(®) 105 

Ae b[y] 106 

I-prod X, 111 

fee ill 

D-prod X;, D-prod U; 111 
I-prod Y 112 

CP* 117 

(®);) ae as [eo], 107 


pee. aS 


CPP 144 

r* 144 

a * ©, ah 145 
Th () 149 

% = B 149 

Y < B 153 

Cy, Ly, Wy 155 
D(U, X), D* (MU, X) 155 
D(A), D* (W 155 
Ky(Z) 157 

Th (K) 157 

Es, 162 


& 2 ¥ 165 

rs, TS, US 166 

Be, Eo, te 167 

© 168 

Lo 168 

Y/E 177 

Ill 181 

K,,K,, 191 

G 198 

IL) 199 

F(t) 217 

GS (#) 239 

Rp(Tg; .--3 Ty) 228 
Roi -- +3 l,,) 232 
Wa) 236 
Wat BUA: at: B 239 
AW: a & BU: a & +B 239 
a, a, 244 

a = B 244 

F,, F 248 

Sk" R” 248 
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M" 249 

o, 5,17, 249 
+,., + 250 
sg, sg 250 
Lg 251 
FV(y) 252 
Ty 254 

xx 254 

wx < typ 258 
3x < tp, WX < ty 258 
<, [7] 259 


List of Symbols 


{(V ], rest 259 


c, 1, r 259 
B 260 
ry 265 


< m 275 


y 277 


T (Zo), F(Z), A (Zo) 280 
A,, RI, 282 

Pr 283 
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